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INTRODUCTION TO PART Ill 


Part III deals with dynamics. It attacks the general 
question, ‘“‘Why do things move as they do?” The dis- 
cussion naturally leads to a study of force and mass 
and to a development of the important parameters, 
momentum and energy. 

In general there are two approaches to a problem in 
dynamics. One is a detailed, point by point, treatment 
which we might call a differential approach. It begins 
with a specified initial position, speed, and force field. 
The force field is used to determine the resultant ac- 
celeration, and knowledge of the acceleration makes it 
possible to construct a trajectory, bit by bit. The sec- 
ond approach might be called an integral approach. 
It ignores the details of the interaction and deduces 
some of the characteristics of the final state of a 
dynamical system through the use of conservation 
laws which relate final state parameters to initial state 
parameters. 

A great many of the dynamics problems that are of 
interest in the day to day work of a physicist can be 
handled best by the integral approach. This is why 
Part III emphasizes the conservation laws. Consider- 
ably more emphasis has been given these laws than 
often has been the case in secondary school courses. 
Conservation laws lie at the heart of much of con- 
temporary physics. It is important that students get a 
feeling for their origin, their usefulness, and the extent 
of their validity. 

On the other hand, whatever intuitive feelings a 
student may have about dynamics are sure to be asso- 
ciated with his familiarity with force and motion. 
Therefore it is logical that dynamics be introduced 
through the differential approach, leading finally to an 
understanding of the usefulness of the integral tech- 
niques. 

Within this framework, Part III begins, in Chapter 
19, with the development of Newton’s law, F = ma. 
The approach is partially historical since the methods 
developed by Galileo and Newton in solving this basic 
problem are the fountainhead of physics as we know it. 
There is ample opportunity in Chapter 19 to develop 
an appreciation for the method that was evolved as 
well as for the physical unders «nding that sprang from 
its application. 

Chapter 20 treats a class of dynamical problems in 
which the force field is particularly simple and well- 
known. In the case of the gravitational force, atten- 
tion is confined principally to motion at the earth’s 
surface where the force can be treated as constant. 
Near the end of the chapter evidence is introduced 
which shows that the gravitational force falls off with 
increasing distance. This leads toward Chapter 21 
where man’s solution of the planetary motion problem 
is developed in a historical context. 
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The remaining four chapters of Part III develop two 
important conservation laws of mechanics, conserva- 
tion of momentum and conservation of energy. 
Chapter 22 establishes the conservation of momentum 
from experiment, thus developing it as a new physical 
law, not as a deduction from Newton’s “second” and 
“third” laws as is sometimes done. In fact, at the stage 
where conservation of momentum is treated, Newton’s 
third law has not yet been introduced. It is important 
that your treatment be consistent with this point of 
view. A mixture of the two possible approaches is al- 
most sure to cause confusion for the students. The 
validity of conservation of momentum, like all other 
physical laws previously established, is based on the 
synthesis of a number of experimental observations. 

The last three chapters of Part III provide a broad 
treatment of the concept of energy. These chapters 
depart rather sharply from the standard development 
that has been used in many introductory courses. For 
this reason it may be worthwhile to discuss briefly the 
general nature of how energy is developed in these 
chapters. 

IMPORTANCE OF THE ENERGY CONCEPT. Application 
of the law of conservation of energy is a powerful 
method for solving a broad range of problems, hence 
energy is one of the most basic concepts of physics. It 
is therefore important for students to understand both 
energy and the conservation of energy. 

OMISSION OF A DEFINITION. The text makes no at- 
tempt to give a specific, short definition of energy. 
There is none! Rather than beginning with a definition, 
a better eventual comprehension and appreciation of 
the significance of the idea of energy can be achieved 
through building an understanding of how the concept 
of energy can be applied to many phenomena. In pur- 
suing such a development, the text presents the follow- 
ing ideas: 

The term energy is applied to many widely-different 
characteristics of the motion and relative position of 
matter. A single term is useful because these widely- 
varying characteristics are all connected through a 
single conservation law. In order to emphasize the 
breadth of the energy concept and to stress energy con- 
servation, the text purposely avoids an over-simplified 
energy definition such as “the capacity to do work.” 
Instead, various forms of energy are introduced and 
the convertibility of energy from one form to another 
is discussed. The concept of work takes its rightful 
place as simply one mode of energy transfer. Work is 
defined on a quantitative basis; it is then possible to 
formulate a quantitative description of several forms 
of energy, starting from the amount of work done to 
produce them. 

PLAN OF ATTACK. The strategy of the text is to intro- 
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i forms of energy that appear: kinetic, 
«úd thermal. With these three forms, it is 

ssible to discuss the transfer of energy from one 
form to another, showing that the total energy is al- 
ways conserved. 

ILLUSTRATIVE EXAMPLES. Examples may illustrate 
several difficulties that arise if energy is simply defined 
as “the capacity to do work.” 

Consider a baseball moving horizontally with a 
velocity, v. Relative to the earth, it has a kinetic energy 
of 4mv?. But relative to an observer on a moying 
train, it has a different kinetic energy. Therefore the 
amount of work that the baseball can do depends on 
whether it does work on something on the ground or 
on the train. 

If the ball were thrown horizontally from the edge of 
a cliff, a person at the bottom of the cliff would say 
that the ball had both kinetic and potential energy. 
Hence the ability of the ball to do work depends not 
only on the horizontal speed, but also the height (or 
depth) of the system on which it is to do work. (if 
the man at the bottom of the cliff were to dig a hole in 
the ground, he could get still more work from the ball.) 

To complicate the situation even more, one might 
set the ball on fire after it lands. He could then ac- 
complish work by running a heat engine with the heat 
liberated by the release of chemical energy. Measuring 
the energy of the ball by its capacity to do work now 
requires the specification of not only its horizontal 
velocity and height, but also its heat content. Even 
then, however, unless the temperature of the exhaust 
gases be at absolute zero, not all of the thermal energy 
can be recovered as work; much of it will be lost in 
exhaust heat. 

As a final example, the substance of the ball could be 
annihilated by anti-matter, thus liberating energy in 

radiant form. 

From even this brief sample of the many forms in 
which energy is manifested, it is clear that no brief 
definition can give an adequate feeling ‘for the true 
breadth of the concept. The important thing is to de- 
velop some feeling for the broad utility of the conser- 
vation law in dealing with the many widely-different 
guises of the thing we call energy. If you can give your 
students some appreciation for this idea, they will have 
something that is much more powerful than a neatly 
packaged, but incomplete, five-word definition. 


RELATED MATERIALS FOR PART lil 


LABORATORY. As with other parts of the course, the 
experiments for Part III are intended to carry evel 
nificant share of the instructional load. Good schedul- 
ing and use of the laboratory will contribute not only 
to an increased understanding of various principles 
and their application, but to a better perception of how 


principles are derived from experiments. The Lab 
Notes at the back of this volume of the Guide include 
recommendations on scheduling and handling each of 
the experiments, and answers to questions in the 
students’ Laboratory Guide. 

FILMS. The PSSC films appropriate for each chapter 
are described in the chapter summaries of the Guide. 
The films related to Part JII of the course are listed be- 
low with brief comments on possible scheduling. 

“Forces” is a general introduction to mechanics. It 
can be scheduled as early as the first day of classwork 
on Part III. 

“Inertia” and “Inertial Mass” are related films 
which show the experimental base of Newton’s law 
with nearly ideal (low-friction) apparatus. “Inertia” 
relates to Sections 1-4 of Chapter 19; “Inertial Mass” 
to Sections 5 and 6. These films are probably best used 
as a basis for class discussion after students have per- 
formed Experiments III-!, 2, and 3 in the laboratory. 

“Falling Bodies” shows the proportionality of gravi- 
tational and inertial mass. The film can be used with 
Sections 2, 3, and 4 of Chapter 20. 

“Deflecting Forces” shows the validity of Newton’s 
law in vector form through an analysis of circular mo- 
tion. This film is related to Section 5 of Chapter 20. 

“Periodic Motion” analyzes experiments to show 
the force-distance relationship and the period in simple 
harmonic motion. This film can be used with Sec- 
tion 8 of Chapter 20. 

“Frames of Reference” demonstrates how different 
frames of reference lead to different descriptions of 
motion and how an appropriate choice of frame of 
reference simplifies dynamical problems. This film can 
be used to good advantage with Sections 9, 10, and 

11 of Chapter 20. 

“Universal Gravitation” reconstructs the logic be- 
hind the law of universal gravitation through imagin- 
ing how the law might have been discovered on a 
planet in another solar system which has only the one 
planet. This film is closely related to Sections 6, 7, 
and 8 of Chapter 21. 

“Elliptic Orbits” uses Kepler’s law of areas to show 
that an inverse square force law follows from an 
elliptic orbit.) This film can be used in connection with 
discussion of Sections 7 and 8 of Chapter 21. 

A new film is in production as this is being written, 
for use with Chapter 22¢md showing conservation of 
momentum in a collision analyzed from various 
frames of reference. 

“Elastic Collisions and Stored Energy” shows an 
elastic, magnetic interaction between two Dry Ice 
pucks. Quantitative analysis of strobe-photos of the 
collision allows us to follow the changes in kinetic 
energy of the pucks during the interaction and thus 
lead us to the idea of stored or potential energy. This 
is most appropriate for Sections 7 and 8 of Chapter 23. 

“Energy and Work” explores the relationship be- 
tween work and kinetic energy, closing with a lead 


toward thermal energy. Depending on the class dis- 
cussion that is developed around the film, it can be 
used at various points in Chapters 23 and 24. 

“Mechanical and Thermal Energy” uses models and 
experiments to show the interconnection between 
energy of bulk motion and thermal energy of random 
motion. This fiim is best scheduled with Sections 3 
through 7 of Chapter 25. 

“Conservation of Energy” illustrates energy con- 
servation by tracing gross energy changes in a power 
plant. This film can be used with the last sections of 
Chapter 25. 

SCIENCE STUDY SERIES. A number of titles are cur- 


rently available which deal with subjects rel, t 
Part IIL of the course. They are included in the p 
chapter suggestions for “Further Readings.” , 


SCHEDULING PART III 


Two possible schedules for Part III are indicated in 
the table below. The nine-week schedule is intended 
as a rough guide for those who are programming a 
36-week course. The fifteenth-week schedule indicates 
how one might allot any additional available time, as 
well as providing a guide for a three-semester course. 


9-week schedule for Part III 15-week schedule for Part IIT 
CHAPTERS 
CLASS TAR, EXPERIMENTS ce PAR EXPERIMENTS 
PERIODS PERIODS PERIODS PERIODS 
II-1, II-2 
4 — a ’ ? 
19 2 II-1, 11-2 4 3 1-3 
20 8 1 TH-5 14 2 II, II-5 
21 3 0 — 5 1 1-6 
WI-7, IL-8 
22 8 2 IIi-7, ITI-8 11 3 1-9 
23 6 1 I-10 9 1 I-10 
24 4 1 I-11 1 2 I-11, I-12 
25 4 0 — 8 1 I-13 
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This chapter introduces Newton’s law of motion 
which is fundamental to the study of mechanics. In 
view of the variety and complexity of the phenomena 
that can be unraveled with this law, its elegant sim- 
plicity is almost surprising. To appreciate the scope 
and power of Newton’s law, students should become 
familiar with its application. Examples are given in 
the HDL section. However, too early or too great 
emphasis on the formality of applying Newton’s law, 
especially in some of the more complicated problems, 
may detract from students’ basic understanding of the 
relations between force, time, velocity, and mass. For 
this reason, the formal statement of Newton’s law is 
deferred in the text until after the analysis of simple 
experiments which, holding two of these variables con- 
stant, display the relation between the other two. This 
approach is intended to avoid the simple memoriza- 
tion F = ma without real understanding of the fun- 
damental relationships between force, time, velocity, 
and mass. Early laboratory work will contribute to 
this purpose. 

Newton’s law of motion is based on a wide range of 
experiments and observations, which are described in 
this and succeeding chapters. Sections 8, 9, and 10, 
for completeness of presentation, cite properties of the 
law which will not be verified by actual comparison 
with experiment until Chapter 20. The HDL prob- 
lems relating to these sections are nonetheless very 
useful. They serve as valuable reviews of earlier vec- 
tor work, and as introductions to mechanics. Sub- 
jects in the text for which the number of appropriate 
HDL problems may appear to be insufficient (inertial 
and gravitational mass, varying forces) will’ be found 
to reappear in later chapters, to be treated in more 
detail. 


CHAPTER SUMMARY 


INTRODUCTORY SECTION AND SECTIONS | AND 2. 
Galileo’s principle of inertia is presented after students 
have been encouraged to think independently about 
force-free motion. The emphasis is on the reasoning 
which Galileo used in drawing conclusions from an 
idealization of a physical situation. 

SECTIONS 3 AND 4. The quantitative relationship be- 
tween force and motion is formulated directly from 
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< Newton’s Law of Motion 


simple experiments. With a constant mass and con- 
stant force, Av « At, With a constant mass and a 
constant time, Av « F. These two facts are sum- 


Ai 
marized by Av « F At, or T « F, 


Force is introduced intuitively as being related to a 
push or pull. The constancy of the exerted force is 
based on the reasonable assumption that a constant 
force results if a spring (or rubber band) is stretched 
by a constant amount. The relative force scale rests 
on the assumption of additivity (i.e., two “identical”, 
equally-stretched springs pulling in parallel in the 
same direction exert twice the force that would be 
exerted by either one acting alone.) 

SECTIONS 5 AND 6. The concept of inertial mass is 
introduced and its characteristics are investigated. 
Experiment shows the proportionality between iner- 
tial and gravitational mass. The kilogram is intro- 
duced as the standard of mass. 

SECTION 7. The proportionalities between the vari- 
ous dynamic and kinematic variables which have been 
developed in previous sections are synthesized in a 
single equation F At = m Av (or F = ma). With the 
units of mass and acceleration already defined, this 
equation defined a unit of force, the newton in the 
MKS system. 

SECTIONS 8 THROUGH 11. Newton’s law is further 
generalized by citing empirical evidence for its valid- 
ity in the case of a varying force. The vector nature of 
force and acceleration and of the equation F = ma 
are also developed empirically. 

The applicability of Newton’s law can be extended 
to cover forces which vary with time, and the motion 
produced when several forces act simultaneously. In 
the latter situation the resulting acceleration is the 
same as if the several forces were replaced by their 
vector sum. This is an experimental verification that 
forces add as vectors. This leads to the idea that New- 
ton’s law is true in vector form: F = ma. To deter- 
mine a, it is important to know the net force, including 
resistive forces such as friction. Newton’s law was 
based on known forces and is particularly useful for 
predicting motion when all forces are known. A less 
obvious, but equally important application (especially 
in the study of physics), involves deducing an un- 
known force from the observed acceleration it pro- 
duces, From such investigations we have learned a 
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t deal about the forces in nature. When we can 
ribe them in our terms, we can then predict the 
motions that will occur under their influence. 

COMMENTS ON DEVELOPING THE LOGIC OF CHAPTER 19, 
So many key ideas are summarized by the mislead- 
ingly simple expression, F = ma, that if students are 
to grasp something of its full power, they should ap- 
proach it gradualiy with a developing awareness of 
the meaning of the underlying relationships. Other- 
wise, they will memorize the equation quickly, be able 
to apply it to simple problems, and miss most of its 
meaning. Through study of the text, laboratory work, 
films, and class discussion, the three fundamental ideas 
— the principle of inertia, Newton’s law, and inertial 
mass — should be developed fully before the equation 
F = ma is introduced. 

At the risk of repeating some of the summary of the 
chapter, it is worth considering the logical develop- 
ment of the chapter from the standpoint of the se- 
quence of ideas to be taught: 

1. The principle of inertia requires neither a quan- 
titative concept of mass nor a quantitative measure of 
force. Inertia can be introduced through class dis- 
cussion and demonstration even before students have 
read the first few sections. Some students will better 
appreciate Galileo’s contribution if they try to reason 
independently about the nature of motion before they 
study his simple but elegant arguments, 

2. A constant force produces a constant change in 
velocity, independent of any prior velocity. (The con- 
stant stretch of a spring or a rubber band is used as 
an obvious indication of a constant force; at this point 
neither a definite nor a relative force scale is needed.) 
Using Figures 19-5, and 19-6 as background, the class 


can use Figure 19-7 as a source of data on which to 
base the conclusion that Ar « Af. 

3. The change in velocity of an object is propor- 
tional to the net force acting on it. (The required 
relative force scale is based on the reasonable assump- 
tion that two identical springs pulling side by side 
exert twice the force of either alone.) ..Av « F. 
Summarizing, since Av is proportional to both Aż and 
F, Av x FAt, or F « Ae, 

4. The inertial mass of an object is defined by the 
change in the object’s motion as a result of the action 
of a given force. Thus mass ratios are defined in 
terms of the ratios of observed accelerations resulting 
from the action of a given force. 

5. After the above ideas are understood, students 
are in a sound position to understand the mass stan- 
dard, the definition of units, and the equation F = ma. 
You will note that, although the proportionality be- 
tween F and Av/At is reached quite early, and students 
will know from Chapter 5 that Av/At is acceleration, 
the text does not use the concept of acceleration as 
such until after the effect of mass is considered. At 
this point F At = m Av is formulated and the equiva- 
lent form, F = ma, is noted. If the earlier material is 
covered too quickly, the reasoning may seem quite 
circular to students who, remembering that the new- 
ton was defined from F = ma, are confused about 
whether F = ma is a law or a definition. 

6. One can infer the net force on an object by ob- 
serving its acceleration. This fact is used to show 
that two forces add as vectors. 

7. F = mā is a vector relation; it does not depend 
on the velocity, ¥, of the object. 


SCHEDULING CHAPTER 19 


Chapter 19 9-week schedule for Part III 15-week schedule for Part III 
CLASS LAB CLASS LAB 
SEO PERIODS PERIODS eres PERIODS PERIODS Sei MENIS 
ei] WEDPLAN Ly a ee A EL 

1,2 1 0 — 1 0 — 
3,4 1 2 Iil-1, l1-2 1 2 Iil-1, 111-2 
5, 6 1 0 — 1 1 II-3 
7,8,9, 10, 11 1 0 — 1 0 — 


RELATED MATERIALS FOR CHAPTER 19 


LABORATORY. The Laboratory Guide includes three 
experiments related to Chapter 19. If you do not have 
time to do all three, Experiments [II-1 and Il-2 
should be given first priority. Experiments III-2 and 
III-3 should precede class discussion of the related 
ideas. See the Laboratory Notes for further comments 
on scheduling and for suggestions on conducting the 
experiments. 
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Experiment II-i — Changes in Velocity with a 
Constant Force uses the ticker tape timer to provide 
a record of the change in velocity of a small cart which 
is subject to a constant force. A constant force is pro- 
vided by the constant stretch of rubber strands. 

Experiment III-2 — The Dependence of Accelera- 
tion on Force and Mass uses the same apparatus as 
Experiment IIi-1. 


Experiment I1I-3 — Inertial and Gravitational Mass 
uses a simple inertial balance and ordinary weighing 
to show the proportionality of inertial and gravita- 
tional mass. The operation of the inertial balance is 
shown to be independent of gravity. 

HOME, DESK, AND LAB. See the HDL Notes for an- 
swers, solutions, and a table which classifies problems 
according to their estimated level of difficulty. 

FILMS. “Forces,” by Jerrold R. Zacharias of M.I.T., 
is an introduction to Part III of the course. The film 
examines the general nature of gravitational and elec- 
tric (both electrostatic and magnetic) forces and 
touches briefly on nuclear forces. The gravitational 
force between relatively small objects is demonstrated 
with a Cavendish balance. Running time: 22 minutes. 

“Inertia,” by Edward M. Purcell of Harvard Uni- 
versity, develops the idea of inertia, considers fric- 
tional effects, and introduces the “frictionless” puck 
which has a gas bearing. From stroboscopic photo- 
graphs of the puck moving under a constant force, the 
proportionality of force and acceleration is found. 
One of the best ways to use this film is as the basis of 
a summarizing discussion of the ideas of Sections | 
through 4. Running time: 27 minutes. 

“Inertial Mass,” by Edward M. Purcell of Harvard 
University, is a continuation of “Inertia.” Using the 
same techniques as in the earlier film, acceleration is 
found to be inversely proportional to mass. Thus, 
with a constant force, acceleration is a measure of 
inertial mass, The proportionality of inertial and 
gravitational mass is shown. This film may be used 


OBJECT 


Automobiie (out of gas and 
without brakes). 

Book which has been pushed 
so that it slides on desk. 
Chalk (or any object) which 
is dropped. 

Ball rolling down hill. 


Moon revolving around the 
earth. 
Earth rotating on its axis. 


l 


in connection with a discussion of Sections 5 and 6, 
Running time: 20 minutes. 


Introductory Section 
19-1 Ideas About Force and Motion 
19-2 Motion Without Force 


purpose. To distinguish between kinematics and 
dynamics. To raise the question: What is the cause 
of motion? To discuss pre-Galilean attempts to un- 
derstand dynamics; and to introduce Galiieo’s law 
of inertia. 

CONTENT. (a) Kinematics is the systematic de- 
scription of motion. 

(b) Dynamics is the analysis of the cases of motion. 

(c) The idea of force is generalized from that of a 
push or pull. 

(d) When no net force acts on an object, its state of 
motion remains unchanged. 

EMPHASIS. Very little class discussion will be needed 
if these sections have been assigned for outside read- 
ing. However, you may prefer to discuss the first 
few sections of the chapter before you give any 
assignments. 

DEVELOPMENT. If you choose to present this ma- 
terial through classroom discussion, you might ask 
for, and list on the blackboard, examples of moving 
objects which are neither pushed nor pulled by an 
obvious agent. Next to each example, describe the 
motion briefly as in the table below: 


MOTION TYPE 

Slows down and stops. 1 
Slows down and stops. 1 
Speeds up until it hits floor. 2 
Speeds up until it reaches 2 
bottom, 

Goes around at constant 3 
speed. 

Rotates at constant speed. 3 


After you have several examples of each type, call 
students’ attention to the three categories: (1) slowing 
down, (2) speeding up, and (3) constant speed. 

You can get a good idea of the information your 
students have by asking them to give reasons for or 
explanations of the motion. You will probably have 
students who already think of gravity and friction as 
external agents. There is no reason to avoid mention- 
ing these mechanisms briefly. 

‘After students understand the three categories, con- 
centrate the discussion on how one could make an 


object which is slowing down go further. Your class 
will be interested in and will give good examples of 
reducing friction by lubrication. Some students may 
even know about gas bearings from popular science 
articles or from household gadgets such as the tank 
vacuum cleaner which partly rides on the exhaust air. 

Finally, ask what would happen to the motion if 
the friction were reduced to zero. Ask them how they 
could convince a skeptic of this. It should be possible 
to get the class to see that one could never really per- 
form such an experiment and that reasoning such as 
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f. given in connection with Figures 19-3 and 19-4 is 
needed. 
* * * 

It will be desirable to make sure that students under- 
stand how to interpret quantitatively such strobo- 
scopic pictures as Figures 19-5a, 19-7, and 19-9. 
You can discuss the experimental arrangement using 
either some analogous demonstration equipment or 
the explanatory figures (19-5b, 19-6, 19-8, 19-11, 
and 19-13). 

You might have students determine the speed of 
the puck in Figure 19-Sa. Using a compass (as a pair 
of dividers) they can easily find that the speed is about 
14.1 cm per flash or 33.7 cm per second. They should 
be able to measure this to 1% or 2%. You could ask 
the students for the factor by which the figure was 
reduced (9.2) or for the diameter of the puck (about 

15.5 cm). 

Students will not be able to measure the speed in 


Figure 19-5 with enough accuracy to detect the de- ` 


celeration. This deceleration (as implied by the last 
sentence in Section 2, page 322) is only 0.04 ft/sec?. 
Therefore, during any interval of 4$ second the speed 
should have changed only by 0.01 ft/sec which is un- 
observable since it is less than one percent of the 
measured speed. 

(Note: If an object were moving in only one direc- 
tion on a perfectly flat table, this deceleration would 
be caused if one side of a l-meter table were only 
1.3 mm (or 0.13 cm) higher than the other. In order 
to do experiments which exploit fully this very low 
frictional force, one must use an extremely flat table 
and level it very carefully. Furthermore, the table 
and the floor supporting it must be rigid. In addition, 
the table surface must be very clean. For example, 
ice crystals formed from-water vapor in the air would 
interfere with the motion.) 

COMMENTS. With your help in leading the discus- 
sion, your class will be able to give you examples of 
the three apparently different types of motion even 
though they have not read the text. An introductory 
class discussion of this type can add considerable 
freshness and student interest to this material. Keep 
the discussion short, however. The idea is to illus- 
trate the way that the problem was attacked before 
Galileo, and to show the difficulties of the problem. 
Then the incisive thinking of Galileo may be more 
readily appreciated. 

Many students are familiar with Galileo’s principle 
of inertia; most of them can learn it quickly and would 
be completely convinced by experiments with dry 
ice bearings or satellites. However, before you pro- 
ceed to convince them through the use of modern 
techniques be sure that they understand how Galileo 
approached the problem. Problems 3 and 5 present 
useful starting points for discussion. 

Try to emphasize Galileo’s tremendous intellectual 
achievement, not only in the original enunciation of 
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the law of inertia, but even more in his development 
of a new method of reasoning in which he combined the 
observation of real experiments with idealizations of 
these to simpler and more tractable situations. 


DEMONSTRATION 


A demonstration devised by Galileo beautifully 
illustrates his argument that an object tends to rise 
to its original height regardless of the slope of the 
incline. (This is a variation on Fig. 19-4, page 321 
of the text.) It is best done before Section 19-2 has 
been studied in the text, and after raising the question 
whether objects can keep moving without being 
pushed. 

Galileo reasoned that, since a ball launched down 
a ramp tended to rise to the same height on an op- 
posing ramp, a ball launched onto a horizontal sur- 
face should roll forever if there were no friction. The 
purpose of this demonstration is to help the student 
reach the same conclusion. 

Suspend a pendulum about 3 m long from the ceil- 
ing or suitable stand, Clamp the pendulum thread 40 
or 50cm above the bob so it swings from this point 
and not from the point where it is suspended (Fig. a). 
Bring the bob sideways until it is a measured distance 
d above the lowest point of its swing and let it go. 
Compare the height to which the bob rises on either 
side of the lowest point. Now, instead of letting the 
pendulum swing through a normal arc, interpose a 
barrier so that, when released, the pendulum swings 
from the barrier (Fig. b). Have the class predict the 
results before you perform the demonstration. 

Next, with the barrier in the same place and the 
clamp in various positions ranging from the initial 
one to the point of suspension, let the bob go from a 
measured height above the bottom of the swing. De- 
termine how high it rises at the end of its swing and 
roughly measure the distance from the center point. 
Be sure to let the bob go from the same position each 
time. 

From the data, have the students make a conjecture 
about the height and horizontal distance the bob 
should reach if the pendulum could be made 10, 50, 
or thousands of meters long. What do the results 
Suggest would happen to a ball moving on a perfectly 
smooth, horizontal surface? 

The arc that the pendulum traces as it moves from 
its release position to its lowest point is analogous 
to Galileo’s launching ramp. The arc it swings through 
from the lowest point after leaving the barrier cor- 
responds to the opposing plane of gradual slope 
(Fig. 19-4 of the text). Raising the clamp is analogous 
to diminishing the slope which the ball climbs in 
Galileo’s experiment. 

To improve the estimation of the bob’s height of 
rise, a horizontal string can be put at the level of re- 
lease. This also will help to duplicate the release level 
more accurately. 


DRY-ICE PUCK 


standard fruit-juice can 


#1 one-hole stopper 


glued to disc 


tempered masonite or shuffleboard disc 


(c) 


A Dry Ice puck is a very useful device to demon- 
strate uniform motion in the absence of forces, The 
construction of the puck is shown in Fig. c. Since 
the layer of gas between the puck and the table is very 
thin, it is necessary to have a table with a smooth 
surface of glass or metal. It is essential that the sur- 
face of the table, as well as the surface of the puck, be 
very clean and dry. Wipe the table and the puck with 
a dry cloth to remove the condensation accumulated 
during the demonstration. 


If the table is level, the puck will slide the length of 
it at very low velocities without slowing down. If 
the table is not level, the puck will accelerate from 
rest. Experimenting with these pucks makes Galileo’s 
law more real. 

If Dry Ice is not available, an air puck made as 
shown in Fig. d can be used. Its performance is in- 
ferior to that of the Dry Ice puck, but it is useful 
nevertheless. It can even be used with fair success on 
a table with a masonite or formica top. 


AIR PUCK 


bailoon 


small-hoie 
rubber stopper 


plywood, smooth bottom, polished 


(a) 
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APPARATUS 


Cord 

Weight 

Ringstand with flask clamp 
Cork 

Crossbar and clamp 

Meter stick 


Dry Ice puck or air puck 
Dry Ice 


CAUTION. The standard demonstrations used in 
connection with the law of inertia (such as pulling 
a tablecloth from under glasses) show merely that an 
object which is at rest tends to remain at rest. All 
students (including those who studied with Aristotle) 
are aware that an object does not tend to move if it 
is at rest. If you are enough of a showman, the mem- 
ory of such a demonstration may somehow remind 
your students of the law of inertia, but demonstra- 
tions which get at the tendency of a body in motion 
to remain in motion, such as those mentioned above, 
are much more desirable. Pulling a tablecloth from 
under glasses shows only that the frictional force was 
not great enough to accelerate the glasses appreciably ; 
few students understand the point of these standard 
demonstrations. 

If you do wish to do such a demonstration, an 
amusing one which is somewhat more instructive is 
the following: 

A weight of several pounds is suspended with a 
length of thread. (The weight could be some reason- 
ably heavy tool such as a pipe wrench.) Tie another 
piece of thread below the weight. Now pull gradu- 
ally, harder and harder, on the lower piece of thread. 
Ask students to guess which thread will break. Even- 
tually the thread above the wrench will break. (Look 
out for your knuckles!) The upper thread breaks 
first because the force on it will be the applied force 
plus the weight of the wrench. 

Next, suspend the wrench as before, but this time, 
starting with no tension in the lower thread, pull with 
a sharp jerk. If you do this quickly enough, the lower 


thread will break and the top one will remain intact. 
The explanation is that in order to transmit force to 
the upper thread, (since the thread is somewhat 
elastic) the wrench must move, increasing the stretch 
of the thread. The tendency of the wrench to remain 
stationary prevents the force of your jerk from being 
transmitted instantaneously to the upper thread. Be- 
fore the wrench has time to move far enough to 
transmit this force, the lower thread breaks. 


19-3 Changes in Velocity When a Constant Force Acts 


19-4 Dependence of Change of Velocity on Magnitude of 
Force 


PURPOSE To show the relationship between force 
and change of velocity. 

CONTENT. (a) For a given object, a constant force 
imparts a change in velocity which is directly propor- 
tional to the time interval during which the force acts. 

(b) For a given object, the change in velocity dur- 
ing a given time interval (i.e., the acceleration) is 
directly proportional to the applied force. 

EMPHASIS. These are very important ideas, but 
should not require much class discussion if they are 
introduced, as recommended, through performing 
Experiments II-1 and II-2 in the laboratory before 
discussing them in class. 

DEVELOPMENT. If after their laboratory work, you 
feel that your students need more practice in inter- 
preting this kind of data, you might ask them to 
make their own measurements of Figure 19-7 (and/ 
or 19-9), and to set up tables similar to Tables 1 and/ 
or 2 in the textbook. Inasmuch as an error of 0.5 cm 
in the displacement in Figure 19-7 contributes an 
error of 1.2 cm/sec to the velocity, the values which 
students get for the acceleration may differ appreci- 
ably from those shown in Table 1, page 324. 

Be sure that students realize that although the data 
derivable from these figures are limited to about 5% 
accuracy, Newton’s law is known to a much higher 
accuracy from other experiments. In Chapters 20 and 
21 some of these will be discussed. 

COMMENTS. In these sections the text emphasizes 
Av and At rather than explicitly using the acceleration, 
a. This was done to emphasize the relation between 
F, Av and At; to make clear how the relation is de- 
termined from observation and measurement, and to 
avoid masking that relation behind an incompletely 
understood concept of acceleration. It will be wise 
not to substitute “a” for Av/Ar until your students are 
sure of these ideas. i 

* * * 

The simple additivity of two parallel forces is as- 
sumed in the third paragraph of Section 4. There are 
many ways in which this fact can be treated. Prob- 
ably the most direct method is to treat it as a part of 
the definition of a force, F + F = 2F. 


1957 


(a) A (b) 


It may be instructive for you to raise questions about 
the difference between the effects of applying two 
forces to an object in parallel and in series, In the 
figure above these two arrangements are shown. 
In (a), a large crate is being pulled by two men, each 
exerting a force, F, on a spring which is attached to 
the crate. The two springs are identically constructed, 
thus stretch the same amounts, and each exerts a 
force F on the crate. The crate is pulled by two 
forces, each equal to F, and F + F = 2F. In (b), 
the same two springs are connected in series and at- 
tached to the crate at B. Now one of the men pulls 
the front spring with a force F. The spring stretches 
until it reaches the same extension that it had in (a). 
It then exerts this force F on the second spring at 
their coupling point D. Now, in turn, F stretches the 
second spring by the amount that it did in (a), and 
that spring pulls on the crate at B with a force, F. 
Thus in (b), although both springs are stretched the 
standard amount, one simply serves to transmit the 
one single force, F, to the other spring which in turn 
transmits it to the crate. Only one man is pulling. 
The force on the crate is only 1 X F. 

* k*k k 

Some students intuitively feel that a spring will 
exert twice as much force if it is extended twice as 
far from its equilibrium, nonextended, length. Al- 
though this is approximately true for many springs 
(and is known as Hooke’s law), it is only approxi- 


Wall 


same rope 


Twin Horses 
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mately true at best and is far from the truth in many 
cases. For this reason, it has not been used in this 
development and should not be introduced as a sig- 
nificant factor in classroom discussion. 

In order to avoid confusion it will be wise to sharpen 
students’ appreciation of the importance of being 
explicit about both the object on which the force 
acts and the agent exerting the force. In any physi- 
cal problem, it is meaningless to discuss a force unless 
both the object and the agent are known. Of course, 
there are many times when both the object and agent 
are so obvious that they need not be stated explicitly. 
But from time to time you might ask a student who is 
dealing with a force for the complete description 
Gi.e., Which force? What exerts the force? On what 
is the force exerted ?). 

QUIZ QUESTIONS (or questions to stimulate classroom 
discussion) 

(1) It is never safe to assume that forces in series 
are well understood. You might try this: A farmer 
with twin horses has a rope which is so strong that 
neither horse pulling alone can quite break it. 

Some students will expect the rope to break when 
an extra horse is involved. They fail to realize that 
the second horse merely replaces the wall. 

(2) Another stock question which is often a puzzler 
is the following: 

A horse is hitched to a wagon with a rope. The 
horse pulls on the rope with a force, F. The rope, 


Horse almost but not 
quite strong enough 
to break the rope. 


Will the rope break? 


then, pulls on the horse with a force, F. Then why 
is it that the wagon starts to move? 

The important point here is that in considering the 
acceleration of any object one must consider those 
forces which are acting on that object. The wagon 
starts to move because the pull of the rope on the 
wagon is greater than the backward force of friction. 
The horse starts to move because the forward force 
exerted by the ground on his feet is larger than the 
backward force exerted by the rope on him — and 
so forth. 


19-5 Inertial Mass 
19-6 Inertial and Gravitational Mass 


PURPOSE, To define operationally the idea of in- 
ertial mass. To point out that inertial and gravita- 
tional mass might be expected to be independent be- 
cause the operations used to define them are entirely 
different. To cite the empirical evidence for the direct 
proportionality between inertial and gravitational 
mass. 

CONTENT. (a) Inertial mass is the ratio of the net 
force on an object to the acceleration it produces: 


Fi Fat 
m=-:orm = ——: 

a Av 
The ratio F/a is closely the same for all speeds of 
motion of the mass that are small compared to the 
speed of light. 

(b) Inertial masses are additive. 

(c) There apparently is no logically necessary re- 
lationship between gravitational and inertial effects, 
but experimentally the pull of gravity on various ob- 
jects is observed to be directly proportional to their 
inertial masses. 

EMPHASIS. These ideas are centrally important. You 
may need to spend a full period presenting and un- 
tangling the concepts of gravitational mass, inertial 
mass and weight. Even then, you may need to com- 
ment from time to time to help keep the ideas straight. 

APPROPRIATE LABORATORY. Experiment IH-3 
should follow class discussion of these sections. It 
can be omitted if you are pressed for time. 

COMMENTS. Students will feel more at home with 
inertial mass if you can give them an intuitive under- 
standing to supplement the formal definition based 
on force and acceleration. When students think of 
something massive they tend to think of weight, and 
if asked to judge mass, they might “heft” it. They 
will get a much better idea of inertial mass if you can 
get them to think of moving an object from side to 
side (i.e., judging the mass by the effect required to 
“shake” it). 

f *** 


Experiments which measure mass by measuring the 
acceleration and the force, illustrate the meaning of 
inertial mass. However, such experiments cannot be 
done with high precision. Hence, wherever possible, 
they are replaced by other more precise measurements. 
For ordinary-sized objects, comparison of weights 
(gravitational masses) using an equal arm balance is 
preferred to an acceleration experiment. However, 
the validity of such a procedure hinges upon a knowl- 
edge of the proportionality of inertial and gravita- 
tional mass. 

Some students will have trouble trying to distin- 
guish between the two different kinds of mass asso- 
ciated with any object. They may accept more readily 
the independence of gravitational force and inertial 
mass. The gravitational force between any object 
and the earth is what we call the object’s weight. If 
object A weighs twice as much as object B, this signi- 
fies that the pull of the earth is twice as great on Aas 


„itis on B. Now if we were to do another, completely 


independent set of experiments, in which we mea- 
sured the accelerations of A and B under the action of 
various forces, we would find that any given force 
would accelerate A just half as rapidly as it would B. 
From these acceleration experiments we could con- 
clude that the inertial mass of A is twice that of B. 
This result could not have been predicted from the 
observations of the gravitational forces. No basic 
principle of classical physics relates the two sets of 
experiments, but the ratio of gravitational forces on 
two different objects at the same place defines the 
ratio of their gravitational masses. Consequently, 
there is also no basic principle relating the gravita- 
tional masses of the two objects. The fact that the 
two mass ratios are identical is an experimentally- 
established relationship.* 

Actually the two kinds of experiments described 
above could not be performed with an extremely high 
degree of accuracy. A more accurate method, which 
is directly sensitive to the ratio Minertial/Megravitationals 
is the measurement of the constancy of acceleration 
of different masses in free fall. Such a method will 
be treated in detail in Chapter 20, Section 2. 

More precise experiments based on this same idea 
involve the oscillation frequency of a pendulum. The 
gravitational force tends to push the pendulum to its 


* You might like to think about the following argument al- 
though it is not appropriate for class discussion at this point 
in the course. The force on an electrically charged body in an 
electrical and gravitational field can be described as 

F = qeE + 428, 

where gg = mg. There is no a priori reason we know of that 
qe, the “gravitational charge” (or gravitational mass), should 
be the same as the inertial mass, any more than ge should be 
the inertial mass. Experimentally, however, qg is proportional 
to mi and can be chosen equal to it by an appropriate choice 
of standards. 
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lowest position; the inertial mass resists the accelera- 
tion produced by this force. The pendulum frequency 
is proportional to the square root of the ratio, (mg/m;); 
it is also proportional to \/g/¢, where g is the accelera- 
tion produced in free fall and ¢ is the pendulum length. 
Very precise experiments have been made using pen- 
dulums of the same length but different materials. 

Even more precise measurements are currently 
underway which involve measuring the speed of rev- 
olution of the moon (or an artificial earth satellite) 
using a very precise time standard established by an 
“atomic clock” (i.e., a clock which is stabilized by 
characteristic frequencies of particular atoms). The 
best experiments thus far show that the ratio of mg 
to m; varies by less than 3 parts in 10!° 

This apparently coincidental relationship, the pro- 
portionality of m, and m;, is proposed, in Einstein's 
general theory of relativity, as a universal truth, an 
inherent property of matter. This “principle of 
equivalence” is one of the premises upon which the 
theory is built. 


19-7 Newton's Law: Dynamical Measurement of Force; Units 


PURPOSE. To identify Newton’s law and to estab- 
lish a unit of force which can, in turn, be used to 
measure masses, 

CONTENT. The relationship F At = m Av, or F = 
ma, is identified as Newton’s law of motion. This law 
provides a basis for defining a unit of force. Accelera- 
tion can be measured in terms of distance and time — 
meters and seconds — and we can get known amounts 
of mass by comparison with the standard kilogram, 
so a unit of force — the newton — can be defined as 
that amount of force which will cause a l-kg mass to 
accelerate at 1 m/sec”. With forces so defined, we 
can then measure masses in terms of the quantity, 
F/a. 

EMPHASIS, Get across the idea that Newton’s law 
provides a meaningful, nonarbitrary, basis for defin- 
ing a unit of force. Don’t stop for extensive practice 
on the use of the new unit here, as it will come up 
naturally in the rest of this chapter and in the next 
two chapters. 

COMMENT. This section describes another step for- 
ward in the physicists’ attempt to work with things 
that can be derived from first principles. Newton's 
law is one of these first principles. Our concept of the 
magnitude of a force is thus defined in terms of one 
of the first principles. We could define a unit of force 
in terms of how much it would stretch a well-preserved 
spring kept in some national bureau of standards. 
But this definition would be completely arbitrary. 
The unit of mass seems arbitrary enough, but actually 
it now can be defined in terms of the mass of the 
hydrogen atom; 5.98 X 107° of them make a kilo- 
gram. The standard could as well be the mass of a 
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single hydrogen or oxygen atom except for its being 
an impractically small unit of mass. 
+*+ ‘ 

As is pointed out in the footnote on page 328, the 
text refers to one law as Newton’s law of motion. 
Newton is often credited with three laws. The law of 
inertia, frequently called Newton's first law, was 
stated by Galileo and is simply a special case of the 
“second law” — it covers the case where F = ma = 
0. The “second law” is just F = ma and is called 
here Newton's law of motion. The “third law” re- 
lates to the equality of forces of action and reaction, 
and is discussed in Chapter 23, Section 8; it is not 
really a law of motion. 


19-8 Forces That Change, and Newton's Law 


PURPOSE To show how Newton’s law can be ap- 
plied if the force is not constant. 

CONTENT. (a) If a force changes, its effect can be 
calculated by considering what happens in each of 
many very small successive time intervals. (These 
time intervals can be chosen to be so small that the 
force is essentially constant during the interval.) For 
each time interval, Ar, the change in motion is de- 
scribed by the equation F At = m Av. 

(b) FAr = mAv is true, independent of any 
initial speed the object may have. (The equation does 
not hold at speeds approaching the speed of light.) 

EMPHASIS. It is important that students understand 
the idea that we are able to use F At = m Av to an- 
alyze changes in motion during a particular time in- 
terval without being concerned with the source or 
nature of the motion the body may have at the begin- 
ning of that time interval. However, once pointed 
out, the idea should be clear. The statement of the 
law restricts it, so to speak, to the change in velocity 
of a particular mass acted on by a constant force for 
a particular time interval. if we wish to analyze mo- 
tions involving changing forces, we simply select our 
time intervals in such a way that within them the 
force is (essentially) constant. 

COMMENT. From what previously has been estab- 
lished from experimental observations (i.e., that F = 
ma if F is constant), it is not logically possible to de- 
duce, by argument alone, what happens if F is not 
constant. The fact that we do experiments in which 
a force is applied and then removed means that we 
have seen situations in which the force varied with 
time and no striking departures from the law F = 
ma were observed. To be more confident that the 
acceleration depends only on F/m instead of, for 


dt 
Collisions, discussed in Chapter 20, and planetary mo- 
tions are excellent phenomena with which to check 
that the instantaneous acceleration equals the in- 


* 


example: (F + £) , we have to do experiments. 


stantaneous force divided by the mass, without any 
added terms that depend on the rate at which the 
force varies. All such experiments have continued to 
verify Newton’s law of motion except in the case of 
motions with speeds near the velocity of light where 
the law changes to the extent that the effective mass 
varies with the speed. 


19-9 How Forces Add; The Net Force 
19-10 The Vector Nature of Newton’s Law 


PURPOSE. To consider the effect of several simul- 
taneous forces, and to extend Newton’s law to such 
cases. 

CONTENT. (a) Forces add as vectors. 

(b) Newton’s law applies to the vector sum of the 
forces acting on an object. 

(c) Newton’s law can be written as the relation be- 
tween two vectors: the net force and the acceleration. 

EMPHASIS. These results require experimental proof, 
which is given in Chapter 20. As long as the point is 
accepted by students that Newton’s law retains its ex- 
tremely simple form in even the most complicated 
situations, not much time need be spent on detailed 
discussion at this stage. 

COMMENTS. Newton’s law has been established as a 
relationship between the acceleration of an object 
and a single force acting upon that body. When sev- 
eral forces act, at any instant, there is still only a single 
observable acceleration. The single effective force 
which satisfies Newton’s law can then be found: 
ma = Foffective. This Fettective must be related to the 
several independent forces which are acting. It is 
found experimentally that Feftective is simply the vec- 
tor sum of all of the forces that are acting and is 
called the “net force.” 


A finer point: The relationship F = ma, as sug- 
gested in this section, has more content than has been 
shown up to this point. F = ma implies that the ac- 
celeration is always proportional to the force, no mat- 
ter what the angle between the force and the velocity, 
since velocity itself does not appear in the equation. 
For example, Newton’s law should hold if we shove 
something sidewise to its motion. This will be verified 
experimentally in Chapter 20. 


19-11 Forces in Nature 


purpose, To indicate that, though forces in nature 
are often complex, the consequent motions can be 
analyzed with Newton’s law. 

CONTENT. To learn about the many forces in nature, 
we can study motions to find the accelerations, and 
then apply Newton’s law to deduce the forces. Once 
we have learned about the forces, we can predict any 
other motions produced by these forces. 

EMPHASIS. Treat briefly. The ideas of this section 
lead toward Chapter 21 which gives an exciting 
example of the application of Newton's law. 

COMMENT. While not of great immediate conse- 
quence, it is worth noting the point that air resistance 
increases with speed. Understanding this now will 
reduce the number of ideas to be assimilated when 
students analyze the Millikan experiment (pp. 490- 
494), and must understand that constant velocity of a 
particle moving through air means no net force, and 
since air resistance is proportional to velocity, dif- 
ferent constant velocities represent different applied 
forces. In the range of velocities used in Millikan’s 
experiment the velocity is proportional to the applied 
force — it is not so for all velocities. 
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FOR HOME, DESK, AND LAB / 
ANSWERS TO PROBLEMS = 


CA 


The ability of students to analyze and solve prob- 
lems is a good measure of their understanding of the 
ideas in Chapter 19. The analysis of typical problems 
in class will be helpful. 

The following table classifies problems according 
to their estimated level of difficulty and the sections 
to which they relate. Those which are especially 
suited to class discussion are indicated. Problems 
which are particularly recommended are marked 
with the symbol #. 

Answers to all problems which call for a numerical 
or short answer are given following the table. De- 
tailed solutions are given on pages 19-14 to 19-20. 


SHORT ANSWERS 


1.* Kinematics is the study of motion of objects, 
without considering the cause of the motion; 
dynamics is the study of how forces cause 


motion. 
2.* No. Time was not involved in his reasoning. 
3. (a) 10cm. 

(b) 100 cm. 

(c) 200 cm. 


4.* The ball would orbit forever. 
5. See discussion on page 19-14. 
6.* v = 20 cm/sec. 

7.* v = 20.9 cm/flash. 

8.* The force is constant. 

9. 30 cm/sec?. 


chapter 19 Newton’s Law of Motion 


10. (a) 1.5. 

(b) 0.9 m/sec. 

11. See discussion on page 19-15. 

12.* Toward the right. 

13.* a = 1.5 m/sec”. 

14. See discussion on page 19-15. 

15. The definitions differ because they arise from 
very different physical situations. Their equiva- 
lence must be shown experimentally. 

16.* (a) 3.0. 

(b) 3.0. 

17.* a = 4m/sec?, 

18.*' F = 2 newtons. 

19.* F = 15 newtons. 

20. 6 m/sec?. 

21. See graph on page 19-16. 

22. (a) 1.0 sec. 

(b) 12 m/sec. 

23. See discussion on page 19-16. 

24. (a) Acceleration increasing proportional to 1. 
(b) Force increasing proportional to t. 

25.* Along the direction of the net force. 

26.* a = 8 m/sec? (to the right). 

27.* F = 3.7 newtons to the right along the dotted 
line. 

28. (a) + m/sec”. 

(b) 4 m/sec’. 
(c) There was a frictional force of 4 newton. 

29. 520 newtons. 

30. 186 newtons perpendicular to the canal and on 
the same side as Fo. 

31.* F = 200 newtons, in the direction opposite to 
that of your push. 


CLASS 
SECTION STARRED EASY MEDIUM HARD Penta 
j Pa 1,2,4,6 35 
3 7,8 
4 12 9 10#, 11# 11# 
5 13 14 
6 16, 17 15 15 
7 18, 19 20, 21 22, 23 
8 24 24 
9, 10 25, 26) ZEAE 28 29, 30 
11 32 
General 
and 33 34 34 
review 
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32. (a) See discussion on page 19-19, 
(b) 3.0 m/sec, 6.0 m/sec, 
(c) Change in mass does not affect maximum 
velocity. 
(d) The maximum velocity would decrease. 
33. See discussion on page 19-20, 
34. See discussion on page 19-20. 


COMMENTS AND SOLUTIONS 


PROBLEM 1* (See Short Answers.) 
PROBLEM 2* (See Short Answers.) 
PROBLEM 3 
A ball is released from rest on the left-hand incline 
of Fig. 19-4 at a height of 10 cm above the lowest 
point. 
(a) If there is no friction, how high vertically will 
it rise on the right-hand incline? 
(b) If the right-hand incline rises 1 cm for every 
10 cm of horizontal distance, how far will the ball 
travel horizontally on it? 
(c) If the incline rises only 3 cm for every 10 cm of 
horizontal distance, how far will the ball go? 


(a) The ball will rise to the same height, i.e. 10 cm. 


(b) Since there is 1 cm rise for 10 cm horizontal 
travel, in rising 10 cm the ball will travel a 
horizontal distance of 100 cm. 


(c) The slope is halved. The vertical height 
reached is still 10 cm, so the horizontal dis- 
tance is now 200 cm. 


We are progressing toward Galileo’s ideal case of 
zero slope, when the ball will travel an indefinitely 
large distance. 


PROBLEM 4* (See Short Answers.) 
PROBLEM 5 


Why is it particularly dangerous to drive on an icy 
highway? 


A force is required to produce the acceleration as- 
sociated with turning, slowing, and speeding up. This 
force is developed between a car and the earth through 
the friction between tires and road surface. The force 
of friction between tires and ice can be less than one 
tenth what it might be between tires and a dry road. 
The relatively small frictional force that is developed 
on an icy road makes if difficult to change appreciably 
either the magnitude or direction of a car's speed. 
Thus, on an icy toad, a car often perversely maintains 
its speed and direction despite brakes, throttle, or 
Steering. In such cases, eventual contact with a tele- 
phone pole, a roadside ditch, or another car may 
supply a decelerating force, 


PROBLEM 6* (See Short Answers.) 
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PROBLEM 7* (See Short Answers.) 

PROBLEM 8* (See Short Answers.) 

PROBLEM 9 
A body is pulled across a smooth horizontal surface 
by a spring loop that is kept stretched by a constant 
amount. It is found that the body is accelerated at 
15 cm/sec. What will be the acceleration of the 
body if it is pulled by two loops, each just like the 
first loop, side by side and stretched by that same 
amount? (See Fig. 19-8.) 


Both springs pull on the body. Since the springs 
are stretched by the same amount, they pull with 
equal force. Therefore, Proti = F 1a Fo = 2F,, 
Since the force has been doubled, the resultant ac- 
celeration must also be doubled: 


If 
fhe 15 cm/sec”, 
m 
a = 2 X 15 cm/sec? = 30 cm/sec?. 
PROBLEM 10 


An object sliding on a low-friction bearing is pulled 
with a constant force, In a time interval of 0.3 sec 
the speed changes from 0,2 m/sec to 0.4 m/sec, In 
a second trial, the object is pulled with another force. 
In the same length of time the speed now changes 
from 0.5 m/sec to 0.8 m/sec. 

(a) What is the ratio of the second force to the 
first ? 

(b) If the body is pulled with the second force for 
0.9 sec, what change in speed results ? 
(Note that the forces are in the direction of motion.) 


(a) Because the masses and the time intervals are 
the same in the two trials, the ratio of the 
forces is equal to the ratio of the changes of 
velocity (which equals, for straight-line mo- 
tion in one direction, the changes in speed): 


Fo _ Avg _ 0.8 m/sec — 0,5 m/sec is 
F, Av, 0.4m/sec — 0.2 m/sec => 


(b) When a given mass is accelerated by a given 
force, the change in velocity will be propor- 
tional to the length of time the force is ap- 
plied. In the second trial, since the time is 
three times longer, the change in speed will be 
three times greater: 


Alz _ Av2 
At, Av, 
and 
= Ats _ 0.9 sec 
Av, = Aor = 0.3 m/sec x 03sec 


ll 


0.9 meter/sec, 


PROBLEM 11 


A block is pulled along a horizontal surface by 2, 4, 
6, and 8 parallel bands of rubber. All bands are alike 
and each is stretched the same length in each experi- 
ment. The graph (Fig. 19-16) shows the resulting 
accelerations plotted versus the number of bands. 

(a) What can you conclude from the fact that the 
plot yields a straight line? 

(b) What does the intercept of the graph with the 
horizontal axis measure? 

(c) Can you use the graph to predict the accel- 
eration of the block produced by stretching one 
rubber band by the standard amount? 

(d) Suppose you repeat the experiment, changing 
only the surface on which the block is pulled. How 
will the new graph relate to the old one? 
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The purpose of this problem is to show that we 
can get to Newton’s law of motion also without re- 
ducing friction to an insignificant amount, provided 
the frictional force is independent of velocity. This 
is the case only over a very limited range. 


(a) The increase in acceleration is proportional to 
the increase of force applied by the rubber 
bands. 


(b) The intercept corresponds to the smallest force 
to be applied by the rubber bands to keep the 
block moving at a constant velocity. This 
force is equal in magnitude to the frictional 
force opposing the force supplied by the rub- 
ber bands when the block is moving. 


(c) We certainly do not expect the block to ac- 
celerate in the opposite direction to which we 
pull it. Apparently, the frictional force can 
equal any force applied by the bands up to 
that given by the intercept. The extrapolation 
of the graph below the horizontal axis is 
useless, 


(d) A different surface means most likely a dif- 
ferent frictional force; hence the intercept will 
be at a different point. But we expect the 
slope of the graph to be the same as before, 
because the increase of the acceleration is pro- 
portional to the applied force. 


PROBLEM 12* (See Short Answers.) 

PROBLEM 13* (See Short Answers.) 

PROBLEM 14 
Why is the flask in Fig. 19-10 closed? Be prepared 
to explain in class. 


The flash is closed so that no product of the chemi- 
cal reaction can escape from the system. (Actually no 
gas is generated in this reaction.) Thus the mass of 
the flask plus contents remains constant. 

Note: Rigorously, if heat, light, or sound energy are 
given off during the reaction, there will be a corre- 
sponding decrease in mass as dictated by the mass 
equivalence of energy. However, this change is neg- 
ligibly small, and it is probably best not to discuss the 
point unless the question is raised by a student. A 
change of mass Am corresponds to a change of energy: 


Am(3 X 108 m/sec)? 
Am(9 X 10! m?/sec”) 
= Am(9 X 101° joules/kg). 


E = Amc? 


i 


Very good heating coal gives about 3 X 107 joules of 
heat energy per kg. This corresponds to a mass change 
of only 3 X 107/9 x 10'° = 3 X 107'°kg for 
each kg burned; this constitutes a change of only one 
part in 3 X 10!° parts. 


PROBLEM 15 
Why do we make such careful distinctions between 
gravitational and inertial mass, rather than talking 
about one mass only, since they are equivalent ? 


The two definitions of mass differ because they 
arise from very different physical situations: weigh- 
ing in one case and accelerating in the other, Their 
equivalence has to be shown experimentally. 


PROBLEM 16* (See Short Answers.) 

PROBLEM 17* (See Short Answers.) 

PROBLEM 18* (See Short Answers.) 

PROBLEM 19* (See Short Answers.) 

PROBLEM 20 
A force of 5 newtons gives a mass 7) an acceleration 
of 8 m/sec?, and a mass my an acceleration of 
24 m/sec?. What acceleration would it give the two 
when they are fastened together? 


This problem may be done in several ways. If it is 
handled step by step, we can note that 
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F F 
ME A E kg, and ma = z =ke 
Hence, mı + m2 = § + $ = Skg, and 
2 ise te 2 
a im + my § ~ Smnfsec’. 


In following these steps, it is apparent that F drops 
out. This might have been anticipated by remember- 
ing that force is proportional to both mass and ac- 


celeration. We could have written 


F wee 
m, + Ms rR F/a, + Flay 


ab eset EPAI 2 
= F/B + F/24 ~ Fjo ~ EM. 


g 
E 
= 
3 
> 


Time (seconds) 


PROBLEM 21 


The graph in Fig. 19-17 shows the velocity, along a 
Straight line, of an object of mass 2 kg, as a function 
of time. Plot a graph of the force as a fi unction of time. 


PROBLEM 22 


A block of mass 3.0 kg is moving along a smooth 
horizontal surface with a velocity vo at an instant of 
time f = 0. A force of 18 newtons is applied to this 
body opposite to the direction of its motion. The 
force slows the block down to half its original 
velocity while it moves 9.0 m. 

(a) How long does it take for this to occur? 

(b) What is vo? 


(a)and (b) We are given the distance that a known 
mass moves while a given constant force 
slows it down to half its original velocity. 
Since v; = vy and v; = Uo/2, we can write the 
final velocity as: 


vo Te 
= =D =f, Oly = — —Y/, 
7 ars v 


where 7 is the time during which the force acts 
and the positive direction is chosen in the 
direction of the initial velocity. Since the 


acceleration is constant, the displacement is 


d = 40i + vt = 3 (v0 + %) 1 = jool. 


We substitute vo from the first equation into 


the second: 


“GLY: Relies E e 
al i( zit = amt 
cgi cs 2ind a i 2(3.0 kg)(9.0 m) 
Sst 3F as —3(—18 nt) 
= 1.0 sec. 
(Note that F = —18nt, since the force is in the 


negative direction, that is, in the opposite direction 


from the initial velocity.) 
Then from the first equation: 


_ —2(—18 nt) % 
Ug 3.0 kg (1.0 sec) rs 12 m/sec. 
PROBLEM 23 


Consider the two masses m; and mə in Fig. 19-18. 
At time f = 0, m; is at rest and m2 is moving with 
velocity vo. Is it possible to apply the same constant 
force (in magnitude and direction) for the same time 
to both masses to bring them to equal velocity at a 
given moment? Try to solve this problem by a 
qualitative argument and then check your conclusion 
by writing down the necessary equations. Consider 
all cases: mı < mo, mı = m2,m, > m2. 


Time in seconds 


Answer to 
Problem 21 
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Let mı < mz. Then a force F will accelerate mı 
more than mə. If F is parallel to Vo, there must be a 
time when the velocity ¥ı of m will equal Vo, the 
yelocity of m2. 

If mı > Mo, then mg will be accelerated more than 
my, and if F is parallel to Vo, mz will always move 
faster than mı. But if we apply F in the opposite 
direction to Vo, then mz will be slowed down and af- 
ter a while change its direction of motion and even- 
tually catch up with the heavier mı. (Use your hands 
to demonstrate the motions in class.) 

If mı = my, both masses have the same accelera- 
tion and Ya — Yı = Yo at all times. 

The following equations express these results: 


ay 
> Ft = > Fi 
a= — 32 = ot m 
i me 
¥, = Ve requires Fr : ATAT 
1 2 req mi ma 0 
= m — m A 
or Fr 2 = Vo. 
mmz 


For mı < mo, O Mz — Mı > 0, Fis in the direc- 
tion of Vo. AS Mı approaches mz and mo — Mı be- 
comes smaller, ¢ must increase for the equation to 
hold. Where m, = M2, no solution exists. When 
mz — m; < 0, Fis opposite to Vo- 


PROBLEM 24 
You observe an object covering distance in direct 
proportion to 13, where £ is the time elapsed. 

(a) What conclusion might you draw about the 
acceleration? Is it constant? Increasing? De- 
creasing? Zero? 

(b) What might you conclude about the forces? 
Be prepared to discuss in class. 


(a) If an object moves with constant velocity from 
= vt, we know that d « t. If an object 
moves with constant acceleration, from d= 
}at?, we know that d « 12. Hence our given 
object cannot have zero acceleration or con- 
stant acceleration. Further, when d œ tè, dis 
increasing with t more rapidly than when 
d x t?. Therefore the acceleration must be 
increasing with 1. 


What relation between a and t must hold for 
d « 13? Compare the case of constant acceleration 
with our given case. If instead of d « t?, we write 
d« 1X 2, it may be a bit easier to see the relation. 


Given case: d x ¢ X t. 
Constant accel: d « a X 1”. 


For the case of d « t X t°, if the acceleration is 
proportional to ¢ instead of being constant, d will be 
proportional to 1°. Hence, ifd «t3, axi The 


acceleration is increasing uniformly with time. 


(b) From F = ma, F « a. faxt Fat. 
The accelerating force must be increasing 
uniformly with time. 

* oe 

Some students may require a more concrete ap- 
proach to this problem. We can write x = Kt’, and 
construct a table of time, position, velocity, change 
in velocity and acceleration. To do this we must as- 
sume some arbitrary value for the constant, K, and 
choose an arbitrary time interval. For simplicity, we 
shall set K = 1 m/sec? and Ar = 1 sec. 


1(sec) x(meters) Ax v = Ax/At(m/sec) | Av(m/sec) Av/At m/sec” 
0 0 
1 1 
1 1 6 6 
x 7 
2 8 12 12 
19 19 
3 27 18 18 
27 37 
4 64 24 24 
61 61 
a} 125 30 30 
91 91 
6 216 36 36 
127 127 
7 343 


We see, by inspection, that the acceleration is in- 
creasing linearly with time. 


PROBLEM 25* (See Short Answers.) 

PROBLEM 26* (See Short Answers.) 

PROBLEM 27* (See Short Answers.) 

PROBLEM 28 
A block of mass 8.0 kg, starting from rest, is pulled 
along a horizontal tabletop by a constant force of 
2.0 newtons. It is found that this body moves a 
distance of 3.0 m in 6.0 sec. 

(a) What is the acceleration of the body? 


(b) What is the ratio of the applied force to the 
mass ? 

(c) Since your answer to part (b) is not equal to 
that to part (a) (at least, it shouldn't be), what con- 
clusions can you draw about this motion? Give 
numerical results, if possible, 


(a) The block starts from rest and is acted upon 
by a constant force. Assuming that the net 
force acting upon the block was constant, the 
acceleration will also be constant. Then the 
distance traveled will be: 


d = tat”, and a = 
IPSA ES 2 
a= eea m/sec”. 


(b) Since F = 2.0 newtons, and m = 8.0 kg, 
F/m = 2.0/8.0 = 4m/sec?. 


(c) The observed acceleration, 4 m/sec?, was less 
than }m/sec*, the acceleration computed 
from the ratio F/m. Therefore, some other 
force (retarding) must also have acted. It 
could be assumed to have been a friction 
force. In order to evaluate this force, we must 
assume that it also was constant. Then we can 
solve for the net effective force which must 
have been acting to produce the observed ac- 


celeration: 
Fapplica = Frriction = ma, 
and 
Friction = Fayptica — ma 
Friction =2- (8 x Ð 
= $ newton. 


The force of friction is opposed to the motion of 
the block, 


PROBLEM 29 


Two men wish to pull down a tree by means of a 
rope fastened near the top. If they use only one rope, 
the tree will come down on top of them. To prevent 
this, they tie two ropes 10.0 meters long to the same 
point and stand on the ground 10.0 meters apart 
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when they pull. If each pulls with a force of 300 
newtons, what is the force exerted by the ropes on 
the tree? 


Since each rope is 10.0m long and the two men 
stand 10.0 m apart, the three lines form an equilateral 
triangle, and the angle between the ropes is equal to 
60°. 

The two forces are equal; so the resultant must be 
along the line which bisects the 60° angle. To find the 
component of each of the forces along this line, note 
that we have a 30°, 60°, and 90° triangle. The ratio 
of the sides a:b:c¢ = 1:2:4+/3. Therefore, 
= = —— = aS = 260 newtons. 
Each of the ropes pulling on the tree exerts a force 
which has a component of 260 newtons in the re- 
sultant direction. Thus, the force exerted by the 
ropes on the tree is 520 newtons. 


PROBLEM 30 
Two men and a boy are pulling a boat along a canal. 
The two men pull with forces Fı and F2 whose mag- 
nitudes and directions are indicated in Fig. 19-19. 
Find the magnitude and direction of the smallest 
force which the boy could exert to keep the boat in 
the middle of the canal. 


F = 400 Newtons 


F, = 320 Newtons 


To move in the direction of the canal, the resultant 
must be in the direction of the canal. We see from the 
vector diagram that the boy must pull with a force of 
186 newtons perpendicular to the canal and on the 
same side as Fə. 


Force of boy 
186 newtons 


Canal 


Resultant 


PROBLEM 31* (See Short Answers.) 
PROBLEM 32 
The retarding force of air resistance on a balloon is 
proportional to the square of the velocity. For a 
certain balloon, inflated a certain amount, this force 
is given in newtons by Fr = 0.2v? where v is the 
velocity in m/sec. The balloon and the air inside 
have a combined mass of 10 gm. 
(a) Draw graphs of the balloon’s acceleration as 
a function of velocity when you pull it with a 1.8- 
newton force and with a 7.2-newton force. 
(b) What is the maximum velocity that the balloon 
will reach in each case? 
(c) If the mass were 5.0 gm, how would this affect 
the maximum velocity ? 
(d) What do you think would be the effect on the 
maximum velocity if you inflated the balloon to a 
larger volume? 


Fines Fapplied Pr Fresistance 
m m 


Papplicd 


(a) a 


m 


180 
160 
140 


120 
100 
80 
60 
40 
20 


a m/ sec” 


0.5 1.0 1.5 2.0 2.5 3.0 
v m/sec 


(b) 


(œ) 


(d) 


a m/ ike 


For an applied force of 1.8 newtons, 


2 
a= Lb Doe = 180 — 20v? m/sec”. 


We Ba = 720 — 200" m/sec”. 


The maximum velocity is that velocity for 
which a = 0. In the first case, the balloon 
reaches a terminal velocity of 3.0 m/sec. In 
the second case, it reaches a velocity of 
6.0 m/sec. 


A change in balloon mass would not affect the 
velocity. The resistive force of the air depends 
on the velocity only, not on the mass. Thus 
the resistive force will equal the applied force 
at some particular velocity, independent of the 
mass. This can be demonstrated analytically 
as follows: 


E Fapplied a Fresistance 
m 
ma = Fapplied — Fresistance 


2 
= Fapplied — 0.2v". 


To satisfy the maximum velocity condition we 
must set a = 0. Thus, 


2 
0= Fapplied — 0.20 max 
2 
D max > 


Umax = V5Fapplica (independent of iy 


5Fapplied 


where v is in m/sec and F is in newtons. 


If the balloon were larger, it would present a 
greater area to the air, and the force of air 
resistance would be larger at any given veloc- 


1 A EE aa 5 6 
v m/sec 
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ity. (This means that the coefficient of v? 
would be larger.) The result would be that 
the resistive force would become equal to the 
applied force at a lower velocity than before. 
Therefore, Umax Would be decreased. 


PROBLEM 33 


Aristotle taught that a constant force was required 
to produce a constant velocity and from this he con- 
cluded that, in the absence of force, bodies would 


come to rest. 

(a) Name several situations where a constant 
force seems to produce a constant velocity. 

(b) How do you explain each of the situations in 
(a) in the light of Newton’s law of motion? 


(a) 


(b) 
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Situations in which a constant force seems to 

produce a constant velocity: 

(1) A horse pulls a wagon with a constant 
force at constant velocity ; 

(2) A car attains a constant speed for any 
given gas pedal position (constant force); 

(3) An airplane flies at a constant air speed 
when its engine speed and propeller pitch 
remain constant; 

(4) The balloon of Problem 33 would move 
with a constant velocity if a constant force 
were applied to it. 


In each example of this kind, careful inspec- 
tion shows that, in addition to the applied 
force, there are other forces which oppose the 
applied force. In all cases of constant veloc- 
ity, the applied force is balanced by opposing 
forces. [Usually these opposing forces are not 
constant but are proportional (but not di- 
rectly) to v.] When the applied force exceeds 
the opposing forces at any given v, positive 
acceleration occurs. If the applied force is 
smaller than the opposing forces, negative ac- 
celeration results. 

In the examples given in part (a), when the 
object is moving with constant velocity, the 
sources of the forces which oppose and bal- 
ance the applied force are: 

(1) For the horse and wagon, the friction of 
wheels on bearings and wheels on the road 
surface; : 

(2) For the car, road and bearing friction and 
(especially at high speeds) air resistance; 


(3) For the airplane, air resistance; 
(4) For the balloon, air resistance. 


PROBLEM 34 


How would you define a unit of mass if people had 
placed a standard spring at Sevres instead of a 
standard mass? 


Since this is a chapter on dynamics, our first thought 
might be of a dynamical method of defining a mass 
unit. 

A direct way to establish a unit of mass would be 
to perform an acceleration experiment. The unit of 
mass would be the mass of an object which would be 
accelerated at a specified rate by application of the 
standard force (and that force only). While the con- 
dition that no other force act on the body is a very 
difficult one to satisfy, the “frictionless” pucks de- 
scribed and used in the films and text could be em- 
ployed in such a way that the net force is given by the 
the spring and nothing else. 

A practical experimentalist, knowing the equiva- 
lence of gravitational and inertial mass, might simply 
hang a mass from the spring. He would have to 
recognize that the result would be sensitive to his 
position relative to other massive objects. Conse- 
quently, his position on the earth would have to be 
Standardized. For great accuracy, his position rela- 
tive to the sun and moon also would have to be stan- 
dardized. He would also have to recognize that an 
appreciable change in the configuration of the earth 
would destroy his standard. Still, this would be a 
more practical standard than that determined by an 
acceleration experiment. 

A more sophisticated procedure would be to define 
the mass standard in terms of a frequency of oscilla- 
tion of that standard when set into motion hanging 
from the standard spring, in a vacuum. The fre- 
quency of an oscillating mass varies inversely as the 
square root of the oscillating mass. This method 
would be by far the most practical. Furthermore, it 
is a direct measure of inertial mass. 

While most students will not be familiar with sim- 
ple harmonic motion at this point in the course, this 
type of answer may be suggested by the students’ ex- 
perience with the inertial balance (Experiment I-1). 
A brief discussion of this idea can make it seem rea- 
sonable without going into an analysis of simple 
harmonic motion. 
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Motion at the Earth’s Surface 


PURPOSE. 1. To generalize the study of dynamics to 
motion in more than one dimension, starting the 
exploration of forces in nature and giving evidence 
supporting the validity of Newton’s law as a vector 
law. 

2. To use Newton’s law in some simple situations 
which, however, are more complicated than produced 
by a constant force acting on an object confined to 
move ona straight line. The situations considered are: 

(a) A constant force which is not in the direction 
of motion (Sections 3 and 4). 

(b) A force constant in magnitude but changing 
direction so as to be perpendicular to the velocity 
at all times (Sections 5 through 7). 

(c) A force confined to a single direction but vary- 
ing in magnitude and changing direction (i.e., alge- 
braic sign). (Section 8.) 

3. To build up background for the dynamical con- 
sideration of planetary motions in Chapter 21. 


CONTENT 


SECTION | discusses weight and mass. On the earth 
the weight of any mass is about 10 nt/kg. , 

SECTION 2 treats free fall with no horizontal com- 
ponent of velocity. This motion is due to a constant 
force in the direction of motion and hence is an 
extension of the material in Chapter 19. It is given 
special emphasis because free fall is one component 
of the projectile motion to be discussed as the first 
vector example. 

SECTIONS 3 AND 4 deal with projectile motion. The 
key idea is that the components of motion can be 
treated separately: 

X = Voxt 


2 
Vi = Voyt — Bet 
SECTIONS 5 THROUGH 7 discuss circular motion. The 


ll 


velocity is v = Ra The centripetal acceleration is: 


2rv if : R 
(ee Fa which can also bewrittenasa = — (=) R, 


2 
ora = er Applying Newton’s law to this derived 


acceleration predicts that a centripetal force must 
act in order to produce uniform circular motion. 

SECTION 8 discusses simple harmonic motion by 
relating it to a projection of circular motion. It 
stresses the force producing simple harmonic motion. 

SECTIONS 9 THROUGH 11 deal with the importance 
of using an unaccelerated coordinate system in ap- 
plying F = ma. 

EMPHASIS, This chapter has two very important 
ideas. One is that Newton’s law if a vector law. This 
is verified for projectile and circular motion. 

The second idea is that Newton’s law can be used 
either: 

(a) to predict motion if the forces are known or, 

(b) to find the forces if the motion is known. 

As you cover this chapter, these points will be 
emphasized alternately. Verification of the vector 
nature of Newton’s law will be the subject of those 
discussions centered about the developments in the 
text. The use of Newton’s law to find the motion or 
the force is the subject of the problems. Students 
should find both these aspects of the material stimu- 
lating. In this, the familiarity of the material arouses 
much interest. 

As they progress from free fall, to projectiles, to 
circular motion, to simple harmonic motion, students 
should be reminded of the wide variety of situations 
in which Newton’s law applies. When you finish the 
chapter, it may be worth while as a review to list the 
characteristics of the forces and motions which have 
been studied: 


DIRECTION OF FORCE 


MOTION 


TYPE OF MOTION Nae 
OF FORCE 
Free Fall constant 
Projectile constant 
Circular Motion constant 
Simple Harmonic proportional 
Motion to displacement 


constant in line of 
motion 

constant but not in line 
of motion 

varying to be perpendic- 
ular to motion 
restoring, i.e., opposite 
to displacement 


uniform acceleration 


parabolic, uniform 
acceleration 
uniform circular motion 


oscillatory 
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In dealing with projectile motion the independence 
of the components of force should be emphasized. 
This is the key to the vector nature of the force. One 
reason for stressing free fall and doing practice prob- 
lems is to get students to appreciate the great simplifi- 
cation which is possible when the components are 
separated. Taking components is also essential in 
relating simple harmonic motion to circular motion. 


SCHEDULING CHAPTER 20 


In discussing circular motion, it will be wise to take 
time for a kinematic development of centripetal ac- 
celeration; students should themselves determine this 
acceleration graphically before they apply Newton’s 
law to circular motion. 


Chapter 20 9-week schedule for Part III 15-week schedule for Part Ill 
CLASS LAB CLASS LAB 
SECTIONS eon Tees EXPERIMENT ae BERION EXPERIMENT 
1 4 0 4 0 — 
2 1 0 | 2 0 
3,4 2 0 — 23 1 
SOT 3 1 II-5 5 1 
8 1 0 3 0 
9, 10, 11 4 0 1 0 = 


RELATED MATERIALS FOR CHAPTER 20 


LABORATORY. Experiment III-4, Forces on a Ball in 
Flight, involves analysis of velocity changes from 
flash photographs. The experiment can be done 
after Section 4. 

Experiment Ii-5, Centripetal Force, allows the 
Students to find the dependence of the centripetal 
force on the frequency of revolution, mass, and radius 
of an object moving in a circle. The experiment is 
best done before the relation is derived in Section 5, 

The Lab Notes include suggestions for handling 
these experiments. 

HOME, DESK, AND LAB. Analyzing and solving prob- 
lems in class will be especially useful in connection 
with Chapter 20. Students should be encouraged to 
sketch and roughly graph the force relationships and 
motions involved. 

See the HDL Notes for answers, solutions, and a 
table which classifies problems according to their 
estimated level of difficulty. 

FILMS. “Falling Bodies,” by N. H. Frank of the 
Massachusetts Institute of Technology. From ob- 
servation of the constant acceleration of a falling 
body and F = ma, the proportionality of gravita- 
tional and inertial mass is shown. For objects in free 
fall, the independence of the vertical and horizontal 
components of the motion is considered, then is 
demonstrated with the monkey-and-gun experiment. 
This film can be used with Sections 2, a, and 4: 
Running time: 30 minutes. 

“Deflecting Forces,” by N. H. Frank of the Massa- 
chusetts Institute of Technology, shows how a force 
acting at a right angle to the direction of motion 
changes the direction of motion but not the speed. A 
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constant deflecting force (perpendicular to the direc- 
tion of motion) results in circular motion with uniform 


. DEL $ 
speed. Using vectors, F = E is derived from 
F = ma. The same magnitude of force is used to 


produce accelerations in both circular and straight- 
line motion. The equality of the magnitude of the 
accelerations shows the validity of Newton’s law in 
vector form. This film is related to Section 5. Running 
time: 29 minutes. 

“Periodic Motion,” by Donald Ivey and Patterson 
Hume of the University of Toronto. An object in 
simple harmonic motion is used to trace a displace- 
ment vs. time graph. Analysis of this graph shows 
that a « —x; from Newton's law it follows that 
F «x —kx. This is verified by an experiment. The 
relationship between simple harmonic motion and 
the vertical component of uniform circular motion 
is observed and analyzed, leading to the conclusion 
that the period for simple harmonic motion is given 
by T = 2n\/m/k, where the motion results from a 
force whose force constant is k. This relationship is 
then tested and confirmed by experiment. This film 
is for use with Section 8. Running time: 30 minutes. 

“Frames of Reference,” by Donald Ivey and Patter- 
son Hume of the University of Toronto, demon- 
strates how different frames of reference lead to 
different descriptions of motion. The motion of a 
ball which falls from a moving cart, when the cart 
moves first with constant speed then under constant 
acceleration, is observed both from a reference frame 
which moves with the cart and from a fixed frame. 
These observations are used to distinguish between 
inertial and noninertial frames of reference, and to 


show how “fictitious” forces arise in a noninertial 
frame. Experiments with a Dry-Ice puck on a rotating 
turntable show the fictitious nature of centrifugal 
force in a rotating frame of reference. The film closes 
with a brief study of the evidence provided by the 
Foucalt pendulum for the rotation of the earth in a 
Newtonian frame of reference. This film can be used 
to good advantage with Sections 9, 10, and 11. 
Running time: 26 minutes. 


20-1 Weight and the Gravitational Field of the Earth 


PURPOSE. To distinguish between mass and weight. 

CONTENT. (a) The weight of an object is the magni- 
tude of the gravitational force on that object. 

(b) While mass is independent of position, the 
weight per unit mass varies from place to place, but 
at any one place weights are proportional to the 
masses. 

(c) The weight of an object at the surface of the 
earth is always very close to 9.8 nt/kg, but the exact 
value of this proportionality factor changes slightly 
with position on the earth. 

(d) The gravitational force per kilogram at a given 
place defines the value of the gravitational field, g, 
at that place. The total gravitational field is the pat- 
tern of such values of g throughout space. 

EMPHASIS. These ideas are important but should 
not require much class time. 

DEVELOPMENT. Problem 2 can be done in class. 
Arithmetic can be simplified by using g ~ 10 nt/kg, 
after students understand that g varies slightly at 
different places. To get a feeling for the magnitude 
of a newton, students can compute their own ap- 
proximate weights in newtons; have them get the 
weight from their masses expressed in kilograms. 

comments. Defer discussion of why g varies from 
one place to another until the next chapter, which 
deals with the law of universal gravitation. 

Perhaps no single subject in physics has been con- 
fused by more students than the distinction between 
weight and mass. It is important that students clearly 
understand the-distinction between these quite differ- 
ent properties (see Chapters 7 and 19). 

Since the weight of an object is the force, F, exerted 
by gravity on the object’s mass, m, it is most con- 
venient, when thinking in these terms, to express g as 
9.8 nt/kg. On the other hand, when dealing with 
acceleration in a free fall problem, g is most simply 
considered in the equivalent units 9.8 m/sec”. At 
this point in the chapter the 9.8 nt/kg form should be 
used. 

In this section the concept of a force field is intro- 
duced, While a brief discussion of what is meant by 
4 field is certainly in order, the idea does not require 
emphasis at this point. This subject will be further 
explored in the next chapter and in Part IV. 


20-2 Free Fall 


purpose. To study vertical motion at the earth’s 
surface as a simple application of Newton’s law. 

CONTENT. (a) In the presence of a gravitational 
force alone, an object undergoes a constant accelera- 
tion a = —9.8 m/sec”, down. 

(b) For objects moving in the atmosphere, air re- 
sistance is often negligible; but as speed increases, air 
resistance increases. Eventually, at some specific 
downward speed (the terminal velocity), the resistive 
air force equals the gravitational force, and ac- 
celeration ceases. 

EMPHASIS. This material is very important. It shows 
how motion can be determined when a constant force 
acts along the same line as the motion. The time you 
should spend on this now depends on how many 
similar problems you treated in Chapter 19 and the 
degree to which your class needs’ a review of kine- 
matics. They should be adept in handling free fall 
problems before they encounter the additional com- 
plications of projectile motion. 

rtm. “Falling Bodies” by N. H. Frank (see de- 
scription in chapter summary), can be used to help 
pull together the ideas in Sections 2, 3, and 4. The 
film is probably best scheduled near the end of class 
work in these sections. 

DEVELOPMENT. Both in discussing the text and in 
solving problems, students should be reminded of the 
three distinct steps involved in determining the motion 
which results from the action of one or more known 
forces: 

1. Determine the net force, the vector sum of all 
the forces acting. 

2. Using Newton’s law, find the acceleration. 

3, With this known acceleration, a, find the motion 
by applying the kinematic equations. 

This separation is particularly worthwhile because 
it stresses the tremendously wide applicability of 
Newton’s law. Sometimes the forces may be complex; 
indeed the steps are often reversed so that the force is 
found from the motion. 

In illustrating these techniques in this section, the 
force is simplified by making the approximation that 
the air resistance, Fa, is negligible. Further, one 
assumes that g is constant over the region in which 
the experiment is performed. (A more detailed treat- 
ment of the gravitational field will be given in Chap- 
ter 21.) 

All compact, dense objects are observed to undergo 
the same acceleration when falling in air, and all 
objects fall with the same acceleration in a vacuum. 
Newton’s law relates acceleration to force, F = mia, 
where m; is the inertial mass of the object. But if F is 
the force of gravity on the object, by definition 
F = km,, where m, is the object’s gravitational mass. 


m r j 
Then a = k oe , and since a is observed to be a con- 
i 
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stant (g) for all objects, = must also be constant for 
i 


all objects. Thus the observation of equal accelera- 
tions, under gravity, for all objects, is verification of 
the equivalence of gravitational and inertial mass, In 
practice, we set the constant k = g, and then the pro- 
portionality of m, and m, becomes a numerical 
equality. 

In finding the motion from the known acceleration, 
the cookbook approach of formula substitution should 
be avoided. Each new situation should be treated 
individually, drawing a schematic diagram, selecting 
appropriate sign conventions and graphing both a 
and das a function of r. Figure 20-2 and Table 2 are 
a good reminder of the relation between motion and 
acceleration. 

Problems 8 and 10 are particularly recommended. 
A qualitative discussion of Problem 9 provides a good 
example of the utility of graphs in understanding a 
situation. 

Note about terminal velocity: When an object is 
moving down with a speed greater than its terminal 
velocity, it slows down because the retarding force 
due to the air exceeds the accelerating force due to 
gravity. 

DEMONSTRATION — Constancy of Acceleration, 

The PSSC film on free fall-begins with a convincing 
demonstration of the equality of the acceleration of 
all objects, light or heavy, when they fall freely under 
the influence of only the force of gravity. If you do 
Not use the film, you can show this demonstration 
yourself in class. It goes as follows: 

First take a book and a sheet of paper (a little 
smaller in area than the book); hold them side by 
Side and drop them simultaneously. The force of air 
resistance is comparable to the gravitational force on 
the paper, while it is much smaller than the larger 
2 4 
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gravitational force on the book. Hence, the Paper 
soon has a smaller net force acting on it and falls 
more slowly. (The paper quickly reaches its terminal 
velocity whereas the book continues to accelerate.) 

Ask for suggestions for explaining the lack of con- 
Stancy of the acceleration and for making the paper 
fall faster. Two common Suggestions involve dropping 
the paper either after holding it edge down or after 
having crumpled it. Try these, 

If no one suggests it, ask about holding the paper 
above or below the book. In either case they will fall 
together. Putting the book above the paper is not 
convincing because the book obviously pushes the 
paper down. But when the paper is placed on the 
book (without protruding beyond the edges), the 
book merely shields the paper from the resistive air 
force. The two will drop together with the paper 
remaining on top of the book throughout the fall, 

DEMONSTRATION — A Mechanical Graph of 
y= —}er? 

(Particularly useful later in showing projectile mo- 
tion and trajectories.) 

Use a long rigid rod as the axis; for this graph the 
rod should be supported in a horizontal position, The 
values of y will be shown by lengths of string or 
thread Supported at equal intervals. Arrange to fix 
the support point of each thread by using a notch or a 
hole in the rod. (In later applications, this rod must 
be tilted and the threads will tend to slip along the 
rod if they are not firmly positioned.) Each string 
should be cut to a length Corresponding to the y value 
appropriate to the ¢ value at which the string will be 
hung. Attach small weights (such as washers or nuts) 
to the ends of the Strings to keep them vertical and to 
make the ends more easily visible. 

At least ten Strings should be used; there is little 
point in using more than 20. 
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See the discussion under demonstration in Sections 
3 and 4 of the Guide for the uses of this in treating 
projectile motion. 


20-3 Projectile Motion: The Vector Nature of Newton's 
Law of Motion 


20-4 Projectile Motion: Determination of the Path 


PURPOSE. An investigation of the vector nature of 
Newton’s law, by considering general motion of a 
particle under gravity. (An extension of Section 2 to 
the case where the motion has a horizontal as well as 
a vertical component.) 

CONTENT. (a) In free fall, vertical motion is ob- 
served to be independent of horizontal motion. 

(b) This is consistent with viewing Newton’s law 
as a vector relationship, F = ma. 

(c) For an object projected with an initial velocity 
vo in the horizontal direction 

x = Vot 
y = 4g. 

EMPHASIS. This is important material which should 
be covered in detail. Most students find it interesting 
and can master the problems if they are given enough 
practice. 

LABORATORY. Experiment III-4, Forces on a Ball 
in Flight, can be done after these sections are com- 
pleted. See the Lab Notes. 

FILM. “Falling Bodies” can be used in connection 
with these sections. 

DEVELOPMENT. The independence of the vertical and 
horizontal motions should be stressed. This is the 
essence of the vector nature of Newton’s law; each 
component of the motion obeys Newton’s law. First, 
be sure that students observe this independence. 
Then, be sure that they make use of this independence 
by solving some problems, as suggested below. 

After demonstrating the fact that the falling time is 
independent of the horizontal velocity, the equations 
describing each component of the motion (as on 
page 339) can be developed in class, Discussion can 
be based on the motion shown in Figures 20-4 and 
20-5 (pages 339-40). (A description of the trajectory 
or the derivation of an equation for y in terms of x 
should be deferred temporarily.) 

Ask the students for an equation to describe the y 
coordinate of a freely falling body dropped vertically. 
After writing the answer, y = —}g!? = —4.9t? (or 
y = —5t?), on the board, ask for the equation for 
y if vxo = 10m/sec. Most students will realize 
quickly that y = —4.91? applies, independent of vx; 
but this should be covered in class so that it is empha- 
sized for all students, Ask for an equation for the 
horizontal motion and write the answer, x = Voxt, 
on the board. (You may want to use some simple 
value of vox such as 2 m/sec, 10 m/sec, etc.) 


‘twall’’ 


Give the class some simple practice problems 
which are designed to have easy solutions if the com- 
ponents of the motion are separated. A suggested 
sequence of problem types is given below. In each 
case an object leaves a table with a horizontal velocity, 
Vox, at t = 0. In early problems the initial vertical 
velocity should be taken as zero. 

Making the numbers simple so that the arithmetic 
is easy will help students concentrate on the nature 
of the motion. (Using y = —5r” is most helpful 
for this simplification.) 

1. The very simplest problems are one-step prob- 
lems involving the elapsed time, t. 


(a) Give two of the quantities in x = Voxt and 
ask for the third. 

(b) Give one of the unknowns in y = —4.91? 
and ask for the other. 


2. Give two of the three quantities vox, x, and y, 
and ask for the third. 


(a) Begin by asking first for t, and the other un- 
known next. For example: 
If x = 20m, and vox = 2 m/sec, what is t? 


What is y? 

If y = —4.9m and x = 10m, what is 1? 
What is vox? 

If y = —4.9m and vox = 3 m/sec, what is 


t? What is x? 

(b) Later you can give two of the three quantities, 
Vox, X, and y, and ask for the third without 
explicitly asking for 4. However, students 
should get into the habit of finding ¢ as an 
intermediate step. If y is given, ¢ can be 
found immediately. If x and vox are given, 
t can be found. 


3. You may want to extend these problems to in- 
clude an initial vertical velocity. 

In choosing problems it should be remembered 
that the most important aspect of projectile motion 
is the independence of the components. The best way 
to learn this independence is to use it often in solving 
problems. This independence deserves much m 
attention than does the trajectory of the motion 


Problems such as Problem 14 in HDL can be done 
after this type of introductory exercise. 

DEMONSTRATIONS. l. Independence of Vertical and 
Horizontal Motion. It will be helpful to use one or 
more demonstrations of the fact that two identical 
objects will fall together independent of their hori- 
zontal motion. Begin by asking the students what 
they expect. Many students expect intuitively that 
the object with horizontal velocity takes longer to fall 
because “it has farther to go.” The equal fall times 
can be demonstrated easily and effectively; such 
demonstrations can be used to introduce a detailed 
development of the analytic consequence of the vector 
nature of Newton’s law of motion. Start by using 
common objects rather than a piece of “demonstra- 
tion equipment.” The film “Falling Bodies” and the 
solution to Problem 14 in the HDL Notes show how 
coins can be used. More elaborate apparatus demon- 
Strating independence of fall time can be used after 
you have shown the simpler example. The PSSC film 
“Falling Bodies” includes some good examples, 

2. Trajectories. As mentioned above, independence 
of the motion of the components rather than the 
trajectories should be stressed. For this reason, a 
graphical demonstration of trajectories rather than an 
analytic treatment is useful. This particular demon- 
stration further stresses the independence of the com- 
ponents of the motion, The equipment is simple and 
is described in the Guide for Section 2 of this chapter, 


(a) Initial Horizontal Motion 


(1) Hold a rod similar to the one on which the 
strings are attached and ask a student to 
show where an object moving with uniform 
horizontal velocity (no vertical motion) 
would be at different times, Mark equal 
distance intervals which correspond to equal 
time intervals. 


(2) For a few of these distances ask the student 
to indicate what the y position would be if 
the object were in free fall. 


(3) Call the students’ attention to the rod with 
the suspended Strings. Make the point that 
if gravity were not present all the strings 
would have zero length. Suspending the 
Strings is, in a sense, like turning on the 
effect of gravity. 


(b) Initial Motion at an Angle. 


(1) What would the path of a particle be if it 
were shot at some angle (if there were no 
gravity) with the same speed as used above? 
This could be shown merely by pointing the 
marked rod (without strings) in the ap- 
propriate direction. 

e (2) What would the path be if gravity is present? 
\ Students should Tealize that the strings 


take free fall into account (for the particular 
initial velocity along the rod). This is true 
whether the rod is horizontal, at an angle, 
or even vertical. 


(c) Solving Problems. Once students realize that a 
line connecting the weights at the ends of the strings 
would represent the trajectory, you can use the rod 
and suspended strings to do problems. The number of 
strings is a measure of the time. The slope of the 
trajectory (as in Problem 15) gives the ratio of the 
velocities. You will find this rod and its strings par- 
ticularly useful for showing qualitatively how the 
trajectory changes as the initial angle changes. In 
particular, it will be easy to see that the maximum 
range is achieved at 45°, 

SUPPLEMENTARY INFORMATION, |1. Trajectory as a 
function of firing angle, 0. You will not want to de- 
velop the equations appropriate to different initial 
angles @ in class even though these are not very com- 
plicated. However, you may want the following 
formulas to help answer quickly questions which 
may arise. 

In terms of 9, Vox = LCOS 8, Voy = vsin@. Then, 
x = v (Cos 6)t, y = v (sin @)t — 4g1?. In order to 
find the distance traveled in a horizontal direction 
when the object returns to the ground, we find the 
time, 7, at which y is 0. Factoring the equation for 
y we have 

y = tlv sing — 3¢7). 


Hence y = 0 for ¢ = 0, and for t = T which is 
given by: 


2v sin 6 
vsin@ — jT = 0, or T = a 


At this time the distance X traveled is: 


2v? (sin 6)(cos 6)T’ 
X = v (cos 0)T = al. cos OF a 
This expression can be put in a simpler form by re- 
membering that sin 20 = 2 sin 6 cos 9. Using this, 


2 
LoS =n 26. 


To see how X varies for a fixed v, we need only examine 
the values of sin 24. This has a maximum value of 
1 for 20 = 90° or 6 = 45°, 

2. Complications in Treating Air Resistance. Equa- 
tions of motion become excessively complicated if 
air resistance is taken into account; in fact the prob- 
lems must be solved numerically rather than by using 
simple formulas. (For this reason, one finds ballistics 
tables rather than simple formulas.) 

An idea of the complication can be obtained by 
considering the simplifying approximation that the 


force due to air resistance is proportional to the square 
of the total velocity. (This is a rather good approxima- 
tion for Ping Pong balls or bullets.) 

The total air resistance force can then be written as 
F, = —kv? where k is a constant. This force is 
directed in the —¥ direction. 

The horizontal and vertical forces are then given by: 


Ux 2 Vx 
Fax = Li = —kv ie = — kU vx, 
and j h 
2: 
Fa = Fy 2 = ho m Toy. 


Since v = v/o? + dy?, Fx is no longer independent 
of vy, and Fy is no longer independent of vx. There- 
fore, the acceleration in the x direction depends on 
the motion in the y direction, and the acceleration in 
the y direction depends on the motion in the x 
direction. 


20-5 Deflecting Forces and Circular Motion 
20-6 Earth Satellites 
20-7 The Moon’s Motion 


PURPOSE. To apply Newton’s law to the case in 
which the force is constant in magnitude, but acts in 
a direction which is always perpendicular to the in- 
stantaneous motion, thus giving rise to uniform cir- 
cular motion. 

CONTENT. (a) A force perpendicular to the motion 
leads to a perpendicular acceleration which changes 
the direction of the velocity without changing its 
magnitude, 

(b) A force of constant magnitude, acting in a 
direction perpendicular to the motion, produces uni- 
form circular motion. 

(c) The kinematic equations for uniform circular 
motion are: 
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(e) An application of the above relations to cal- 
culating the period and velocity of an artificial satel- 
lite, and the centripetal acceleration of the moon. 

EMPHASIS. Traditionally this material is very difficult 
to master. Be prepared to spend about three class 
periods developing the ideas that are involved. 

LABORATORY. Experiment III-5 should be done 


before the derivation of the formulas relating to 
centripetal acceleration and force. 

FILM. Class discussion of these sections can be 
organized around the film “Deflecting Forces.” 

DEVELOPMENT. There are three important stages in 
the understanding of this material; they should be 
developed independently even though the first two 
are closely related. 

1. The first stage involves an appreciation of the 
qualitative idea that an acceleration which occurs in 
the direction perpendicular to the instantaneous ve- 
locity does not change the magnitude of the velocity. 
This idea is frequently a difficult one for students and 
some detailed discussion or review is usually in order. 
The development rests on the idea that vector ac- 
celeration is defined as rate of change of vector 
velocity. The magnitude of the velocity vector may 
remain unchanged. 

2. The second stage involves detailed development 
(or review) of the kinematics of circular motion. 
Graphical work on velocity and acceleration will be 
needed to give students a basic understanding of the 
direction and magnitude of centripetal acceleration. 
The final formulas that are derived are important, but 
formulas alone are not enough; their origin should 
be understood. 

3. Only at the third stage of understanding do we 
pass from kinematics to dynamics. Understanding 
the acceleration, and knowing Newton’s law, we are 
prepared to investigate the forces that are involved 
in circular motion. 

* * * 

The development of kinematics for circular motion 
requires graphical work by the students. Some of this 
can be done in class, but some should be assigned for 
the student to work out by himself at home. Sugges- 
tions for the treatment of the kinematic parts of this 
development are to be found in Appendix 1 of the 
Guide for Part 1. Further suggestions will be found 
in Appendix 1 of this Guide for Part IH of the text. 

*** 

The two similar equations for circular motion 

should be stressed: 


PEELEN 

T 
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This will remind the students of the derivation of the 
expression for a, Initially, it may be wise to use 


a= fae as the first step in doing a problem, rederiving 
2 2 
a= z R and a = a when you need them. 


2 
After a while, the students will remember a = rS 


2 
and use it directly. The form a = z R is par- 
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ticularly useful in simple harmonic motion. [Note 
that the vectors a and R point in opposite directions. 
Thus if we write the last equation in vector form, a 
minus sign must be used: 


+ (9) 


* * * 


Newton’s law implies that whenever an object 
moves in a curved path there must be a component of 
force perpendicular to the motion. To emphasize this 
ask the students to identify the centripetal force in 
common situations. 

For example, what force makes a car go around a 
curve? The students should realize that this must be 
an external force exerted on the car. Hence it must 
be the force of the road on the tires; this is a frictional 
force on a flat road (and may be a normal force on a 
banked road). 

What forces keep the passengers going in the curve 
along with the car? These forces are external to the 
passenger (but, of course, come from parts of the 
car), They include the forces exerted on the feet by 
the floor, on the body by the seat, and often on the 
body by the door or adjacent passengers. 

* * * 

Motion without centripetal force. Many students 
must be reminded that when the centripetal force is 
removed, as in Figure 20-11, the subsequent motion 
is linear and tangent to the circle. Intuition some- 
times fools one here because one may suppose that if 
the force pulling toward the center is removed, the 
object will move radially outward. Ask students 
about this, preferably in conjunction with a demon- 


stration. 
* ek * 


20-8 Simple Harmonic Motion 


PURPOSE. To use Newton’s Law to predict the mo- 
tion when a slightly more complicated force is acting: 
a force which is always directed along the same 
straight line but varies in magnitude and sense. 

CONTENT. (a) When an object is moved slightly 
from its equilibrium position, there is often a restoring 
force proportional to the displacement: F = —kx. 

(b) The component of the centripetal force along 
any diameter satisfies the same equation Fy = max = 


2 
—m (7) x, where x is the distance along the 


diameter from the center. 
(c) Because of the vector nature of Newton’s law, 
the motion produced by F = —kx must be the same 


02 


as the projection of circular motion along the 
diameter. 
2 
(d) From these equations, k = m ‘) ,orT= 
AI le 
T k . 


(e) If a pendulum is displaced through a small 
angle, it oscillates with simple harmonic motion, and 


T= f. 
g 


EMPHASIS. Unless you intend to use more than 9 
weeks for Part III, you will not be able to treat simple 
harmonic motion in detail. With a limited time you 
might use only the film, “Periodic Motion,” or only 
demonstrations without going over the arguments in 
the text to show the relationship between circular and 
simple harmonic motion. You could also use a demon- 
stration to verify the prediction of the formulas that 
T is independent of the amplitude. With such demon- 
strations, solving one or two sample problems could 
complete a minimal treatment of this topic. 

It would be worthwhile to mention the fact that 
Newton’s law holds for all forces and that this par- 
ticular force is chosen because it is a common case 
applying to small vibrations in general. 

If you are crowded for time you can omit this sec- 
tion completely without sacrifice of background for 
the work which follows. 

FILM. “Periodic Motion” is a valuable resource in 
teaching simple harmonic motion, for either a minimal 
or normal development. 

COMMENTS. Appendix 2 to Part III of the Guide 
presents a detailed stepwise arithmetic treatment of a 
problem of simple harmonic motion. 

Appendix 3 gives an exact treatment of the problem 
via the solution of the differential equation of motion. 

DEMONSTRATION. You can show that the projection 
of circular motion is the same as simple harmonic 
motion. Mounting a turntable in the vertical rather 
than the horizontal plane enables a comparison of the 
projection of circular motion with a mass oscillating 
vertically on a spring. If you have a relatively fric- 
tionless setup, you might be able to use a mass oscil- 
lating horizontally. This is comparable to the demon- 
strations in the film “Periodic Motion.” 

If you do not have a standard demonstration of this 
type, you may want to use the type of apparatus 
described below. 

Simple harmonic motion can be demonstrated by 
observing the shadow of an object moving in a circle 
at constant speed. The shadow will move with simple 
harmonic motion back and forth on a screen. A com- 
parison of the motion of a pendulum with the motion 
of the shadow of the object moving in a circle shows 
that a pendulum with small amplitudes also performs 
simple harmonic motion. The apparatus in Figure (a) 
can be used to demonstrate this. 
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Figure (b) 


A Ping Pong ball is glued to one end of a thin stick 
while the other end of the stick is taped to a magnet 
which adheres to a phonograph turntable (Figure b). 
From a tall, sturdy support, suspend a simple pen- 
dulum with its length adjusted so that it will swing 
with the same frequency as the rotation of the turn- 
table. The length of the pendulum should be about 
80cm for 334 r.p.m.’s. This turntable frequency is 
best since a higher frequency necessitates a short 
pendulum which swings through too large an angle. 
Hang the bob above the turntable so that the bob is 
slightly higher than the Ping Pong ball (as shown 
in Figure b). 

A dowel or rod clamped to a ringstand provides the 
pivot for the pendulum. This pivot can be rotated 


Figure (a) 


Light Source 


Figure (c) 


(Figure c) to adjust the length of the pendulum until 
the period is the same as that of the turntable. 

The light source should be as far from the pendulum 
and turntable as possible to reduce the effects of 
parallax due to the changing distance between the 
light and the rotating ball. 

Initially, the amplitude of the pendulum should be 
greater than the radius of the turntable so the ampli- 
tudes will be the same after the bob and the ball have 
been synchronized. 

Release the bob at an instant so that its moving 
shadow lags a little behind the shadow of the ball. 
The motions may then be synchronized by holding a 
finger against the rim of the turntable, slowing it 
down until the two shadows coincide. 


20-9 


TEXT 


20-9 Experimental Frames of Reference 
20-10 Fictitious Forces in Accelerated Frames 
20-11 Newton’s Law and the Rotation of the Earth 


PURPOSE. To point out the significance of the co- 
ordinate system (or frame of reference) in which an 
experiment in dynamics is being observed. 

CONTENT. (a) Since the acceleration a depends on 
the coordinate system, F = ma is correct only in 
those coordinate systems which are not themsélves 
accelerating. 

(b) Galileo’s principle of inertia applies only in a 
nonaccelerating frame of reference (called an inertial 
frame). Newton’s Law holds only in inertial frames. 

(c) Observers who are in an accelerating frame 
(and who are unaware of it) would ascribe an ac- 
celeration to an object which was actually not ac- 
celerating relative to an inertial frame. These ob- 
servers would infer, from this apparent acceleration, 
that a force existed. Such forces are called fictitious 
forces. 

(d) The earth is rotating. An observer on earth, 
using Foucalt’s pendulum, can detect that rotation. 
Objects and observers on the earth’s surface must 
then be moving with a (very small) centripetal ac- 
celeration, All but the most precise experiments can 
safely ignore this acceleration, 

EMPHASIS. If you are rushed, you can let the text 
and, if possible, the film carry the message of these 
sections. Be careful not to leave the students with the 
impression that Newton's law has limited validity; it 
is always valid if a is measured in an inertial frame. 

FILM. “Frames of Reference” vividly displays the 
effect of the observer's frame of reference, The number 
and nature of the demonstrations presented would 
be difficult to duplicate in class. 

DEVELOPMENT. Before mentioning the earth’s very 
small rotation effects, it will be instructive to discuss 
the case of a rapidly rotating merry-go-round. Re- 
mind students of the way they must lean toward the 
center (or hold on to something) to keep their balance. 
A man who lived on a giant merry-go-round would 
feel that there was, in his world, a strong force field 
pulling things away from the center, He might call 
such a force (as we sometimes do) a centrifugal force. 
A man, entering this merry-go-round home from the 
outside world might hang a Foucalt pendulum from 
the top of the center post. The piane of the pendu- 
lum’s swing would rotate on the merry-go-round. (It 
would remain fixed in an inertial system.) The merry- 
go-round could now be concluded to be a rotating 
system. Viewed from an inertial frame, a man on the 
merry-go-round is constantly subject to a centripetal 
acceleration. His feet are in contact with the merry- 
go-round, and friction transmits the requisite centri- 
petal force to his feet. To keep his body over his feet, 


the man must arrange for a centripetal force to act 
there, too. He can do this by holding one of the up- 
rights or by leaning inward. As seen from this point 
of view, there is no outward force acting. From this 
view the apparent outward force observed by the man 
on the merry-go-round is a fictitious force. 

COMMENT. The perception that we sometimes invoke 
“fictitious” forces to explain familiar phenomena may 
lead some students to ask penetrating questions about 
the fundamental nature of force. After all, we cannot 
really “see” gravity or electric and magnetic forces, 
only their effects. Might not these, or some of these, 
forces also be fictitious in some frame we have not 
yet thought of? As yet we do not know enough about 
the causes of gravitational or electrical forces to know 
whether these “action-at-a-distance” forces are real 
or “fictitious.” Einstein, in his theory of general 
relativity (see the supplement for the next chapter, 
Appendix 4, at the back of this volume), has formally 
accounted for the force of gravity in terms of the 
properties of space and time, but as of now we do not 
have a “unified field theory” to account similarly for 
electric and magnetic effects. Thus, at least at the 
present stage of development in physics, we treat these 
action-at-a-distance effects as real forces. We simply 
do not know of other frames of reference which we 
can apply (as we can with the “centrifugal” force) 
which will make electric and magnetic forces vanish. 

** * 

Although for many experiments and calculations, 
it is convenient and acceptable to consider the earth 
to be an inertial frame, we can demonstrate experi- 
mentally that this is not the case. The fixed stars, in 
turn, although we take them to be a “good” reference 
frame, are not really fixed relative to one another, but 
are moving at enormous speeds. Imaginary lines be- 
tween them may rotate in a true Newtonian frame. 
However, their distance from the earth is so vast, that 
on the time scale of a human life, they can be con- 
sidered “fixed.” 

DEMONSTRATION. The paths of the relative motion 
in a fixed and in a rotating frame of reference can be 
demonstrated using a horizontal turntable or disc 
(such as the PSSC angular momentum apparatus) 
which rotates freely about a vertical axis, and a steel 
ball about an inch in diameter. 

The disc should be smooth and level. Place a piece 
of paper on the disc as shown in the diagram and 
cover with a piece of carbon paper (carbon down). 
Fasten the papers to the disc. The stick shown in the 
diagram is used to keep the ball moving in a straight 
line in our frame of reference. 

With the disc spinning at about 2 revolutions per 
second, drop the ball in the position shown from a 
height of about 5mm. The ball will roll along the 
stick in the direction of rotation of the disc. After the 
ball has roiled to the edge of the disc, stop the disc and 


DISK 


position it as it was when the ball first hit it. Draw a 
line from the point of contact of the ball parallel to 
the stick. This is the path of the ball in the fixed 
frame of reference. 

Figure (a) shows the central portion of these paths. 

The curve in (a) will be similar to an involute. To 
produce an involute, however, the bail wouid have to 
move from the point of contact along the straight line 
with a constant velocity, and the disc would have to 
revolve with a constant angular speed. In our case, the 


PATH IN 


FIXED FRAME 


disc drives the ball and is thus slowed. Since the ball 
was given no horizontal velocity when we dropped it 
on, it must have accelerated along the stick, at least 
in the beginning, to get off the disc. 

Repeat the demonstration with the stick removed. 
Watch the motion of the ball in the fixed frame. With 
the disc held in the position where it was when the ball 
first hit, draw the approximate path you observed in 
your fixed frame. Figure (b) shows the central portion 
of these paths. 


FOR HOME, DESK, AND LAB 
ANSWERS TO PROBLEMS 


S 
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The analysis and solution of problems in class is 
always helpful. It will be especially useful in con- 
nection with Chapter 20. Many students will need 
heip in grasping and analyzing the problem in terms 
that can lead to its solution. Students should be 
encouraged to make sketches and graphs of the force 
relationships and motion involved, even though the 
problem statement may not call for them. 

Problems 8 and 9 are straightforward dynamics 
problems, but if your class has not reviewed kine- 
matics while working on Chapters 19 and 20 you may 
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chapter 20 Motion at the Earth’s Surface 
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want to assign (or review) some simpler free-fall 
problems before working on 8 or 9, A direct solution 
of Problem 8 requires using a sign convention to dis- 
tinguish downward from upward motion. Problem 9 
involves general formulas and graphs. 

The following table classifies problems according 
to their estimated level of difficulty and the sections to 
which they relate. Those which are especially suited 
to class discussion are indicated. Problems which are 
particularly recommended are marked with the sym- 
bol #. 


SECTION STARRED EASY MEDIUM HARD CLASS DISCUSSION 
1 152 3 
2 4,6 7 5, 8#, 10#, 12 9, 11 5, 8#, 9, 104, 11, 12 
3, 4 13 144 15 144 
5;:6;.7 17, 18, 19, 20 214 16, 22, 23, 16, 21#, 22, 
24, 254 23, 24, 254 
8 26, 27, 28, 29 31 30, 32 33 30 
9, 10, 11 39 34, 35 36, 37, 38 35 
SHORT ANSWERS 
1.* mg = 5.00 kg. 11. (a) F = mg = 4.9 mnewtons along the plane. 
2.* (a) Weight on moon: 1.1 X 10? newtons. (b) a = $g = 4.9m/sec” down along the 
Weight on earth: 6.9 X 10? newtons. plane. 
(b) Mass on earth: 70 kg. 12. 20 meters. 
Mass on moon: 70 kg. 13.* Horizontal component of displacement is con- 
3. Brussels and Banff or New York and Denver. stant over equal time intervals; vertical com- 
4.* g = 9.80 newtons/kg. ponent is not. 
5: No, 14. 11.0 meters, 
6.* 4.9 meters long. 15. (a) 2.55 meters. 
7. a = 7.3 m/sec? downward. (b) 10.2 meters. 
8... (a) ù = 3.2 m/sec. (c) 10 m/sec. 
(b) d = 10.9 meters. Lone [wel = E Ta ee sae 
(c) v = —7.5 m/sec. [acceleration]. 
(d) d = 8.6 meters. 17.* F = 24 newtons. 
(e) a = —9.8 m/sec. 18.* The speed does not change but the direction of 
9. (a) t = h/v; provided vi > (gh/2)"?. motion changes toward the direction of the force. 
(b) Ball rising if vi > (gh)'/*; 19.* y = 0.52 m/sec toward the left if puck is moving 
falling ifv; < (gh) "7; clockwise as in Figure 20-11. 
collides at top of path if v; = (gh)!/?. 20.* a = 0.62 m/sec” toward center of circle. 
10. (a) 9.8 nt. 21. 99 m/sec. 
(b) 9.8 m/sec? = 10 m/sec”. 22. (a) Not according to definition. 


(c) 4.9 m/sec? ~ 5 m/sec”. 


(b) These refer to total supporting force rather 
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than that part of supporting force needed 
when there is no acceleration and no other 
force. 
(a) String will break; it must supply additional 
centripetal force. 
(b) String must be twice as strong. Diameter 
must increase by a factor \/2: 2.8 mm. 
24. 7.2 X 10* m/sec. 
25. (a) The particle spirals in. 
(b) Its speed does not change. 
26.* F = —kX for some positive constant k. 
27. At the points where the circle intersects the 
y-axis. 
28.° m = 0.2 kg. 
29.° ¢ = 0.25 m. 
30. (a) T = 0.63 sec, 
(b) a = +9.8 m/sec? upwards. 
(c) 19.6 newtons upwards. 
31. (a) T = 3.1 sec. 
(b) g would be 10.5 nt/kg. 
32. (a) T = } sec, 
(b) F = 20 newtons. 
(c) Xo = 0.016 m. 

33. (a) k' = hk, ` 

(b) 7” = Ty/2. 
(c) No, 
(d) d' = dyž. 

34. (a) Ball goes straight up and down. 
(b) Ball goes on a parabolic path. 

35. Bus is going with uniform velocity to give 
straight line; bus is decelerating to give parabolic 
path described. 

36. (a) 0.63 m/sec parallel to DB. 

(b) See diagram on page 20-24. 
(c) See diagram on page 20-24. 
(d) See diagram on page 20-24. 
37. (a) 0.57 m/sec. 
(b) See diagram on page 20-25. 
(c) See diagram on page 20-25. 
38. (a) 0.63 m/sec perpendicular to line A’C’ and 
toward H’s left. 
(b) Puck moves along circumference of table at 
0.63 m/sec. 
(c) Zero for J; 0.17 newton toward center of 
circle for H’ and F’. 
39.* Slightly west of due north. 


COMMENTS AND SOLUTIONS 


PROBLEM |* (See Short Answers.) 
PROBLEM 2* (See Short Answers.) 


_ puld want two places which are at about the 
e, SO that you would know that the dif- 


ference in gravitational field strength was due only to 
the difference in altitude. Good choices would be 
Brussels and Banff or, perhaps, New York and Denver, 

lt can be seen that latitude does affect the value of 
g by comparing the values for Java and New Zealand, 
which are at approximately the same altitude. 


PROBLEM 4* (See Short Answers.) 

PROBLEM 5 
If different objects had different ratios of their in- 
ertial and gravitational masses, would they all ac- 


celerate at the same rate in the gravitational field 
of the earth? Explain. 


This problem calls attention to the simplest impli- 
cation of the relation between gravitational and in- 
ertial mass. 

The most direct answer can be given in terms of the 
equations on page 336 of the text. 


i = Mg = x R a. 
Since a = me g, a variable ratio mg/m; implies a 


variable acceleration. Thus, for instance, if objects 
that are made of different materials had different 
ratios m,/mj, they would accelerate differently in the 
earth’s gravitational field. 

Note that the constancy of mg/m; is not a derived 
fact; it is based on experiments which demonstrate 
the universality of the acceleration due to gravity. If 
m,/m, were not constant, the only changes to be 
expected are in those phenomena directly related to 
the force of gravity. Other aspects of dynamics would 
be quite unchanged. 

Inasmuch as the constancy of m,/m; is founded 
directly on experiment, an experimental physicist 
might well design experiments to test this constancy 
more carefully. Direct acceleration experiments can- 
not be done with extreme precision or with a large 
range of masses, but every such experiment that has 
been performed has been found to be consistent with 
a constant mg/m; to within the limits of accuracy of 
the experiment. The most precise experiments yet 
performed essentially involve the comparison of the 
periods of pendulums made of different materials. 

These experiments show that, to about 1 part in 
10°, the ratio m,/m; is the same independent of 
whether the pendulum is made of a low-density ma- 
terial (such as aluminum) or a high-density material 
(such as lead). Artificial earth satellite experiments, 
currently being planned, wiil extend the precision of 
related experiments to about | part in 10'!. 


PROBLEM 6* (See Short Answers.) 
PROBLEM 7 
What is the acceleration of a failing 0.2-kg ball if the 


gravitational field is 9.80 nt/kg and the air resistance 
acting on the ball is 0.5 nt? 


Let F, = force of air resistance. Choose the down- 
ward direction to be positive. Then 


| 
| 


poe ed la g 
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_ 0.5 nt MES 2 
0.2 ke kë + 9.8 KaT 7.3 m/sec“. 


The direction of the acceleration is downward. 


PROBLEM 8 

A ball is thrown straight up with a velocity of 15 
m/sec. 

(a) How fast will it be going after 1.2 sec? 

(b) How far above the ground will it be at that 
time? 

(c) How fast will it be going after 2.3 sec ? 

(d) How far above the ground will it be at that 


time? 
(e) What is the ball’s acceleration at the top of 


its rise? 
This problem can be done using the two equations 
v; = v; + at and d = Vayt. 


(a) We shall let the upward direction be positive. 
Then the initial velocity is vi = +15 m/sec; 


a = —9.8 m/sec?, due to gravity: 
vr = Wj + at 
vie = 15m/sec + (—98 m/sec”)(1.2 sec) 
= 43.2 m/sec. 


(b) The ball is still moving upward: 
d = Dat 
di2 = Vay(1.2 sec) = St 32 m/sec) 
X 1.2sec = +10.9 meters. 
© w=ur a 


= 15m/sec + (—9.8 m/sec”) X 2.3 sec 


= —7.5 m/sec. 
(d) The ball is now moving downward: 


i= Dag 


do.3 = Vav(2.3 sec) = (=~ m/sec) 


xX 23sec = +8.6 meters. 


i 
i 


(e) The ball’s acceleration at the top of its rise, and 
at all other times in its flight, is —9.8 m/sec? 


PROBLEM 9 
A stone is dropped off a cliff of height h. At the same 
instant a ball is thrown straight up from the base of 
the cliff with initial velocity vi. 
(a) Assuming the ball is thrown hard enough, at 
what time f wili stone and ball meet? 
(b) When they meet, is the ball still rising? 


Although this problem is rather difficult it has two 
particularly good features. First, students must think 
about the physical problem to set up the correct 
equations. Then, they must re-examine the physical 
situation to interpret their results. 

(a) The key to setting up this problem properly is 
to measure position in a consistent way, that 
is, with respect to the same origin. Let us put 
the origin at the base of the cliff and choose 
the upward direction as positive. Then the 
equation for the change in position under 
constant acceleration 


d= xa xı = vit + Hat? 
becomes x, — h = 0 — gt“ for the stone 


and x — 0 = vt gt? for the ball, 


since in both cases a = —g = —98 m/sec”. 
At the time when both stone and ball are at the 
same position, Xs = Xb and h = vit Or 
he" hU 


Actually t = h/v; does not hold unless the 
ball meets the stone above the ground. If v; is 
too smail, the ball and stone do not meet be- 
fore the ball has fallen back to the ground. 
This can be seen by realizing that ¢ must be 
less than the time fn which the stone takes to 
drop to the ground. This time is given by 


1/2 
h= dge or th = (2) 


(b) When the ball meets the stone, the ball can be 
either rising, falling, or at rest. We can tell 
which it is by finding its velocity Vm at f, the 
time the ball and the stone meet. This is 


Un = i — gi. 


But we know already that £ = h/v;; so 
Dm = bi — gh/vi = 0i? — gh)/o. 
20-15 


than that part of supporting force needed 
when there is no acceleration and no other 
force. 
23. (a) String will break; it must supply additional 
centripetal force. 
(b) String must be twice as strong. Diameter 
must increase by a factor \/2; 2.8 mm. 
24. 7.2 X 104 m/sec. 
25. (a) The particle spirals in. 
(b) Its speed does not change. 
26.* F = —kx for some positive constant k. 
27.* At the points where the circle intersects the 
praxis, 
28.* m = 0.2 kg. 
29.* ¢ = 0.25 m. 
30. (a) T = 0.63 sec. 
(b) a = +9.8 m/sec? upwards. 
(c) 19.6 newtons upwards. 
31. (a) T = 3.1 sec. 
(b) g would be 10.5 nt/kg. 
32. (a) T = sec. 
(b) F = 20 newtons. 
(c) xo = 0.016 m. 


33. (a) k’ = $k: 
(b) T” = Tv3. 
(c) No. 
(d) d = dy/2. 


34. (a) Ball goes straight up and down. 
(b) Ball goes on a parabolic path. 

35. Bus is going with uniform velocity to give 
straight line; bus is decelerating to give parabolic 
path described. 

36. (a) 0.63 m/sec paralle! to DB. 

(b) See diagram on page 20-24. 
(c) See diagram on page 20-24. 
(d) See diagram on page 20-24. 
37. (a) 0.57 m/sec. 
(b) See diagram on page 20-25. 
(c) See diagram on page 20-25. 
38. (a) 0.63 m/sec perpendicular to line A’C’ and 
toward H’s left. 
(b) Puck moves along circumference of table at 
0.63 m/sec. 
(c) Zero for J; 0.17 newton toward center of 
circle for H’ and J’. 
39.* Slightly west of due north. 


COMMENTS AND SOLUTIONS 


PROBLEM |* (See Short Answers.) 


“PROBLEM 2* (See Short Answers.) 


OBLEM 3 


ich two locations would you pick from Table 1 
“vestigate the change in g with altitude? 


uld want two places which are at about the 
de, so that you would know that the dif- 


ference in gravitational field strength was due only to 
the difference in altitude. Good choices would be 
Brussels and Banff or, perhaps, New York and Denver. 

It can be seen that latitude does affect the value of 
g by comparing the values for Java and New Zealand, 
which are at approximately the same altitude. 


PROBLEM 4* (See Short Answers.) 

PROBLEM 5 
If different objects had different ratios of their in- 
ertial and gravitational masses, would they all ac- 
celerate at the same rate in the gravitational field 
of the earth? Explain. 


This problem calls attention to the simplest impli- 
cation of the relation between gravitational and in- 
ertial mass. 

The most direct answer can be given in terms of the 
equations on page 336 of the text. 


SE a ae À È pete 
Since a = re 8, a variable ratio mg/m; implies a 
i 


variable acceleration. Thus, for instance, if objects 
that are made of different materials had different 
ratios Mg/m;, they would accelerate differently in the 
earth’s gravitational field. 

Note that the constancy of m,/m, is not a derived 
fact; it is based on experiments which demonstrate 
the universality of the acceleration due to gravity. If 
m,/m; were not constant, the only changes to be 
expected are in those phenomena directly related to 
the force of gravity. Other aspects of dynamics would 
be quite unchanged. 

Inasmuch as the constancy of m,/m;, is founded 
directly on experiment, an experimental physicist 
might well design experiments to test this constancy 
more carefully. Direct acceleration experiments can- 
not be done with extreme precision or with a large 
range of masses, but every such experiment that has 
been performed has been found to be consistent with 
a constant mg/m; to within the limits of accuracy of 
the experiment. The most precise experiments yet 
performed essentially involve the comparison of the 
periods of pendulums made of different materials. 

These experiments show that, to about | part in 
10%, the ratio mg/m; is the same independent of 
whether the pendulum is made of a low-density ma- 
terial (such as aluminum) or a high-density material 
(such as lead). Artificial earth satellite experiments, 
currently being planned, will extend the precision of 
related experiments to about | part in 101?. 


PROBLEM 6* (See Short Answers.) 
PROBLEM 7 


What is the acceleration of a failing 0.2-kg ball if the 
gravitational field is 9.80 nt/kg and the air resistance 
acting on the ball is 0.5 nt? 


Let F, = force of air resistance. Choose the down- 
ward direction to be positive. Then 


— ee) 


Although this problem is rather difficult it has two 
particularly good features. First, students must think 
EP, 0.5 nt 498 nt _ 73 m/sec? about the physical problem to set up the correct 

0.2 kg Ba sain E equations. Then, they must re-examine the physical 
situation to interpret their results. 


ng _ Fa 
a= ee a 


The directi f th ion is 4 p ; 
ẹ direction af the aconicra Hons arene (a) The key to setting up this problem properly is 


to measure position in a consistent way, that 


PROBLEM 8 is, with respect to the same ori in. Let us put 
A ball is thrown straight up with a velocity of 15 i is Pe egos eee p 
pea the origin at the base of the cliff and choose 
(a) How fast will it be going after 1.2 sec? the upward direction as positive. Then the 
_ (b) How far above the ground will it be at that equation for the change in position under 
time? aay constant acceleration 
(c) How fast will it be going after 2.3 sec? 
b h vill it be at that 
Cas far above the ground will it be at tha sn a a hat? 
rape ai is the ball’s acceleration at the top of becomes ix ai = O her? for the stone 


and x — 0 = vt — gt? for the ball, 
This problem can be done using the two equations 
v; = v; + at and d = Vgyl. since in both cases a = —g = —9.8 m/sec?. 


(a) We shall let the upward direction be positive. Abie (je when both stone and ball are at the 
same position, Xs = Xb and h = vit Or 


Then the initial velocity is vi = +15 m/sec; ea 
a = —9.8 m/sec”, due to gravity: t= hfe. 


Actually t = h/v; does not hold unless the 


ve = Vj + at 

ball meets the stone above the ground. Ifv; is 
paa = 1 m/sec + (798 m/sec?)(1.2 sec) too smail, the ball and stone do not meet be- 
= +3.2 m/sec. fore the ball has fallen back to the ground. 
This can be seen by realizing that ¢ must be 
(b) The ball is still moving upward: less than the time /n which the stone takes to 

drop to the ground. This time is given by 

d = Dayt 
2N 2 
di.s = Vay(l.2 Sec) = (== m/sec) h= 4g or h= © 


X 1.2 sec = +10.9 meters. 
(c) vp = Ui + at 


= 15 m/sec + (—9.8 m/sec”) X 2.3 sec 
= —7.5 m/sec. 


© 

= 

w 
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(d) The ball is now moving downward: 


d = Vayt 


da3 = Uay(2-3 sec) = (£ 5 Ta m/sec) 
% 2.3 sec = +8.6 meters. 
(b) When the ball meets the stone, the ball can be 

(e) The ball’s acceleration at the top of its rise, and either rising, falling, or at rest. We can tell 

at all other times in its flight, is —9.8 m/sec”. which it is by finding its velocity Um at t, the 

time the ball and the stone meet. This is 
PROBLEM 9 

A stone is dropped off a cliff of height h. At the same Un = Vi — Bt. 
instant a bail is thrown straight up from the base of 
the cliff with initial velocity vi. But we know already that ¢ = h/v; so 


(a) Assuming the ball is thrown hard enough, at 


what time rf wili stone and ball meet? i 
(b) When they meet, is the ball still rising? Um = Vi — gh/vi = Wi — gh)/vi. 
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If the ball and stone meet when the ball is at 
rest, then Vm = 0, and 


vi? = gh. 


If the bali is thrown up at a speed exactly 
equal to \/gh it will be stationary when it 
meets the stone. If thrown at a greater speed 
it will still be rising; at a lower speed, 
descending. 


PROBLEM 10 


Two 0.5-kg Dry Ice pucks on a flat table are tied 
together by a string. 

(a) What is the total gravitational force on these 
pucks? 

(b) At what rate will they Speed up if pulled across 
the table by a horizontal force equal to the gravita- 
tional force found in (a)? 

(c) If one puck remains on the table and the other 
hangs over the edge, what will be the acceleration 
of the pucks? 


This problem deals with free fall, a special case of 
Newton’s law. It also introduces a new kind of 
problem in which gravitational force on part of a 
system can accelerate the entire system. 


(a) The total gravitational force is approximately 


(b) 


Mathematically: F = mass Xa, but F 


(©) 
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10 nt, because each 0.5-kg mass experiences 
about a 5-nt force (using 10 nt/kg for g). 
Actually, F = 2 X 0.5 X 9.8 = 9.8 nt, 

(Note that since the pucks will not accelerate 
in this case, the table must push up on each 
disc with a force equal to the pucks’ weight.) 


If a single object is pulled with a net force 
equal to the gravitational force, it must have 
the same acceleration it would in free fall, 
9.8 m/sec? (or ~ 10 m/sec2), 


= 2mg 
and mass = 2m 

F = 2mg = 2ma 

a=g. 


Some students will see directly that, with one 
0.5-kg mass on the table, and the other hanging 
over the edge, we have a total of l kg of mass 
and that the only accelerating (unbalanced) 
force is the force of gravity on a 0.5-kg mass. 
This force is 0.5kg X 9.8 newtons/kg = 4.9 
newtons. A force of 4.9 newtons acting on 1 kg 
of mass results in an acceleration of 4.9 m /sec?. 
A bit more formally: 


ne 1 G E st Mog 
g m m +m m +m 
_ O5kg Xg _ 


= 4.9 m/sec? (or ~5 m/sec’) 


Other students may think they “see,” but not 
be sure, and require a more detailed approach. 
There are several ways this can be done. One 
alternative is to ask students to consider each 
disc as a separate system (using a dashed box 
to emphasize the boundary of the system and 
the external forces acting), and remind them 
that: 


(1) The tension in the string is T at all points; 
and 


(2) Since the discs move together, the magni- 
tude of a; equals the magnitude of a even 
though their directions are different. Call 
this magnitude a. 


Aha che aR 


For my, letting the positive direction be toward 
the right: 


T = mya. 


For mg, letting the positive direction be down- 
ward: 
F — T = mea. 


<.F — mya = moa. 
But, F = mog. Substituting, 


Mog — m;a = moa 


a(mı + m2) = mg 


= SA = = a 
a= (= + ze 28g = 4.9 m/sec”. 


PROBLEM 11 


An object of mass m is moving on a frictionless in- 
clined plane that makes an angle of 30 degrees with 
the horizontal. 


(a) What is the net force on the object? 
(b) What is its acceleration down the plane? 


This problem on gravitational attraction requires a 
resolution of the weight, mg, into two components of 
which one is directed along an inclined plane. The 
solution requires either trigonometry or a scale 
drawing. 


a a 


(a) We can resolve the force mg into two com- 
ponents, one along the inclined plane and one 
perpendicular to it. Since the object doesn’t 
move into the surface, there is no ner force 
component perpendicular to the surface. The 
perpendicular component of mg, is balanced 
by the force from the surface. 


force from 
surface bal- 
ances the 
component 
of mg 


component of mg 
= net force 


Since there is no friction, the force from the 
surface of the plane can have no component 
parallel to the plane. The only force com- 
ponent which is parallel to the plane is the 
parallel component of mg. This parallel com- 
ponent of mg is the net force. To find it, 
construct DE with a magnitude equal to mg 
on the scale chosen. Construct DF perpen- 
dicular to AB passing through D, and EF 
parallel to 4B passing through E. 


2a 
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Force diagram 


For clarity, instead of drawing the forces on 
the sketch of the inclined plane, it may be best 
to draw a force diagram in which the direc- 
tions, 4B, BC, and CA are shown dotted. 
Lengths on this new diagram clearly represent 
forces and are less likely to be confused with 
distances. Using geometry, the students should 
be able to show that triangle EDF is similar 
to triangle BAC and that ZEDF = ZBAC = 
30°. Therefore FE, which represents the com- 


ponent of the force parallel to the plane, is 
given by 


sin 30° = Z , or FE = mg sin 30° = 4m8. 


The normal force DF is exactly balanced by 
the reaction force of the plane surface; each 
has a magnitude mg cos 30°, and their vector 
sum is zero. 

Therefore, net force = mg along the slope 
of the plane. 


(b) The acceleration down the plane is given by 


F = ma = mg, and 


a = 4g, down along plane. 


PROBLEM 12 
A stone drops from the edge of a roof and is observed 
to pass by a window which is 2.0 meters high in 
0.10 second. How far is the roof above the top of 
the window? 


QUICK SOLUTION 

Let the downward direction be positive. The aver- 
age velocity of the stone during the time it is passing 
the window is 


av = 0.10 sec = 20 m/sec. 


2.0m 

0.10 s 

The instantaneous velocity of the stone has just 

this value midway between the time the stone passes 

the top of the window and the time it reaches the bot- 

tom of the window, since the velocity is increasing 

at a constant rate. When the velocity is 20 m/sec, the 
stone has traveled a total distance d where 


v? = 2ad 
ee A OOE TS 
d= a = 29.8) — 20 meters. 


This distance is large compared with the height of 
the window. Furthermore, at the time the stone has 
velocity 20 m/sec, it will have traveled less than half- 
way down the window, since it is moving more slowly 
during the first half of the time interval it is passing 
the window. Hence, the top of the window is about 
19 or 20 meters from the roof. 


DETAILED SOLUTION 

Many students will approach the problem in a more 
detailed way. Let x+ be the position of the top of the 
window, relative to the roof. Let t, be the time at 
which the stone passes the top of the window and At 
be the additional time it takes to reach the bottom. 
Then, again letting the downward direction be positive, 


dete? 


glt + At)’. 


Xt 
and 
x, + Ax 
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top of window; 
“time t= ty. 
bottom of window 

(xt + 2.0) from roof: 

time t= t+ 0.10) 


Subtract the first equation from the second: 


Ax = $g(2t, At + [Ar]’). 
Then 


Since F > 4[A7]?, the second term will not contrib- 


ute anything to two significant figures. 
Then 


-!_ GO a 
2 (0.10)?(9.8) 
=.20 meters. 


PROBLEM 13* (See Short Answers.) 

PROBLEM 14 
A baseball is thrown from center field to home 
plate. If the ball is in the air 3.00 seconds and we 
neglect air resistance, to what vertical height must 
it have risen? 


This simple and interesting projectile problem 
usually generates a good class discussion. At first it 
might seem as though too little information is given, 
But the solution can be found if one makes only the 
additional assumption that the ball is caught at the 
same height from which it was thrown. In this case, 
the symmetry of the trajectory makes it clear that the 
bali rises for 1.50 seconds and falls for 1.50 seconds. 

The height A that the ball can reach is then 


$(9.80 m/sec)(1.50 sec)? 


11.0 meters. 


A = 4g? 


This problem will probably bring up additional 
question from your baseball enthusiasts; you may 
want to exploit their interest by calculating the initial 
speed of the throw. For this, you will have to assurne 
some horizontal distance. A reasonable figure might 
be 90 meters. This implies an initial horizontal 
velocity 


The vertical velocity (taken positive upward) is 
Vy = Vyo — Bt. 
But vy = 0 when tt = 1.5 sec, so 
vyo = (9.8)(1.5) = 15 m/sec. 
The initial speed vo is 
vo = Voo? + Vyo? = V(30)? + (15)? = 34 m/sec. 


This speed is quite high for a baseball throw; it is per- 
haps realistic for a professional player but much too 
high for most students. 


PROBLEM 15 


Plot the trajectory of an object that is thrown into 
the air with an initial velocity of 10 m/sec at an 
angle of 45 degrees with the horizontal. 


Since the horizontal and vertical components of the 


10/7 = 7.07 m/sec, the kine- 

pA 
matic equation d = vit + 4at? gives x and y as func- 
tions of 1: 


initial velocity are both 


x = 7.07t 
y = 7.07t — 4.92. 


We could caiculate x and y for various values of ż. It 
is a little simpler, however, to eliminate 1 from the 
above equations, and to obtain one equation relating 
x and y: 


t 
J. 


I! 


x/7.07 
7.07(x/7.07) — 4.9(x/7.07)? = x — 0.098x°. 


We can now plot y against x. The curve is a parabola, 
and we can calculate its salient features. The curve 
crosses the x-axis both at x = 0 and at x= 
1/0.098 = 10.2m. The maximum value of y is half- 
way between at x = 5.1; here y = 2.55m. In 
tabular form: 


0 al 2 3 4 5 
0 0.90 1.61 2.12 2.43 2.55 


2m 


lm 


2.48 2.20 1.73 1.06 0.20 


(i 8 9 10 11 
-0.86 


10m 


b M 


(a) Ymax = 2.55 m; see above. 


(b) 10.2 m; see above. 
These results can be obtained in several other 
ways, such as working with the original equa- 
tions involving ¢. For example, y = 0 for 
1 = O or for t = 7.07/4.9. Ymax corresponds 
to t = 7.07/2(4.9). The total distance x = 
7.07t = 7.07(7.07/4.9) = 10.2 m. 


(c) When the object hits the ground again its 
vertical velocity is equal in magnitude (but 
opposite in direction) to the initial vertical 
velocity; vry = —7.07 m/sec. The x velocity 
is unchanged; vx = 7.07 m/sec. The magni- 
tude of the velocity is therefore 10 m/sec as 
before, This can be seen from the symmetry 
of the trajectory that has been plotted. But 
remember that velocity is a vector; although 
the speed is unchanged the direction is N 
instead of 7 


PROBLEM 16 
2 
ERa X 
Show that the expression R for centripetal accelera- 


tion has the units of acceleration. 


An exercise in dimensional analysis related to cir- 
cular motion. The units of velocity are (length/time), 
so the units of v?/R are (length/time)? X !/length = 
length/time”, the same as those of acceleration. 

eK OK 

For more complicated situations, it is useful to have 
a notation for the calculation of dimensions. We 
frequently denote the dimension of a quantity by en- 
closing it in square brackets. The dimensions of all 
quantities we have met so far can be expressed in 
terms of length, time, and mass, which we can denote 
by L, T, and M. Thus, [v] = LT}, so that 


WRAP XL eA 
= [acceleration]. 


Dimensional analysis is extremely useful as a check 
on derived formulas, to ensure that no factors have 
been lost. You may want to illustrate by considering 
additional examples. For instance, does the equation 
d = v;t + dat? check dimensionally? 


PROBLEM 17* (See Short Answers.) 

PROBLEM 18* (See Short Answers.) 

PROBLEM 19* (See Short Answers.) 

PROBLEM 20* (See Short Answers.) 

PROBLEM 21 
How fast must a plane fly in 2 loop-the-loop of 
radius 1.00 km if the pilot experiences no force from 
either the seat or the safety belt when he is at the top 


of the loop? In such circumstances the pilot is often 
said to be “weightless.” 


This is an interesting problem in which centripetal 
force must be equated to weight. 


mg 


Since the pilot cannot “turn off” gravity, we know 
that whatever other forces may or may not be acting 
he is always subject to the force of gravity, mg. This 
force acting alone results in an acceleration downward 
as though in free fall, a = —9.8 m/sec”. If there is 
no apparent force from seat or belt opposing this 
motion, they too must be accelerating with a = 9.8 
m/sec?. This condition could occur if the pilot, seat, 
and belt were all falling freely. It also occurs when 
all three are moving in a circular path with a centri- 
petal acceleration of 9.8 m/sec” downward. The 
speed that would provide this centripetal acceleration 
can be found from a = v2/R: 
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v = VaR = V9.8 m/sec? X 103m effect occurs when a pilot is coming out of a 
= 99 m/sec (about 220 mi/hr). power dive or when an object swings from a 
string as in Problem 23. 

The pilot is said to be weightless because he does _ If the elevator accelerates downward, there 
not experience any support for his weight such as is less upward force exerted by the elevator. 
normaily would be supplied by the floor under a (The force of gravity is always the same, of 
standing man. course, but it is not measured directly; the net 

From a = v?/R we can see that an increase in force is what is sensed by a scale or by the 
velocity (and/or a decrease in radius) will increase pressure on the feet.) If the peeerator ac- 
the acceleration. Hence if the velocity of a plane in a celerates downward at 9.8 m/sec”, there is no 
loop of radius 1km is greater than 99 m/sec, the upward force exerted by the elevator and the 
centripetal acceleration will be greater than 9.8 m/sec” man’s feet feel no pressure. This effect can 
and the pilot will be pushed down by the seat when also be achieved at the top of a circular path 
he is at the top of the loop. A lesser velocity will result as in Problem 21. om 
in less acceleration, and the pilot will hang from his In summary, the apparent changes in weight 
seat belt. are due to changes in supporting force. Actual 


weight changes can be judged from supporting 
forces only if there is no acceleration. 


PROBLEM 22 
Some people speak of a pilot coming out of a power 
dive in a jet airplane as weighing several times his own PROBLEM 23 
weight. We sometimes say that. the same pilot, falling A string 5.0 m long of diameter 2.0 mm just supports 
free before opening his parachute, is weightless. a hanging ball without breaking. 
(a) Do these statements make sense in the light (a) If the ball is set to swinging, the string will 
of our definition of weight as the force of gravity on break. Why? 
an object? (b) What diameter string of the same material 
(b) What is meant by “several times his own should be used if the ball travels 7.0 m/sec at the 
weight” and ‘‘weightless” above? Be prepared to bottom of its swing? 


discuss these questions in class. 


This problem calls for a qualitative discussion 
which is related to the quantitative calculation of 
apparent weightlessness in Problem 21, and of ap- 
parent extra weight in Problem 23. 


This problem concerns the net force required to 
produce centripetal acceleration. Part (b) is related 
to the strength of materials discussed in Chapter 4, 
Section 5. 


(a) When the ball is swinging, the tension in the 


(a) No; the force of gravity on a given man de- string must not only balance the weight of the 
pends only on the gravitational field strength ball but it must supply the required centripetal 
at his position. If he remains in a region of force. Apparently, the string breaks under a 
uniform field, his weight, according to our tension greater than the weight of the ball. 
Sean, dost noreiange (b) The tension is greatest when the ball is at the 

(b) “Several times his own weight” and “weight- bottom of its swing for at this point its weight 
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less” refer to the supporting force rather than 
merely to that part of the force used to over- 
come the gravitational force. For example, 
consider a man standing in a closed elevator. 
He judges his own weight by the upward force 
exerted by the floor; this force would be equal 
to his weight if the elevator were not accelerat- 
ing. This force can be judged by the pressure 
on the feet; it could also be measured by a 
scale if the man stood on a scale in the elevator. 

Now imagine the elevator accelerating up- 
ward. The floor of the elevator must push up 
with a bigger force than before in order to 
accelerate the man. This force is quite real and 
would be measured accurately either by the 
scale or by a man whose feet were quantita- 
tively sensitive to pressure. Thus, if the man 
did not realize he was accelerating, he might 
think that he did weigh more. This same 


is entirely along the string and its speed v is 
greatest (as it starts to rise again it will slow 
down under gravity). 
The maximum value of the tension is 

T = mg + mv?/R = mlg + v?/R). 


From our values of v and R, we find 


Hence the tension is 
T = 2mg. 
Thus, the string tension for the swinging pendulum 


is twice the string tension for the pendulum at rest. 
The string for the swinging pendulum should be twice 


as strong. In order to provide double the strength, 
the string must have twice the cross-sectional area 
(see Chapter 4, page 48): 


2 
T d new 


2 
2Aoia, OF — 7 = 2 x Tio, 


4 
or deis E NS aad 
drew = V2 X dog = V2 X 2.0mm 
= 2.8 mm. 


l 
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PROBLEM 24 
An electron (mass = 0.91 X 10780 kg) under the 
action of a magnetic force moves in a circle of 2.0 
cm radius at a speed of 3.0 X 10° m/sec. At what 
speed will a proton (mass = 1.6 X 107?” kg) move 
in a circle of the same radius if it is acted upon by the 
same force? 


2 
mv 
For the electron, Fe = ———- 


2 
Mypv; 
Pe ei a 
F, = 


For the proton, 


We are given that Fe = Fp. Hence, 


2 2 2 
Me MVp A 5 ees 
ee —, OF MWe“ = MpyV,~, and Vp“ = pene 

R inte ove PYp > p mp 
Then 


« 091 X 10-30 
ML ie Ne 10 


7.2 X 104 m/sec. 


= 
l 
= 
Il 


PROBLEM 25 


A body moving with a speed v is acted upon by a 
force that always acts perpendicular to the motion of 
the body but increases steadily in magnitude. 

(a) Draw a sketch of the trajectory. 

(b) Does the speed of the object increase, decrease, 
or remain unchanged ? 


This problem on circular motion should be handled 
qualitatively. A quantitative treatment will be beyond 
most high school students (or anyone else). 


(a) We know that if the force were constant and 
perpendicular to the velocity, the body would 
travel in a circle with an acceleration of F/m 
perpendicular to its path. Since the force, and 
hence the acceleration, is increasing with time, 
the body is pulled around a sharper and 
sharper curve. In the figure we have sketched 
a path for such a force. 

The exact solution of this motion shows that 
the path of the particle, for a force increasing 
jinearly with time, is the “Cornu spiral,” which 
is well known in optics. The exact solution is 
much too complicated to be undertaken with 
a high school class, so do not encourage stu- 
dents to do more than describe the qualitative 
characteristics of the motion, 


(b) The force acting on the body is always per- 


pendicular to the velocity. Thus the accelera- 
tion produced by this force is perpendicular to 
the velocity at all points. The magnitude of 


the velocity therefore does not change, but its 
direction does change. 


PROBLEM 26* 
PROBLEM 27* 
PROBLEM 28* 
PROBLEM 29* 
PROBLEM 30 


(See Short Answers.) 
(See Short Answers.) 
(See Short Answers.) 
(See Short Answers.) 


A block of mass m rests on a horizontal platform. 
The platform is driven vertically in simple harmonic 
motion with an amplitude of 0.098 meter. When 
at the top of its path, the block just leaves the surface 
of the platform. (This means that at this point its 
acceleration is 918 m/sec? downward.) 

(a) What is the period of the simple harmonic 


motion? 


(b) When the block is at the bottom point of its 
path, what is its acceleration? 

(c) What is the force exerted by the platform on 
the block at this bottom point? 


(a) Since the block moves with the platform, its 
motion must also be simple harmonic, so the 
net force on it is 


Fret = —ky, 


where y is the displacement of the block from 
the midpoint of its path and the upward direc- 
tion is taken positive. Then at the top of the 
path, where y = R (the amplitude of the 
oscillation), 


ma = —mg = —kR, and k = mg/R. 
The period T of the motion is 
an | = yee ats = ar ff 
k mg g 


23.14) 2938 = 0.63 sec. 


T 


ll 
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Alternate method 

The period of the simple harmonic motion 
is the same as the period of the matching cir- 
cular motion about a circle of radius R = 
0.098 meter. For the circular motion, 


a = 4x°R/T? (see Section 5) 


so 


sere \ 1/2 
T = 2xV/RJa = 2(3.14) (05) 


= 0.63 sec. 


(b) At the top of the path the acceleration of the 
block is —g. At the bottom the acceleration 
must have the same magnitude but the oppo- 
site direction, so it is g (upward). 


(c) At the bottom point, the net force on the block 
is +mg. This is the resultant of the weight 
—mg and the force exerted by the platform: 


Foot a Folat — mg 
Fplat = 2 mg (upward). 


PROBLEM 31 


(a) What is the period of a pendulum consisting 
of a mass of 2.0 kg suspended on a light cord 2.4 
meters long if g = 9.8 newtons/kg? 

(b) Notice that we can use a pendulum to meas- 
ure g. If the period of this pendulum is 2.0 sec, what 
is g? 


This problem illustrates how a pendulum can be 
used to measure g quite accurately. 


(a) The period T for a simple pendulum is given 
by the equation 


n 2.4\ 42 
T= wf =2X 3.14 (54) 


= 6.28 X 0.495 = 3.1 sec. 


(b) If ¢ remains 2.4m, but T becomes 3.0 sec in- 
stead of 3.1 sec, what would g have to be? 
The above relation gives: 


Be sure that students realize how easy it would 
be to find this difference. If the swings of the 
pendulum are counted for six minutes, for 
example, there would be 116 swings for part 
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(a) and 120 swings for part (b). It is easy to 
set up a simple pendulum as a class demon- 
stration. Accurate values of the period can be 
obtained by timing a large number of swings. 
You can verify that the period varies as Vt 
and also obtain a surprisingly accurate value 
for g. 

The formula we have used was derived under 
the assumption that the angle of swing is 
“smail.” If the angle of swing is kept less than 
about 30°, the error will not be appreciable. 


PROBLEM 32 


A 2-kg ball is suspended from a spring. When dis- 
turbed in a vertical direction, the ball moves up and 
down in simple harmonic motion at a frequency of 
4 cycles per second. 

(a) What is the period of the motion? 

(b) What is the upward force exerted on the ball 
by the spring when the ball is at the midpoint of its 
up-and-down path? 

(c) How much did the spring stretch when the ball 
was first attached to its end (before the oscillatory 
motion was started)? 


(a) Tao - 1/4 sec. 


(b) At the midpoint of the path, the acceleration 
of the ball is zero. Therefore, there is no net 
force on the ball, and the upward force exerted 
by the spring at this point must be exactly 
equal to the downward force of gravity: 


2kg X 9.8 m/sec? = 20 newtons. 


(c) Since T = 2ry/m/k, k = 4r°m/T?. 
When the ball is attached to the spring in 
equilibrium, the spring must stretch an 
amount xo = F/k = mg/k. Thus, 


eM SO gT: 
*0 ~ Ge2m/T? ~ 4x2 
9.8 m/sec” X (0.25 sec)? 
= Ia = 0.016 m. 
PROBLEM 33 


A Dry Ice puck on a horizontal surface is attached 
to four identical springs as shown in Fig. 20-23. 
Points A ard B are pinned when the puck is at rest 
in the mid-position. The puck is displaced toward 
A by an amount d and then released. While it is 
oscillating between two springs with the amplitude 
d and a period T, the pins A and B are removed as 
the puck passes through the mid-position. This al- 
lows the puck to vibrate under the action of all four 
springs. 

(a) What is the relation of the force constant k’ 
of two identical springs in series compared with the 
force constant k of one of the springs? 

(b) What is the new period of vibration? 

(c) Has the speed at the mid-position been 
changed? 

(d) What is the new amplitude of the puck? 


(a) The force constant is defined as the force per 
unit distance needed to stretch a spring any 
amount. It will require only 4 as much force 
to stretch two identical springs in series one 
cm as to stretch one spring one cm. There, 
the force constant k’ of two identical springs 
in series is 4 the force constant k of one spring. 

(b) Since T = 2x/m/k, then T’/T = Vk/k', 
and T’ = Tx/k/0.5k = Ty/2. 

(c) Since there was no force on the pins at the time 
of their removal, there was no force applied to 
change the speed. 

(d) We recall that the speed of a particle at its 
midpoint in simple harmonic motion is equal 
to the speed of a particle moving on a reference 
circle whose radius is equal to the amplitude 
of the simple harmonic motion. In the initial 
conditions, v = 2rd/T. After the pins are 
removed, v = 2r d'/T'. Hence, 


PROBLEM 34 


A ball is thrown vertically upward with a velocity of 
24 meters/sec from a railroad flat car moving 
horizontally with a velocity of 4 meters/sec. Describe 
the path of the ball as seen by an observer (a) on 
the flat car, and (b) by the observer on the ground 
nearby. 


This problem asks the student to describe the mo- 
tion of an object when seen from two different 
reference frames. The effect of the air on the ball is 
neglected in the solution given below. 


(a) The ball appears to go straight up and down 
when observed from a position on the flat car. 


(b) An observer on the ground will see a constant 
horizontal velocity superimposed on the up 
and down velocity of the ball. This is just like 
the projectile motion we studied in Section 
20-4, and the path is a parabola (with both 
branches). 


PROBLEM 35 


While a bus is in motion along a level, straight road, 
we roll a marble from one side to the other across 
the floor of the bus. Its path is a straight line relative 
to the bus. Later we roll it again, and this time the 
path is a parabola which bends toward the front of 
the bus (concave toward the front of the bus), De- 
scribe the motion of the bus in each case. Be pre- 
pared to discuss in class. 


This is a problem involving relative motion and the 
effect of a moving or accelerating frame of reference. 

In solving this problem, one must realize (idealize) 
that the marble is not subject to any force from the 
bus. Thus, while it is rolling, the marble must move 
in a straight line relative to an inertial system such as 
the fixed stars. The marble can, of course, have any 
initial velocity but that velocity then cannot change. 

When the marble moves in a straight line relative 
to the bus, a man in the bus sees no marble accelera- 
tion, so he concludes that no force is acting on the 
marble. We have already noted that in an inertial 
frame, no force acts on the marble, so in this case 
the bus must be an inertial frame; i.e., it is moving at 
constant velocity (or is at rest). 

When the marble moves in a parabola toward the 
front of the bus, the observer in the bus sees a con- 
stant apparent acceleration, a, (relative to the bus) 
toward the front of the bus. He concludes that a 
force F = ma is pulling the marble toward the front 
of the bus. 


However, we know that in an inertial frame the 
marble has no force acting on it. Therefore we can 
conclude that rather than the marble accelerating for- 
ward, the bus must be accelerating backward in the 
inertial frame. 

This is a deceleration, and it must have the value a 
derived above by the rider. The force deduced by the 
rider is then what we call a fictitious force. In the 
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noninertial frame it must be assumed to be acting in 
order to understand the observed motion, but in an 


inertial frame it does not exist. 


PROBLEM 36 


For some experiments in relative motion, a smooth, 
level table, shown in Fig. 20-24, is centered on a 
platform which rotates uniformly at a rate of one 
revolution in 12 seconds. Two perpendicular lines 
are drawn through the center of the table, intersecting 
a circle of 1.20-meter radius at the points A’, C’, B’, 
and D’. Two men, H’ and /’, sit on the platform at 
opposite ends of the line A’C’. A third man, J, is 
above the table so that he can observe the motion 
of a Dry Ice puck in a stationary frame of reference. 
He has four marks on the floor, forming two per- 
pendicular reference lines AC and BD through the 
center of the table. (In the diagram, B is behind the 
table.) 


(a) H’ holds the puck in his hand at 4’. What is 
its velocity in J’s frame of reference at the instant 
A’ crosses the line AC? 

(b) As H’ passes A he gives the puck a sudden push 
so that it travels along line AC with a speed of 
0.40 m/sec. Construct a vector diagram to show 
the velocity that H’ gave the puck in J’s frame of 
reference. 

(c) Construct a diagram which shows the positions 
of the puck and of 4’ at 1, 2, 3, 4, 5, and 6 seconds 
in J’s frame of reference. 

(d) Make use of the diagram constructed for (c) 
to construct a diagram which will show the motion 
of the puck on the table, as seen by H’ and J’. (Hint: 
Construct this moving-frame diagram on tracing 
paper which can be laid over the diagram of the 
fixed-frame motion. Plot the position of the puck 
for each 15° rotation of the moving frame. These 
points can be connected to give a picture of the mo- 
tion in the moving frame.) 
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It would be best to give this problem after your 
students have seen the film “Frames of Reference.” 


(a) InJ’s frame, the puck is moving with a speed of 


2s X 12 = 0.63 m/sec. 


It is moving parallel to the line DB in the 
direction DB. 


(b) H'must give the puck a velocity v of 0.74 m/sec 
at an angle, 0, of 57° from the line AC pointing 
toward the side of the table which lies at D. 


(c) InJ’s frame of reference, the puck moves along 
line AC with a constant speed of 0.40 m/sec 
and will be in the position shown at each 
second of time. H’ will be at the corresponding 
positions A}, Aa, ete. 


' 
ats 

CA! ATA 
616 5 3 oj 0 


seconds 


(FIXED FRAME) 


(d) By rotating a piece of tracing paper (the mov- 
ing frame) over the above diagram (fixed 
frame) the points 1, 2, 3, . . . can be plotted as 
H' is at Aj, Ao, A3 Points between these 
can be plotted by placing H' at estimated mid- 
points of arc AbA, A142, ete. Connecting 


these points gives the path H’ and J’ seen in 
the moving frame. 


hiv 


(MOVING FRAME) 


PROBLEM 37 
With the same situation as in Problem 36: 

(a) Suppose that H’ launches the puck as he 
passes A so that T will catch the puck as he passes D. 
Construct a diagram which shows the motion of the 
puck in J’s frame of reference. What is the speed 
of the puck in this frame of reference? 

(b) Make use of the diagram constructed for (a) 
to construct a diagram which will show the motion 
of the puck on the table as seen by H’ and I’. 

(c) Construct a vector diagram to show the velocity 
that H’ gave the puck so that it could travel as in (a). 


(a) The path of the puck in J’s frame of reference 
will be the chord of one-quarter circle of radius 
1.20 meters, which is 1.70 meters. The speed 
is 1.70 m/3 sec = 0.57 m/sec. 


pa 
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(b) 


(c) 


(1) 


On the fixed frame diagram repeated in (1) 
above, mark the positions of the puck at half- 
second intervals and the positions of H’ and /’. 
By rotating the tracing paper with the circle 
representing the moving frame, diagram (2), 
over the fixed frame (1), the positions of the 
puck in the moving frame can be plotted. 


H’ had to give the puck velocity V as shown in 
the diagram. The value is 1.10 m/sec at an 
angle of 69° from line CA in the direction L. 


PROBLEM 38 
With the same situation as in Problem 36: 


(a) With what speed and in what direction can 
H’ launch the puck as he passes A so that, as J sees 
it, the puck remains at 4? 

(b) What is the motion of the puck as seen by 
H' and I’? 

(c) The puck has a mass of 0.50 kg. After H’ has 
let go of it, what force acts on it according to J? 
What force acts on it according to H’ and J' to make 
it move as it does in their frame of reference? 
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J: 


(a) 


(b) 


(c) 


PROBLEM 39* 


(MOVING FRAME) 


(2) 


As in Problem 36(a), the puck has a velocity 
in J’s frame of 0.63 m/sec parallel to the line 
DB and in the direction DB while H’ is holding 
it. To make it stand still in J’s frame, H’ must 
give it a velocity of 0.63 m/sec perpendicular 
to the line A’C’ and toward his own left. 

In the frame of H’ and J’ the puck will move 
along the circumference of the table with a 
steady speed of 0.63 m/sec. 

Since J sees the puck at rest, he says that no 
force is acting on it. Since H’ and J’ see it 
moving around a circle with a steady speed, 
they say that there is a force on it of 


0.50 X (0.63)? 


1.20 = 0.17 newton, 


directed toward the center of the table. 

This 0.17 newton is the fictitious force which 
H’ and J’ must invent to make Newton’s law 
of motion apply in their frame of reference. 
For the particular motion of this problem the 
fictitious force is constant in magnitude and is 
directed toward the center of the table. The 
fictitious force in Problems 36 and 37 is more 
complex. In Problem 37, to a good approxi- 
mation, we can treat the motion of the puck 
in the rotating frame as though it moved at a 
constant speed along a circle whose center is 
displaced along the line B’D’ in the direction 
of B’. To the same approximation, the ficti- 
tious force is constant in magnitude and di- 
rected to this fixed center, which is not, how- 
ever, at the center of the table. In Problem 36, 
the path of the puck is a spiral and the force 
cannot be expressed in simple terms. 


(See Short Answers.) 
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Universal Gravitation and 


PURPOSE. To introduce Newton’s law of universal 
gravitation in its historical context, and to present an 
account of man’s continuing effort to understand the 
workings of the universe. 


CHAPTER SUMMARY 


Chapter 21 presents a historical account of the at- 
tempts to construct a kinematic and dynamical model 
for the solar system, culminating in the law of uni- 
versal gravitation. 

SECTIONS 1 THROUGH 5 present a bit of the history 
of the centuries of speculation about the nature of 
the solar system, beginning with the ideas of the an- 
cient Greeks. The sections briefly discuss how Kepler 
built on the work of Copernicus and Brahe, in arriv- 
ing at a simple but satisfactorily precise kinematic 
description. 

SECTION 6. From the viewpoint of kinematics, the 
choice of a frame of reference is arbitrary. However, 
when the dynamics of a situation are considered, 
one frame may become highly favored as a logical 
necessity. 

SECTIONS 7 THROUGH 11 discuss some of Newton's 
many contributions, stressing the source and use of 
his law of universal gravitation. In closing, it is noted 
that even this useful law has limitations, and does not 
precisely explain all observations. 


EMPHASIS 


Chapters 19, 20, and 21 form a natural unit in which 
the ideas of Chapters 19 and 20 are brought to bear 
on planetary dynamics and universal gravitation in 
Chapter 21. Thus Chapter 21, as well as introducing 
some new material, provides a substantial review of 
the earlier work. If you are pressed for time, Chap- 
ter 21 can be handled largely as a reading assignment 
with a bare minimum of class discussion and problem 


the Solar System 


solving, without loss in continuity in progressing 
through the volume. 

However, an overly rapid survey of this chapter 
will miss some of the most exciting parts of physics. 
A study of science cannot be divorced completely 
from a study of the history of science, nor can an 
appreciation of the contribution of great scientific 
figures be achieved without a knowledge of the facts 
of science. The professional scientist’s enthusiasm 
for his work can be traced in part to his appreciation 
for the fact that he is a member of a team — a team 
that began many centuries ago and which will con- 
tinue indefinitely. Just as the historical figures were 
able to contribute to the understanding of problems 
that disturbed them, so does the modern scientist, 
drawing on their successes and failures, hope to con- 
tribute to the clarification of problems of contem- 
porary interest. Modern physics derives from the 
work of men like Galileo and Newton. Mechanics, 
viewed from the scientific environment of its great 
innovators, can be vital and exciting. Hopefully, it is 
this flavor which your students can derive from the 
present chapter. If your students can find the time 
for it, a little outside reading at this point can con- 
tribute hugely to their perception not only of scientific 
principles, but of the human nature of science, and 
the simply tremendous intellectual accomplishments 
of men like Newton, Kepler, and Galileo. Further, 
planetary physics is not simply a matter of historical 
interest. A realistic perception of the problems of 
space travel is possible only through a grasp of the 
dynamics involved. In this course, the ideas return 
in the Rutherford model of the atom. 


SCHEDULING CHAPTER 21 


The following table suggests possible schedules for 
this chapter, consistent with the schedules outlined 
in the summary section for Part II. Sections which 
are enclosed by brackets [ ] can be deemphasized or 
skipped in class discussion without loss of continuity. 


Chapter 21 


CLASS 
PERIOD 


LAB 


SECTIONS 
PERIOD 


{1}, [2], (3), 
[4], 5 
6 


7, 8, 9, 
10, [11] 


9-week schedule for Part HI 


EXPERIMENT 


15-week schedule for Part Ill 


CLASS 
PERIOD 


LAB 
PERIOD 


EXPERIMENT 


SUPPLEMENTARY MATERIAL FOR CHAPTER 21 


LABORATORY. Experiment I1-6, Law of Equal Areas, 
uses strobe photography on a simple pendulum set 
into motion along an elliptical path to investigate 
Kepler’s Law of equal areas in equal times. If the 
photography cannot be done with the equipment 
available, it is almost as profitable simply to set up the 
pendulum for observation and do the analysis on the 
photographs supplied in the lab guide. This experi- 
ment can be done about the middle of Chapter 21. 
See the Lab Notes for suggestions. 

HOME, DESK, AND LAB. See the HDL Notes for 
answers, solutions, and a table which classifies prob- 
lems according to their estimated level of difficulty. 

FILMS. “Universal Gravitation” by J. N. P. Hume 
and D. G. Ivey of the University of Toronto recon- 
structs the logic behind the law of universal gravita- 
tion through imagining how the law might have been 
discovered on “Planet X” in another solar system 
which has only the one pianet. The film points out 
how the frame of reference adopted affects a kine- 
matic description. Observation of the orbits of 
artificial satellites enables determination of the inverse 
square law of force, the constancy of R*/T? and 
eventually leads to a proper kinematic description of 
Planet X’s solar system, and to the law of universal 
gravitation. This film is closely related to Sections 6, 
7, and 8. 

“Elliptic Orbits” by A. V. Baez. Beginning with 
an elliptic orbit and Kepler's law of areas, gravita- 
tional force is demonstrated to obey an inverse square 
relation. The derivation is almost entirely geometric. 
This film can be used in connection with discussion of 
Sections 7 and 8. Running time: 18 minutes. 


21-1 Early Planetary Models 
21-2 Copernicus’ Planetary System 
21-3 Objections to Copernicus’ Theory 
21-4 Tycho Brahe 
PURPOSE. To present the historical background for 


the work of Kepler and Newton. 
EMPHASIS. This materia! can be handled almost 
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entirely as a single reading assignment. It is not neces- 
sary to belabor the details of geocentric models, but 
how different frames of reference lead to different 
interpretations should be pointed out. 

FILM. If “Frames of Reference” has not been 
shown previously, it can be used with the material of 
these sections. 

COMMENTS. It is impossible to separate a discussion 
of modern science from its historical roots. Present 
day thinking is as much conditioned by the questions 
raised by the ancient Greeks as by the work of this 
century. While some of the answers proposed by the 
ancients may seem humorously wrong in the light of 
modern theory, no scientist can help but marvel at 
the enormous insight apparent in their questions, nor 
wonder where we might stand today if their original 
efforts had been steadily maintained instead of stag- 
nating for almost two thousand years. 

The weakness in the approach of the Greeks to a 
study of astronomy was their reliance on intuition 
rather than on direct observation in their search for 
reasonable models. An example was their insistence 
on the use of circular orbits for celestial motion, 
simply because the circle was considered “perfect.” 
No one bothered to study the motion in sufficient 
detail, as did Brahe centuries later, to show that mo- 
tion was not quite circular. Because of this strong 
reliance on instinct, it is difficult to separate ancient 
science from its contemporary philosophy. Even 
today, basic philosophical questions are frequently as 
disturbing to scientists as direct observations for 
which they have no ready explanation. 

The notion of a universe composed of bodies mov- 
ing in “perfect circular” orbits did not originate with 
Plato. These ideas go back at least as far as the 
Pythagorean school (580 to 500 B.c.) more than a 
century earlier. At least two members of the Pythag- 
orean school, Hicetas and Ecphantus, proposed a 
fair model of what we generally call the Copernican 
view of the solar system, with an earth which rotates 
daily on its axis and an immobile sphere of fixed stars. 
However, in this model, the sun and moon were as- 
sumed to move in circular orbits about the earth. 
Plato believed firmly that the earth stood still, but 
even in his day, Heraclides taught that the earth 
Totates on its axis once a day, and even suggested that 
Venus and Mercury moved in circular orbits about 


the sun while the latter revolved about the earth. 
The accepted “Copernican” model was probably first 
stated by Aristarchus of Samos (ca. 310 to 230 B.C.), 
who purportedly published the following hypothesis: 
“The fixed stars and the sun remain unmoved, but the 
earth revolves about the sun in a circumference ofa 
circle, the sun lying in the middle of the orbit.” The 
basic suggestion for the Ptolemaic system undoubtedly 
arose from the work of the great ancient astronomer, 
Hipparchus, who died about 125 B.c. Hipparchus, 
unlike many of his predecessors and successors, was a 
great observer and made very careful measurements 
of celestial motion. He detected small variations in 
the plane of the ecliptic* due to precession of the 
earth’s axis, deriving a figure which agrees, within one 
percent, with its modern accepted value. This motion 
is so small and slow that it takes about 26,000 years 
for its complete cycle. 

The heritage of Greek science was advanced by the 
Arabs, after their conquest of the Egyptian city of 
Alexandria which had become the principle center of 
Greek learning by the third century B.C. During 
the middle ages, the Ptolemaic system returned to 
Europe via translations from the Arabic, together 
with star catalogues compiled by Arab astronomers. 

As pointed out in Chapter 3, parallax should be 
noticeable when observing any system from one 
which is in relative motion. (See Figure 3-5.) Coper- 
nicus was concerned about the fact that he could not 
observe stellar parallax, particularly since, in his no- 
tion, the sphere of fixed stars was fairly near the earth. 
He had no idea of the enormous distances actually 
involved, and the fact that stellar parallax is far too 
small to measure by simple means. It was not until 
the year 1838 that stellar parallax was first noted by 
the German astronomer, F. W. Bessel. Remembering 
that the largest parallactic angle ever observed is 
0.756 second of arc (for the nearest star, alpha 
Centauri), it is easy to see why the effect was so long 
unobserved. The correct notion of the almost infinite 
distance between the earth and the stars was probably 
first proposed by Giordano Bruno in the 15th century. 


* k * 


The description of planetary motion and the equiv- 
alence of the different descriptions (geocentric, helio- 
centric, etc.) is greatly aided by the use of vectors. The 
figure at top right shows the radius vectors from the 
sun to the earth and from the sun to Mars. The axes 
are fixed relative to the stars. 

It is a good approximation to say the planets move 
in circles about the sun at constant (but different) 
speeds. Then in our diagram the two radius vectors 
from the sun, Fe to the earth and Tm to Mars, simply 
turn about the sun with unchanging length. 


* The ecliptic plane is the plane of the earth's orbit. 


Mars 


Earth 


axis fixed with 
Sun respect to the 
stars 


To locate a planet such as Mars relative to the earth 
we simply note that 


2 x a 
Tm = Te + Fearth to mars; 


Mars 


Earth 


Sun 


or conversely, 


= Im — fe- 


a 
Fearth to mars 


= 
r 
earth to mars 


The vector Tearth to mars changes as both planets 
move just as if the earth and Mars were joined by a 
rotatable joint at the sun. A model of such a me- 
chanical linkage is easy to make with two sticks and 
a nail. Note that the vector from sun to earth must 
make one revolution each year relative to the reference 
axes, and that from sun to Mars one revolution in a 
Martian year (687 days). 

In evaluating the work of Copernicus, it is important 
to remember that, prior to Brahe, there was no really 
precise data on the motions of celestial bodies. Brahe, 
who was no believer in the Copernican theory, was 
probably motivated as much by a determination to 
disprove Copernicus’ model as by anything else. To 
him, one of his great achievements was the failure to 
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detect stellar parallax, even with his highly accurate 
observations, thereby “disproving” the Copernican 
model. 

At the same time, Brahe was not willing to accept 
the enormous complexities of the Ptolemaic model 
and developed a geocentric system of his own. In 
Tycho’s system Mercury and Venus were assumed to 
revolve around the sun, while the sun and other 
planets revolved about the earth (similar to the model 
of Heraclides). 


Most of the reaction against the Copernican system 
arose not on publication, of Copernicus theory, but 
much later, about the time that Galileo confirmed the 
Copernican hypothesis. Before Galileo, the Coper- 
nican system apparently was dismissed simply as just 
one more hypothesis with slightly more geometric 
simplicity than that proposed by Ptolemy. The real 
concern arose when Galileo, with his telescope, pre- 
sented hard facts which destroyed the long held myth 
of “perfection” in the heavens. 

Galileo found four moons revolving around the 
planet Jupiter, thus providing an example of rotation 
about an object other than the earth. Furthermore, 
he was able to observe the phases of Venus, and in so 
doing, he discredited the Ptolemaic model (Figure 
21-4) which placed Venus always between the earth 
and sun. In the latter case, Venus would never 
progress beyond the crescent phase. He also ob- 
served the motion of sun spots which suggested that 
the sun was rotating about its axis, thus lending 
credence to the proposal that the earth itself might 
be spinning. 


21-5 Kepler 


21-6 Kinematic Description and the Dynamical Problem 


PURPOSE. To introduce Kepler’s laws of planetary 
motion in their historical context, and to indicate 
their significance in leading to a simple, unified, 
dynamical explanation of motion. 

EMPHASIS. Some class time, perhaps one half a 
period, should be spend on discussion and problems. 
Students should “know” Kepler’s three laws and 
understand how they contributed to the final solution 
of the dynamical problem. 

FILM. When the film “Solar System Kinematics” is 
completed, it will be appropriate for use with these 
sections. 

LABORATORY. Experiment l-6, Law of Equal 
Areas, can be done in connection with work on these 
sections. 


DEVELOPMENT. The important points to be brought 
out in discussing these sections are: 

1. Brahe’s painstaking observations provided the 
data for the problem in hand. An analogy could be 
drawn between Brahe’s records and the lists of angles 
of incidence and refraction that Snell must have had 
before he was able to discern the order represented 
by Snell’s law. 

2. Kepler’s work was analogous to the enunciation 
of Snell’s law. However, in the case of the solar 
system problem, the data were much more complex 
and the accomplishment of seeing order among them 
was that much the greater. Kepler stated the kine- 
matical problem in analytic terms. 

3. A properly conceived geocentric system will do 
just as good a job of describing the motions of the 
solar system as does the heliocentric system. However, 
when one looks for a solution to the dynamical prob- 
lem he must propose a force to account for every 
observed acceleration. In a geocentric system, the 
accelerations are so complex that the gravitational 
force might easily get lost in the maze of other, ficti- 
tious, forces. In a heliocentric system, the central 
force stands out clearly. Thus from such an approach 
Newton was able to analyze the problem in a pro- 
ductive way. 

QUIZ QUESTIONS. 1. An earth satellite, S4, moves in 
a circular orbit with radius four times the earth’s 
radius. Compare its period of revolution with that of 
a second satellite, Sj, which is very close to the earth’s 


: : R? 
surface. What is the ratio of their speeds? (5 = K. 


2 
R? — (4R»)? Ti?  64R,? 
Therefore, Ty? = T?’ and T, = Ro? 
pared to satellite S», the satellite S,, which orbits at 
4R, will take 8 times as long to complete one circuit 


around the earth. The ratio of speeds is given by: 


+ Com- 


v2 eal 2nR2 872 


vı ee) T2 274Re 


=A Hence; vo: = 2v1.) 


2. Can two different frames of reference give 
equally valid kinematic descriptions of the motion of 
an object? (Yes; but one may be much more compli- 
cated than the other.) 

3. How does Newton’s law influence the choice of 
a frame of reference? (The kinematical description 
should lead to the simplest and easiest force analysis.) 

4. Describe the motion of an artillery shell fired 
horizontally from the viewpoint of 

(a) an observer moving along in a jet plane which 
has a horizontal velocity equal to the horizontal com- 
ponent of velocity of the shell; 

(b) an observer in free fall (no air resistance). 

(a. The shell drops straight down with accelera- 
tion = g. b. The shell appears to be going away in 
straight line horizontal travel with constant speed.) 


21-7 Newton 
21-8 Universal Gravitation 


purpose. To present a simplified version of New- 
ton’s analysis of the dynamical problem couched in 
Kepler’s kinematical laws. 


EMPHASIS. These two sections are the heart of 
Chapter 21. Students will profit from a classroom 
discussion following home study of the sections, Dis- 
cussion should be directed first toward consolidation 
of their understanding of Newton’s treatment of 
Kepler’s laws. When they have this well in hand, 
discussion should be extended to the relevant exercises 
in HDL. 


LOGICAL DEVELOPMENT. 1. Approximate the plane- 
tary orbits as circles. 

2. Any object in uniform circular motion moves 
with a centripetal acceleration, a = 4n?R/T?. 

3. Kepler noted that for all planets (sun satellites) 
R3/T? = K,. Substituting, a = 4r?K,/R?”; and 
applying Newton's law, F = 4a? Kym/R?. 

4. Assume (as we now know!) that for earth satel- 
lites there is also a relationship R°/T? = Ke. Then 
for any object in the earth’s gravitational field, the 
force which acts would be: F = 4n?Kem/R?. 

5, At the earth’s surface, Fsurtace = Mg, therefore 
or 4r?Ke/ R? surtaces and knowing g and Rsurfaces 
Ke can be found. 

6. Having established a value for Ke and knowing 
the radius, Rm, Of the moon’s orbit around the earth, 
its acceleration, am (or its period, Tm) can be cal- 
culated and compared to the observed values. The 
agreement is found to be well within the errors in- 
herent in the observations. 

7. It remains to establish a connection between Ks, 
Ke, and similar constants that would apply to other 
sources of gravitational attraction. Symmetry sug- 
gests the trial, K, = Gm, Ke = Gm, etc., where G 
is a universal constant which describes the strength 
of the gravitational interaction. This gives for the 
gravitational force, F = Gm,m,/R?, a law that has 
now been verified by a host of observations. 


riums. “Universal Gravitation” deals directly with 
the principal ideas leading to the concept of universal 
gravitation. “Elliptic Orbits” gives an interesting 
demonstration of how the inverse square law of force 
can be deduced from an elliptic orbit. 


comments. It may be useful for you to have clearly 
in mind the role played by each of Kepler's laws. 
Their significance can be described as follows: 

(1) The observation that equal areas are swept out 
in equal times by a radial line to the planet from a 
fixed point in space can be interpreted as proof that 
the force which is acting is a “central force” — i.e., a 
force whose origin is a fixed point in space and whose 


direction of action is toward or away from that point. 
(Note that this is equally true for planetary motion 
under an inverse square law and for the pendulum 
motion of Experiment 11-6, where the motion is 
simple harmonic and the force is proportional to the 
first power of the displacement.) 

(2) Analysis of the observation that any single orbit 
is elliptic in shape with the force center at one of the 
foci of the ellipse provides proof that the force which 
is acting has an inverse square dependence on the 
distance. (Note that in Experiment IlI-6 the center of 
force is at the center of the ellipse, not at one of its 
foci. This is consistent with the direct first power and 
not the inverse square force law.) A demonstration 
that the inverse square force law follows from an 
elliptic orbit is shown in the film “Elliptic Orbits.” 

Here it should be noted that for circular orbit, the 
center of the orbit and the foci of the degenerate 
ellipse are at one and the same point. Therefore no 
conclusion can be drawn about the force law in this 
case. Another way of seeing this is to note that a 
circular orbit samples only one radial distance. There- 
fore it cannot be expected to give information about 
the distance dependence of the force in question. 

(3) Kepler’s third observation, summarized in his 
third law, was that for every planet the ratio R°/T? 
had the same value. This observation can be used in 
various ways depending on the structure of logic that 
is being developed. 

At the high school level it is mathematically difficult 
to analyze elliptic orbits. Therefore the text takes 
note of the fact that the ellipticity is usually small and 
then goes on to approximate each orbit as a circle, 
with radius equal to the mean radius at the true 
ellipse. In this approximation as noted above, it is 
impossible, from the orbit of any single planet, to de- 
duce anything about the distance dependence of the 
force which is acting. However, under the assumption 
that the planets are all attracted to the sun by forces 
which are in direct proportion to their masses (the 
equivalence of gravitational and inertial mass) the 
inverse square law can be deduced from the constancy 
of R°/T?. In this development, other evidence is 
accepted as proof of the equivalence of inertial and 
gravitational mass. This equivalence serves, in effect, 
to normalize the behavior of the various planets to 
fit one single force field. Then R°/T? = K identifies 
the distance dependence of this force field. 

On the other hand, if the elliptic orbits are ac- 
curately observed and analyzed, any one of them is 
sufficient to provide proof for the inverse square law 
over the range of distance which is sampled by that 
orbit. 1f this evidence is accepted with complete 
generality, as proof of the inverse square law, then the 
R/T? = K data serve as evidence that the ratio of 
inertial to gravitational mass is the same for all the 
planets. 


TEXT 


21-9 Some of Newton’s Later Accomplishments 
21-10 Laboratory Tests of the Law of Universal Gravitation 
21-11 A Small Discrepancy 


PURPOSE. To fill out the story of the law of universal 
gravitation 

EMPHASIS. Very little discussion of these sections 
should be required However, some closely related 
topics are presented in the following comments. If 
the film, “Forces,” was not used earlier, the sequence 
showing the nature of the Cavendish experiment is 
relevant here. 


ADDENDA 


General Relativity. Newton's work led to the recog- 
nition of the proportionality of gravitational and in- 
ertial mass. Einstein, in his General Theory of Rela- 
tivity, takes this apparent coincidence and states it 
to be a fundamental and inherent property of matter. 
It is related to the indistinguishability of the effects of 
gravitation and acceleration. Appendix 4 at the end 
of this volume of the Guide is a supplement on Gen- 
eral Relativity. 

* k * 

Tides. Students living in the middle of the continent 
may not be familiar with tides. Although the details 
of tidal motion are complicated by local variations 
in the shore line and ocean floor, the principal motions 
are caused by gravitational attraction of the moon for 
the earth. This phenomenon is illustrated below. 
(Scale enormously exaggerated.) 


water pulled away 
from earth 


A moon 


B 
earth pulled from 
water 


Now that students know that the force between the 
moon and earth results in an acceleration, they may 
be able to better understand the tides. Essentially, the 
moon and earth freely fall (accelerate) toward one 
another. The force per unit mass is the parameter 
which establishes the acceleration of a particle. Since 
the gravitational force field of the moon varies as the 
inverse square of the distance from the moon's center, 
the acceleration toward the moon of a particle at 4 
tends to be greater than that of a particle at B, which 
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in turn tends to be greater than that of a particle at C. 
If the earth were rigid, no tidal motion could result, 
The external force differences would be compensated 
by internal forces, When water is the substance at 4 
or at C, since it is free to flow, changes in level will 
occur. Thus the moon’s attraction produces two 
bulges in the ocean on opposite sides of the earth. 
Since the earth rotates once in 24 hours, there are two 
high tides per day at any ocean location, although 
they may not be of exactly equal height. While the 
influence of the sun must also be considered in cal- 
culating the exact size of the tides, its effect is con- 
siderably smaller than that of the moon. 

The force exerted by the sun upon a unit mass any- 
where on the earth is about 100 times greater than the 
corresponding force exerted by the moon. Neverthe- 
less, the tidal effect of the moon is about twice that 
of the sun, This is because the difference between the 
force of the moon on a unit mass on the earth’s 
surface at A and on another at D, is more than twice 
as great as the difference in the sun’s force at these 
points (this is because the fractional change in the 
inverse square of the distance from the moon to these 
points is almost 400 times greater than in the frac- 
tional change in the inverse square of the distance 
from the sun to these points. 

The highest tides occur about twice a month ap- 
proximately with the new moon and full moon, when 
the sun, earth, and moon are all in positions along the 
same line. Tides may vary considerably in magnitude 
from place to place along a coast because of details of 
the local topography. The largest tides are most fre- 
quently seen in partially enclosed bays. In the Bay of 
Fundy, for instance, the difference between high and 
low tide is over 50 feet. 

Fluctuations in Gravitational Force. To first ap- 
proximation, the acceleration of gravity is constant 
over the surface of the earth. To second approxima- 
tion, it varies from point to point on the surface be- 
cause of variations in height of the terrain and the fact 
that the earth is not exactly spherical. To third ap- 
proximation, the acceleration of gravity varies with 
the distribution of masses in the earth’s crust at the 
particular location. This fact is of great importance 
to geologists, since hidden features of the earth’s 
crust may be detected by accurate measurement of 
local variations in g. If g is measured above a large 
cavern which may be filled with oil, it will have a 
smaller value than if measured over a region of solid 
rock, and a still smaller value than if measured over a 
large deposit of lead or gold. The value of g also de- 
pends on the rotation of the earth, as discussed in 
Problem 23. 

* k # 

Composition of the Earth. Cavendish’s experiment 
enabled him to find the mean density of the earth, and 
determined that this was about 54 times that of water. 
Since the surface rocks have a density of only 2 to 3 


times that of water, the interior of the earth must 
obviously be made of a material of higher density than 
the surface crust. The molten basalt, or lava, which 
underlies much of the earth’s crust is itself far too 
light to account for the measured density of the 
earth. A good deal of the earth’s mass apparently re- 
sides in a relatively small heavy “core” at the center 
of the earth, of density about ten times that of water. 
This core is presumably composed of metals like iron 
and nickel rather than rocks. The core, as determined 
by seismic measurement, is essentially spherical in 
shape and about 2000 miles in radius. The core itself 
is apparently not uniform in density but shows a 
distinct rise in density, increasing as the center of the 
earth is approached, starting at about 1000 miles 
from the center. At the center of the earth the density 
is about 16 times that of water. 


* OK 


UNANSWERED QUESTIONS. Students should not feel 
that gravitation is a completely settled issue. There 
are a number of unresolved basic questions about 
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gravity, even years after Einstein’s theory of general 
relativity: 

(1) Why does the gravitational field follow an in- 
verse square law? 

(2) What is the speed of propagation of the gravi- 
tational field? 

(3) Does gravity theory hold for very large and 
very small distances? 

(4) Does the law of gravitation hold everywhere in 
the universe? 

(5) Is the gravitational “constant,” G, really con- 
stant, or does it change slowly with time over billions 
of years? 

(6) Is the gravitational force between two bodies 
independent of the distribution of matter in the rest 
of the universe? 

We have no answers to these “simple” questions, or 
for many others of great fundamental interest. If 
gravity is a field of investigation which is currently 
somewhat static, it is not through exhaustion of prob- 
lems, but of physicists. It is extremely difficult to 
conceive and execute experiments to test details of 
gravity theory on a terrestrial scale, and neither tech- 
nology nor the economy is yet ready to support an 
intergalactic astrophysical year! 


chapter 21 Universa! Gravitation and the Solar System 


FOR HOME, DESK, AND LAB 
ANSWERS TO PROBLEMS 


The following table classifies problems according 
to their estimated level of difficulty and the sections to 


6.* 
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8.* 
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10.* 


which they relate. Those which are especially suited to bol #. 
CLASS 
SECTION STARRED EASY MEDIUM HARD AORN 
1-4 2 4 1#, 3#, 5# 1#, 3#, 5# 
; 6, 8, 9, 10 7 11, 12 11512 
7 13 
8 14, 15 17, 18# 16#, 194 20 16#, 19#, 20 
General 214, 24 ee 214, 224, 23 
SHORT ANSWERS 17. 2.46 X 10° newtons. 
18. 2.8 X 1077 newton. 
See discussion on page 21-9. 19. 5.55 X 1074 kg. 
(a) 1.05; (b) About 6. 20. (a) pT? = 3x/G, a constant. 
(a) About one revolution in 4 weeks (27.3 days). (b) 1.41 X 101! kg-sec?/m’. 
(b) Earth would appear fixed from the moon. 21. Tangential velocity sufficient to result in a stable 
(c) About one revolution in 4 weeks (29.5 days). orbit. 

Sun appears to rotate a little slower than the 22. (a) Same. 

fixed stars. (b) Negligibly different from present moon- 
Yes. earth path around sun. 

(a) Once a month (29.5 days). 23. (a) 3.4 newtons less. 
(b) 8 X 101° m. (b) One revolution in 1.4 hours. 
(c) Moon’s path always concave toward sun. (c) 17 times greater. 

See sketches on page 21-13. 24. (a) T = 1.01 X 107 sec or 120 days. 
ATEA (b) v = 7.5 X 1075 m/sec or 0.075 mm/sec. 
(a) 2.2 X 1015 m?/sec. 25, (a) M = 4n?r3/GT?. 

(b) 2.1 X 101! m?/sec. (b) a = 4r°r/T?. 

(a) When it is closest to the sun. (c) F = ma = 4n?mr/T?. 
(b) When it is farthest from the sun. (d) 400r°r/T?. 

3.35 X 10'8 m?/sec?. 26. See discussion on page 21-19. 
(8°)1/? = 23 times longer. 27. (a) 3 X 104 kg. 


class discussion are indicated. Problems which are 
particularly recommended are marked with the sym- 


See discussion on page 21-14. 

5.3 X 10!? m. 

3.6 X 10° times greater. 

(a) Ke = 9.9 X 101? m?/sec?. 

(b) m/m, = 3.0 X 107°. 

At a height equal to (v2 — 1) = 0.41 times 
the earth’s radius. 

(a) 3.6 X 10’ m, or about 22,000 miles. 

(b) 0.22 m/sec? 

(c) 0.23 m/sec?. 


(b) About 101?. 


COMMENTS AND SOLUTIONS 


PROBLEM 1 


Three fireflies X, Y, and Z are on a moving bicycle 
at night. X is at the very center of one of the axles, 
which turns with the wheel. Y is on the rim of the 
wheel. Z is on the frame of the bike outside the 
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circumference of the rim. Draw sketches and use a 
few words to describe the motions 

(a) of X and Y as viewed by Z. 

(b) of Y and Z as viewed by X. 

(c) of X and Z as viewed by Y. 

(d) of all three as seen by an observer standing 
near the bicycle. 


This moderately difficult problem is best used for 
class discussion. It can be used to illustrate different 
reference frames — an example of the problems in- 
volved in relating heliocentric and geocentric descrip- 
tions of the universe. 

The basic difficulty encountered in this problem 
may be illustrated by an example. Suppose we ask 
“What is the motion of a man sitting on a bench as 
viewed by a man looking out the window of a moving 
car?” Two answers could be given. A perfectly sensi- 
ble answer is that the man is not moving at all. Even 
though the car moves, we can see from the car that 
the man on the bench is sitting still, hence is “‘at rest.” 
A second answer is that in a reference system fixed 
relative to the car, the man on the bench is moving 
backward at the speed of the car. Certainly the first 
answer is the more natural in terms of our experience. 
The motion of the car does not “fool” us. We intui- 
tively choose to describe the position of the man rela- 
tive to the ground. However, the second answer is 
completely satisfactory if our reference system is 
fixed to the car. 

The lesson is simple: to describe motion of an 
object, we pick a reference system and describe the 

motion relative to the reference system. In the above 
example there are /wo possible choices (1) a system at 
rest on the ground and (2) a system at rest relative to 
the car. In giving our answer we must state clearly 
which reference system we choose. 

The man in the car can tell us what motion the 
bench sitter has relative to either system. For that 
matter, so could the man on the bench! 

In this problem we are given four reference systems. 
We can most easily think of them in terms of the 
origin and orientation of their coordinate axes. If we 
assume that Z, X, and the circle described by Y are 
all in the same plane, two coordinates are enough. 


(a) From Z’s position on the frame of the bicycle, 
outside the wheel, X does not move, but spins 
at a fixed position in space. Y describes a 
circle around X, but since Z is in the plane of 
the circle, it will appear to Z that Y is in simple 
harmonic motion. 

(b) From X’s point of view, spinning with the 
axle, it appears that Y, on the wheel rim, is at 
rest. Z on the frame is at a fixed distance from 
X. Hence, as X rotates with the axle, Z seems 
to revolve around X in the opposite sense. 

(c) From Y’s point of view on the rim, X will 
appear to be at rest, but Z moves in a circle 
centered at X. 


at in 


(d) For an observer standing near the bicycle, Z, 


on the bicycle frame, moves with uniform 
speed in a straight horizontal line. X, on the 
axle, also moves with uniform speed in a 
straight horizontal line, but is spinning. Y, 
on the wheel rim, moves in a cycloid. As the 
wheel rolls, Y’s horizontal velocity is zero at 
the instant Y’s part of the wheel is in contact 
with the ground. Thus we get the figure at 
right. 

The simplest way of describing the motion 
of Y is to say that Y moves in a circle relative 
to the axes which are fixed to the bicycle frame 
[part (a)], and that these axes move hori- 
zontally at a constant speed without turning 
relative to the ground. 


ee 
direction of motion 
of ground relative 
to bicycle 


circle centered 


S aie 


circle centered 


PROBLEM 2* (See Short Answers.) 


PROBLEM 3 


The fixed stars go around in about one day as seen 
by an observer on the earth. About how long do 
the following revolutions appear to take? 

(a) The sphere of the fixed stars as seen by some- 
one on the moon. (From the earth, we always see 
the same side of the moon.) 

(b) The earth about the moon as seen from the 
moon. 

(c) The sun as seen from the moon. Does the sun 
appear to rotate as if it were one of the fixed stars? 
Does it appear to rotate faster or slower? Remember 
that the earth and moon go around the sun once in 
every year. 


This question can be answered at several different 
levels. At this stage a brief qualitative answer should 
be expected. 


Answer I (brief) 


(a) We know that, because the earth rotates on its 
axis, the stars appear to go around the earth 
once a day, But what about the stars as seen 
from the moon? Does the moon rotaté on its 
axis once a day as does the earth? 

The key is in properly interpreting the fact 
that, from the earth, we always see the same 
“face” of the moon. As the moon travels 
through an angle @ in its revolution around the 
earth, the moon must also rotate on its axis 
through the same angle in order to keep the 
same “face” toward the earth. Hence the 
period of the moon’s rotation on its axis is the 
same as the period of the moon’s revolution 
around the earth. In earlier science work some 
students may have learned this period as 28 
days (more accurately, 27.3 days). 


(b) Since the moon keeps the same “face” toward 
the earth, an observer on the moon would 
always see the earth in the same position in 
the sky. Fom the moon, the earth would not 
appear to be revolving around the moon. 


(c) Since from part (a) we found that the moon 
rotates on its axis about once in four weeks, 
this is the approximate time required for the 
sun to move from one “high noon” position 


-— curve just reaches the vertical 


X 


at the instant when the horizontal 
velocity is zero. 


to the next as seen from a particular point on 
the moon. If the moon were only rotating on 
its own axis, and not moving around the sun, 
then for a moon man the sun would appear to 
move with the fixed stars. However, because 
the moon is going around the sun as well as 
rotating on its own axis, the moon must make 
a little more than one revolution on its axis in 
order for the sun to reappear at a “high noon” 
position. Hence, the sun will appear to rotate 
around the moon a little more slowly than the 
fixed stars. (The actual rate at which the sun 
will appear to rotate around the moon is once 
in 29.5 days — see Answer 2 below.) 

The answer given above carries this problem 
about as far as is probably worthwhile for your 
class at this point. If you are pressed for addi- 
tional details, the approach given below may 
be helpful in discussions outside of class. 

< * kt 


Answer 2 

The rotations of the earth on its axis, the earth in 
its orbit, the moon in its orbit about the earth, and the 
moon on its own axis are all in the same direction. 
Furthermore, the rate of revolution of the moon in 
its orbit and its rate of rotation on its own axis are 
identical. The period of these two motions is 27.3 days. 


(a) Imagine an arrow, planted extending through 
the moon, with its head pointing toward the 
earth. The head will always remain pointing | 
toward the earth. As the moon turns on its 
axis, the angle between this arrow and an 
imaginary diameter of the fixed star sphere 
will change. The arrow rotates 360° relative 
to such a line in 27.3 days. Therefore, for an 
observer on the moon (to whom the arrow 
appears fixed) the diameter of the fixed star 
sphere (and thus the sphere itself) appears to 
rotate with a 27.3-day period. 

(b) The earth, however, remains fixed in the direc- 
tion that the arrow points. Thus it neither 
rises nor sets for an observer on the moon. 
From the moon, the earth’s apparent rate of 
revolution around the moon is zero. 
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(c) The apparent rate of revolution of the sun is 
a more difficult problem. The figure shows 
various configurations of the earth-moon 
system. All motions are counterclockwise. 
In the diagram below, Position 1 is a new 
moon position for an earth observer. In Posi- 
tions 1 and 3 the moon arrows are parallel. 
In moving from 1 to 3, the moon has rotated 
on its axis 360° relative to the fixed star sphere. 
(Position 2 is an intermediate position after 
180° of rotation.) Note that at Position 1, the 
sun is at its zenith for an observer on the moon 
who is located at the tail of the moon arrow. 
However, at Position 3, it is not yet again high 
noon for this observer. Noon does not come 
until Position 4 is reached. 

The angle along the earth’s orbit, between 
Positions | and 4, is 0. It can be seen from the 
diagram that 6 is also the angle through which 
the moon moves around the earth in going 
from Position 3 to Position 4. Thus one full 
apparent revolution of the sun around the 
moon requires a time 


Te ua, Ta + tnd, (1) 


where Tm is the time required for the moon 
to make one revolution around the earth, and 
fme is the time required for the moon to move 
through the angle 6. The moon goes through 
an angle of 360° in the time Tm. Hence, the 
time required for the moon to move through 
an angle of 6 degrees is 


G 
Imo = 360 Tm: (2) 


Similarly, the time required for the earth to 
move through the angle @ is 


0 
ta = 365 Te- 8) 
The diagram shows that the time required for 
the earth to move from Position 1 to Position 
4 is the same as the time required for one 
apparent revolution of the sun around the 
moon. Hence, 


Tsm = tep- (4) 


Equations 2 and 3 can be combined, and (from 
equation 4) Tsm can be substituted for fe: 
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The expression for fme in equation 5 can be 
substituted in equation 1: 


TamTm 
Ts 
RMee 213X365 

Te — Ta 365 — 21.3 


Tem = Tm + mo = Tm + 


= 29.5 days. 


It is interesting to note that Positions 1 and 4 
are both new moon phases for an earth ob- 
server. Hence 29.5 days is the period of our 
lunar month. 


PROBLEM 4 


Does Tycho Brahe’s geometric system account for 
the fact that there is a maximum angle between 
Venus and the sun as seen from the earth? 


Yes; from the diagram in Figure 21-7(a) one can 
see that the maximum angle between the direction 
from the earth to the sun and the direction from the 
earth to Venus is about 38°. 

In Tycho’s system, the sun, together with all the 
planets, revolves around the earth once in 24 hours. 
Hence there is a time interval of 38°/360° (24 hr) = 
2.5 hr between the time we see the sun and the time 
we see Venus at the same position in our sky, when 
they are at this maximum angular separation. Since 
we cannot see any of the stars or planets during the 
daytime, this means that the latest we can see Venus 
is 2.5 hr after sunset, and the earliest is 2.5 hr before 
sunrise. It would never be visible more than 38° above 
the horizon, 


The Copernican system makes essentially the same 
predictions about Venus (and Mercury) as does 
Tycho’s system (see Figure 21-6). 
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PROBLEM 5 


The earth’s orbit around the sun is nearly circular, 
and the moon moves in a nearly circular orbit 
around the earth. The radius of the earth’s orbit 
is 1.5 X 101! meters, and that of the moon’s orbit 
is 4 X 108 meters. 

(a) How often is the moon between the earth and 
the sun? 

(b) How far has the moon moved around the sun 
in the interval between two successive times when 
the moon is between the earth and the sun? 

(c) Sketch the orbit of the earth going around the 
sun and on the same figure sketch the orbit of the 
moon going around the sun. 

(d) Does the moon show retrograde motion as 
seen by an observer at the sun? (Retrograde motion 
is motion like that shown in Fig. 21-2.) 


(a) Since the moon takes about four weeks to go 
around the earth, and the earth takes 52 weeks 
to go around the sun, the moon revolves 
around the earth about 13 times in one year. 
(This can also be found from the periods for 
the earth and moon given in the solar system 
table on page 365, in the text: 


EEE EEN 
T. = 236 x 108 ~ 134) 

In these annual motions of the earth and moon, 
the moon will be between the earth and sun 12 
times. This can be seen from the diagram 
which shows the positions of earth, sun, and 
moon at one-month intervals for 3 months or 
4 of a year. It can be seen that during the time 
the earth has moved from 0 to 1, the moon 
must make a little more than one revolution of 
the earth to be between earth and sun. During 
the 4 year required for the earth to move 
from 0 to 3, the moon must make an extra 
quarter of a revolution around the earth in 


(b) 
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order again to be between the earth and sun. 
Therefore, a total of 3.25 revolutions per 
quarter year are required for the moon to 
appear between the earth and the sun 3 times. 
Hence in one year (13 revolutions of the moon 
around the earth) the moon will be between 
the earth and sun 12 times or once a month. 
(As seen in Answer 2 for Problem 3, a more 
precise answer is once every 29.5 days.) A 
similar argument shows that the earth turns 
on its axis 367 times during leap year and 366 
times during other years. 

During one month, the moon (and earth) have 
moved ;/; X circumference of the earth’s 
orbit, or ps X 2r X 1.5 X 10''m ~ 8 X 
1010m. (More precisely, 29.5/365 X 2r X 
1.5 X 10!1m = 7.6 X 10'°m.) 

In the sketch below, the earth’s orbit around 
the sun has a radius of 2 inches. The ratio of 
the radius of the moon’s orbit around the 
earth to that of the earth around the sun is 
3.8 X 108/1.5 X 101! = 1/400; therefore 
the moon’s orbit around the earth, on the 
same sketch, would have a radius of 2/400 
inches. This would be less than the width of 
the line used to indicate the earth’s orbit. 


earth’s orbit 


moon’s orbit 
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Frequently diagrams are drawn showing the moon 
weaving back and forth across the earth’s orbit. 
These are seldom correct, since the moon’s orbit 
around the sun is always concave toward the sun. 
This can be seen from the fact that the gravitational 
force between the sun and moon is about twice as 
great as the force between the earth and the moon. 
Hence the moon is always accelerated toward the sun. 
The moon’s acceleration toward the earth is 2.7 X 
107? m/sec?; its acceleration toward the sun is 5.9 X 
107° m/sec?. Thus even when the moon is between 
the earth and sun, as shown in the diagram, the net 
acceleration of the moon is toward the sun. 


(d) To an observer on the sun, the moon would 
not show retrograde (reverse) motion. Zf the 
moon were to show retrograde motion, its 
speed “backward” at a point such as shown in 
the diagram would have to be greater than the 
“forward” speed of the earth-moon system. 


earth 
sun ` 


E moon T4 } 
~~" 


The speed of the earth-moon system in its orbit 
around the sun is: 


2r X 1.5 X 10m 


365 X 8.6 X 10sec ~ 30 km/sec. 


The speed of the moon relative to the earth is: 


2r X 3.8 X 10°m 
EENE A 
Since the moon and earth travel around the 
sun at 30 km/sec, the moon’s speed of 1 km/ 
sec around the earth is too small to cause 
retrograde motion. 


PROBLEM 6* 
PROBLEM 7 
How fast, in m?/sec, is area swept out by 
(a) the radius from sun to earth? 
(b) the radius from earth to moon? 


(See Short Answers.) 
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This is a straightforward problem related to Kep- 
ler’s second law. Using the data given in Problem 5: 


(a) Area swept out by radius from earth to sun 
per second = ~R?/T, where T is the time in 
seconds for one complete revolution. Since the 
earth revolves once in 365 days (3.2 X 107 
sec), the area swept out by earth-to-sun radius 
per second = 


r X (1.5 X_10'! m)? 
3.2 X 107 sec 


= 2.2 X 1015 m?/sec. 


(b) For the radius from the earth to the moon, 
the period is 27.3 days (2.4 X 10° sec). Thus, 
area swept out by earth-to-moon radius per 
second = 


(4 X 10° m)? ia 

24 X 10° sec ZUE 10: m*/sec, 

PROBLEM 8* (See Short Answers.) 

PROBLEM 9* (See Short Answers.) 

PROBLEM 10* (See Short Answers.) 

PROBLEM 11 
Between September 21 and March 21 there are three 
days fewer than between March 21 and September 21. 
These are the dates when day and night are of equal 
length, and between them the earth moves 180° 
around its orbit with respect to the sun. From this 
and Kepler’s law of equal areas, explain how you 
can determine the part of the year during which the 
earth is closest to the sun. 


Kepler’s law states that the line from the sun to the 
earth sweeps out equal areas in equal times. When the 
earth is moving more rapidly along its orbit, this line 
must be shorter. Since the period from September 21 
to March 21 is the shorter, this is the time of the more 
rapid motion, and so the earth passes closest to the 
sun during the winter of the Northern Hemisphere. 

Because of the inclination of the earth’s axis, the 
sun’s radiation falls more slantingly on that hemi- 
sphere and for a smaller number of hours each day. 
These effects are far stronger than the relatively slight 
decrease in the distance from the sun, about 3 percent. 
Therefore, the Northern Hemisphere receives less heat 
in December than in June. 


PROBLEM 12 
Astronomers have observed that Halley’s comet has 


a period of 75 years and that its smallest distance from 
the sun is 8.9 X 101° meters, but its greatest distance 
from the sun cannot be measured because it cannot 
be seen. Use this information together with the 
second footnote in Section 21-5 to compute its 
greatest distance from the sun. (It was Newton who 
told Halley how to compute the orbit of a comet. 
Halley found and calculated the orbit and period of 
the comet that bears his name in the course of a 
general analysis he made of comets’ orbits.) 


This problem involves the orbit of a comet, and 
Kepler’s third law. Since we know R3/T? is constant, 
and we know 7, we can compute R, which is defined 
as the average of the shortest and longest radii. Then, 
knowing the shortest radius, we can compute the 
longest. 

From the table for Kepler’s third law (page 365), 
we take R°/T” = 3.4 X 10'8 m3/sec”. Since the 
period, T, of Halley's comet is 75 years = 2.4 X 
10° sec, T? = 5.8 X 107° sec”, and 


18 m? Tsaa He 
R = (3.4 X 10 —— X 5.8 K 10 sec 
sec? 
=27 xX 10'? m. 


Since R is defined as 4 the sum of the shortest and 
longest radii, 


Rmax ae Rmin, 
2 


and 

Rmax = 2R — Rmin = 2X 2.7 X 10% m 
— 8.9 X 10°°m 
5.3 X 1012 m. 


(The distance of closest approach, 8.9 X 101° m is 
negligible compared to the long radius.) If this orbit 
is drawn to scale together with that of the earth, it is 
evidently highly elongated, as shown below. 


PROBLEM 13* (See Short Answers.) 
PROBLEM 14* (See Short Answers.) 
proBLEM 15* (See Short Answers.) 


Halley’ s comet 


PROBLEM 16 

(a) At what height will a satellite moving in the 

plane of the equator stay over one place on the 

equator of the earth? One way to get the answer 

is to compare this satellite with the moon, which 

is at 59.5 earth radii from the center of the earth 

and takes 27 days to go around the earth, 

(b) How fast is the satellite accelerating toward 
the earth? 

(c) Using the inverse-square law and g at the 
surface of the earth, find the gravitational field 
strength at the height of the satellite, Compare 
with your answer to (b). 

(a) The satellite will be stationary relative to a 
point on the earth if its period, T, is the same 
as that of the earth, very nearly one day 
(actually 365/366 days). 

The radius of the satellite’s orbit can be 
found from Kepler's third law and the knowl- 
edge that the moon is 59.5 earth radii from the 
center of the earth and revolves once every 
27 (27.3) days. Let Rs and Rm be the radii of 
the satellite and moon orbits, and T, and Tin 
be their periods: 


Ga Rn3T,? es 
mC) 


E [es earth radii)? X aan ha 
(27 days)? 
= 6.6 earth radii. 
Since the radius of the earth is 6.4 X 10° m, 
R, = 6.6 X 6.4 X 10°m = 4.2 X 107m. 


The height of the satellite above the earth’s 
surface will be 4.2 X 10’m— 6.4 xX 
106m = 3.6 X 107 m, or about 22,000 miles. 

(b) The satellite is accelerating toward the earth 
with an acceleration: 


2 
a= (2) R= 


4x X42 X 10'm 
(1 X 24 X 60 X 60)? sec? 


0.22 m/sec”. 
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(c) The force due to gravity, and thus the accelera- 
tion due to gravity, is proportional to 1/R?. 
Thus the acceleration, g, at the height of the 
satellite and g at the earth’s surface are related 
as follows: 


k k nee 
& = R2’ 8 = Ra’ Where k is a propor- 
tionality constant, 


gR? 


2 
= Re = 9.8 m/sec 


6 2 
x Cae) ina 23) ties? 


4.2 X 107m 


Thus, we see in part (b) that the acceleration 
can be found from R and T without using an 
inverse square law of force, and in part (c) that 
it can be found from g at the earth’s surface 
using the inverse square law. These are the 
two methods Newton used in calculating the 
acceleration of the moon (see text pages 
369-370). 


PROBLEM 17 
Find the weight of a 100-kg man on Jupiter. 


Since the weight is simply the force of gravity on 
the man, it equals 


F= G massjup MASSman 
(radjyp)? 
— (0.667 X 107*°)(1.90 x 10?7)(100) 
(7.18 X 107)2 
= 2.46 X 10° newtons. 


PROBLEM 18 


A 70-kg boy stands 1 meter away from a 60-kg 
girl. Calculate the force of attraction (gravitational) 
between them. 


Gmm 
F = Stum 
2 
0.667 X 10-19 MET X 60kg X 70kg 
pi 1 m? 


= 2.8 X 1077 newton. 


This force of attraction is only a small fraction of 
the girl’s weight (F/W = 4.8 X 10-1). Obviously, 
it must be something other than gravity which attracts 
boys and girls! 


PROBLEM 19 


A satellite circles the earth once every 98 minutes 
at a mean altitude of 500 km. Calculate the mass of 
the earth. The masses of planets are actually cal- 
culated from satellite motions, and one reason for 
establishing artificial earth satellites is to get a better 
value for the mass of the earth. 
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Using the law of universal gravitation, we may 
equate the centripetal force with the gravitational 
force on the satellite (if the orbit is stable). Thus, if 
we designate the mass of the satellite by m,, and that 
of the earth by me, 


m4r” R, G MM, 
Trot R,? 
4) 4x? R? 


Substituting, R = 6.36 X 10°m + 5.00 
X 10m = 6.87 X 10°m, and 


T = 98 X 60sec 
= 5.88 X 10° sec, 
es 4r? X (6.87 X 10°m)> _ 
* 0,667 x 10-20 (5.88 x 10° sec)? 
; kg-sec? 4 
= 5.55 X 10?“ kg. 
PROBLEM 20 


(a) If T is the period of a satellite circling around 

just above the surface of a planet whose average 

density is p, show that pT? is a universal constant. 
(b) What is the value of the constant? 


(a) Asin Problem 19, we may write: 


m4r’ R = g mms 
T2 R?’ 
and 
4r? R? 
m = -G 


If R ~ Rp the radius of the planet, we may 
write: 
ONE dr’ Py? 
2 SGT 


But m, = $rR,°p, where p = the density. 
Thus, 
4rR,'p 4 R,? 
ii, Oi 


Solving for pT?, we get: 


peer 
piers 


which is a universal constant since G is a 
constant. 


(b) Evaluating, 


s 3r 
0.667 X 10-10 m3/kg-sec? 


= 1.41 X 10'! kg-sec?/m?. 


pT? 


PROBLEM 21 


The earth is acted upon by the gravitational attrac- 
tion of the sun. Why doesn’t the earth fall into the 
sun? Be prepared to discuss your answer. 


This problem is intended primarily for class discus- 
sion to help clarify students’ thoughts about planetary 
motion. 

The class should understand that the earth is falling 
freely toward the sun. If it started from rest, it would 
fall on a straight line into the sun. The actual situation 
may be appreciated by thinking of the problem of 
bombing a target from a plane. The bomb is not 
released directly over the target. If it were, it would 
overshoot the mark. The faster the plane, the greater 
the overshot. An orbit results when the speed is 
within a range such that: 


(1) The speed is great enough that the overshot 
causes the bomb to miss the earth; 


(2) The speed is not great enough for the bomb to 
escape completely from the earth’s gravitational 
field. 


In the same manner, the earth does not fall into 
the sun simply because it is in a stable orbit; it has a 
tangential velocity such that it “misses” the sun as it 
falls toward the sun. 


PROBLEM 22 


(a) What is the speed of the moon around the sun 
compared to that of the earth around the sun? 

(b) If the earth could be removed suddenly without 
disturbing the motion of the moon, what would be 
the subsequent path of the moon? 

(c) Calculate the ratio of the force of attraction 
exerted by the sun on the moon to the force exerted 
by the earth on the moon. 

(d) Why does the sun not capture the moon, taking 
it away from the earth? 


This is a difficult problem for students to work 
through with any degree of rigor. The major point 
to bring out is that both earth and moon are attracted 
to the sun. (The earth and moon revolve about their 
common mass center which in turn goes about the sun. 
The center of mass of the earth-moon system is about 
of the radius of the earth from the center of the 
earth.) 


(a) Ina year, both the earth and the moon com- 
plete one trip around the sun. Their speeds 
around the sun are the same. 

(b) From Kepler's third law we know that, for all 
objects moving in a stable orbit around the 
sun, the value of R/T? will be a constant, 
independent of the objects’ masses. Thus, since 
Rand T are the same for both moon and earth 
(and the system of the two together), the 
present orbit would be an equilibrium orbit for 


(©) 


either moon or earth alone as well as the two 
together. 

Some students may point out that the 
moon’s orbit around the sun would be de- 
pendent upon the exact point in the moon’s 
orbit around the earth at which the earth “dis- 
appeared.” This is because of small variations 
in the speed and direction of the moon’s mo- 
tion around the sun. At some points in the 
moon’s orbit around the earth, the moon is 
moving faster than the earth in the moon- 
earth motion around the sun, at other points 
slower. The curvature of the moon’s path 
around the sun also varies slightly with differ- 
ent positions of the moon relative to the earth 
and sun, However, compared to the moon- 
earth motion around the sun, the moon’s mo- 
tion around the earth is inconsequential. The 
speed of the earth-moon system around the 
sun is 


Oe Muli S CAO mie 4 
Se K arae Ds Ce 


The speed of the moon around the earth is 


2n X 38 X 10°m _ 98 
27 X 8.6 X 104sec 10° m/sec. 


Hence the moon’s speed around the sun is 30 
times greater than its speed around the earth. 
Annihilating the earth would not substantially 
change the length of a year for a moon 
resident! 


There are two alternatives: 


(1) We can write 


2 
Fan on moon — _Msun Rmoon-earth x 


x 
Fearth on moon Mearth Ribon 


Or, (2) we can write the force between the 
moon and sun, Fms, 4S: 


F.. = 4r’ MmRms ; 
ms 7 Tns2 
and 
a 4r” Mm Rme 5 
me = Rae 
Therefore, 


Fig Rua. et 
Fine S Tms? a Rme 
1.5 X 101! m (27.3 days\? _ 2 
3.8 X 108m \ 365 days 


Sd 


Il 
iF 
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(d) The sun exerts forces on both the moon and 


the earth. If we could maintain the sun’s 
attraction for earth and moon, but “turn off” 
the attraction of the earth and moon for each 
other, they would both continue to orbit 
around the sun at the same radius and at the 
same speed. When we add the attraction be- 
tween the earth and the moon, unless they go 
about each other they would fall together. 
Thus we see there is no capture even without 
an attraction between moon and earth. This 
question is sometimes put in a slightly different 
form, “When the moon is toward the sun from 
the earth, why doesn’t the sun steal the moon?” 
A good answer is, “It already has it.” 


acting on the man are F,, the force of gravity 
toward the earth's center, and F,, the force 
exerted by the scale away from the earth’s 
center. But in this case, F, > F.. This is be- 
cause the man, moving in uniform circular 
motion, is accelerating toward the earth’s 
center. The force required to produce this 
acceleration is supplied by the gravitational 
force F,. If this force, Fy, were not opposed 
by the force of the scale, it would result in an 
acceleration of 9.8 m/sec?. But it is opposed 
by the scale, limiting the acceleration to 
4x?R/T*. Thus the force of the scale upward, 
Fs, which is opposed to Fg downward, must be 
such as to result in the net force downward 
being of a magnitude that will result in an 


PROBLEM 23 acceleration of 4r?R/T?. The force that will 
Assume the earth is perfectly round and has a radius produce this acceleration is m4x?R/T?. Hence: 
of 6400 km. 


(a) How much less does a man with a mass of 4n2Rm 
100 kg apparently weigh at the equator than at the F=- fy = 
poles because of the rotation of the earth? 

(b) How fast would the earth have to spin in 
order that he would exert no force on a scale at the 
equator? 

(c) How many times larger is the speed of rotation 


= 47? X (6.4 X 10° m) X 100 kg 
a 242 X 604 sec? 


in (b) than the actual speed? 


This is a moderately hard problem aimed at under- 
standing the consequences of the earth’s spin. We are 
asked about the apparent weight of a man— the 
reading of a scale on which he weighs himself. 


(a) Suppose a man stands on a scale, first at the 
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pole, then at the equator, 

At the pole, the man will turn with the earth, 
once each 24 hours, but the rotation of the 
man does not result in an acceleration toward 
the center of the earth. He is in static equi- 
librium. The force of the scale upward, Fs, 
balances the force of gravity, F,, downward, 
giving F, = F,. The gravitational force, Fy, 
equals mg = 100 kg X 9.8 newtons/kg = 
980 nt. The scale will read 980 newtons. 

Now let us look from the North Pole at the 


(b) 


3.4 newtons. 


The man’s apparent weight at the equator, 
as read by the scale, would be 3.4 newtons less 
than the 980 newtons read at the pole. This 
would be a “loss” of 0.35%. 


If a man were to exert no force on a scale at 
the equator, it would be necessary that 
4n?R/T? = v?/R = g. Then, v? = Rg = 
6.4 X 10°m X 9.8 m/sec’, and v = 7.9 x 
10% m/sec. 

The period, 7’, required for this speed would 
be: 


Tr = 2TR _ 2r X 6.4 X 10°m 
ee a Er m/sec 


5.1 X 10° sec = 1.4 hours. 


l 


man on the scale at the equator. The forces (c) The speed found in part (b) and the actual 
speed will be inversely proportional to the 
respective periods: 
North Pole 
e a2 
Pactual hs 1.4 pai 
PROBLEM 24 


A 10,000-kilogram space ship is drifting on a long 
mission toward the outer edge of the solar system. 
It has put out a small experimental satellite which 
revolves around it at a distance of 120 meters under 
their mutual gravitational attraction. 


(a) 


What is the period of revolution of the sateilite ? 


(b) What is the speed of the satellite? 


The solution of the problem is a straightforward 
application of Kepler’s third law, T? = R?/K, and 
Newton’s law of gravitation, 4r?°K = GM, where M 
is the mass of the space ship: 


(a) 
g = 0661 X D x 10° _ 1.69 X 10-8, 
= 
and 
7 = Au O K O 
so that 


T = 1.01 X 10" sec or 120 days. 


(b) Then the speed of the satellite in its orbit is 


L AE IN VAN IN —5 
v = T01 X 102 7.5 X 10 m/sec 


= 0.075 mm/sec. 


2r X 120 


As this very tiny speed indicates, this is hardly a 
practical problem. To place such a satellite in orbit 
would be an extremely delicate operation. As we have 
set up the solution, we have assumed that the gravita- 
tional force between the space ship and the satellite 
would hold it in a circular orbit. This will happen in 
reality only if the general gravitational field through 
which the space ship moves is so nearly uniform that 
its change across the 240-meter diameter of the satel- 
lite orbit is small compared to the gravitational field 
of the space ship itself. It can be calculated that this 
would be true for the sun’s gravitational field at a 
distance of about ten times the radius of the earth’s 
orbit. 

When you come to the section on kinetic energy, it 
might be rewarding to come back to this probem 
again and calculate the kinetic energy of the satellite 
supposing that it has a mass of 100 kg. This will illus- 
trate again how difficult it would be to put it in the 
orbit specified. 

As the problem shows, gravitational forces become 
important only for bodies of enormous mass. 


PROBLEM 25 

An astronomer observes a planet with a small satellite 
revolving around it in a circular orbit of radius r 
with a period of time T. 

(a) What is the mass of the planet? 

(b) What is the acceleration of the satellite toward 
the planet? 

(c) What is the gravitational force on the satellite? 

(d) The astronomer measures the radius of the 
planet and finds it to be js of the radius of the orbit 
of the satellite. What is the gravitational field 
strength of the planet at its surface? 


(a) Let M = mass of planet. From the defini- 
tion of G, 


GM = 492K, where K = r°/T?. 


Hence, 
pte 
TEGE 


(b) The (centripetal) acceleration of the satellite 
toward the planet is 


(c) We cannot calculate the gravitational force on 
the satellite if we do not know the value of the 
mass of the satellite; if the mass m is known, 
then the force is ma = 4r?mr/T?. 


(d) By the inverse square law, the gravitational 
field strength on the surface of the planet is 
102 times that at the satellite. Since the gravi- 
tational field strength at the satellite equals 
the acceleration of the satellite toward the 
planet, which was found in part (b), the value 
at the planet’s surface is 400x77/ T 


PROBLEM 26 
Two unequal masses mı and m2, which are isolated 
in free space, attract each other with a gravitational 


mım A 
force F = G re 2 What are the accelerations of 


mı and m2? Is your answer in conflict with the 
justified expectation that an observer on mı will see 
that mo is coming toward him with the same ac- 
celeration as that with which an observer on m2 is 
seeing mı coming toward m2? 


You can use this problem to illustrate once more 
that Newton’s law holds only in an inertial frame of 
reference. It is quite likely that some students will 
calculate the accelerations by a4; = F/m, = Gm>/r’, 
dy = F/m = Gm,/r? and wonder why they are dif- 
ferent. The above accelerations are correct for an 
observer in an inertial frame — for example, an 
imaginary observer who is not affected by the two 
masses and is somewhere between them. He will see 
one mass coming toward him with acceleration 41 
and the other from the opposite direction with ac- 
celeration a. Then the relative acceleration for both 
masses is @; + do, and there is no conflict at all. 

If you have discussed fictitious forces in some detail 
in connection with the film “Frames of Reference,” 
you may wish to present the argument in the fol- 
lowing way. 

The total force (real and fictitious) acting on mz in 
the accelerated frame of reference of mı is Fi = 
Gmymo/r? + mod. 

The first term here is the (real) force of interaction. 
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The second is the (fictitious) force which must be 
applied to mə simply to keep it at rest in the acceler- 
ated frame of reference of mı. Therefore, the ac- 
celeration of mo relative to m, is 


F; A Gm, 
mə r2 


+a =a +a. 


Arg = 


This expression is symmetric in a; and az; hence 


lrs = ar. 


PROBLEM 27 


Astronomical observations indicate that the sun is 
describing a circular orbit around the center of our 
galaxy. The radius of the orbit is about 30,000 light- 
years (= 2.7 X 102%m) and the period of one 
complete revolution is about 200 million years. In 
this motion the sun is acted on by the gravitational 
pull of the great quantity of stars lying inside its orbit. 

(a) Calculate the total mass of these stars from 
the data given. 

(b) How many stars of mass equal to the sun 
(2 X 108° kg) does this represent? 


This problem supplies a practical answer to the 
question, “How can we estimate the number of stars 
in our galaxy?” The data on which it is based are 
deduced from observations of the relative motion of 
many stars with respect to the solar system. In spite 
of the simplifying assumptions and crude approxima- 
tions which we make to solve it, we can still get some 
notion of the order of magnitude of this number. 


(a) Let us assume that the galaxy is a spherical 
mass of stars, and that the stars are sym- 
metrically distributed throughout the sphere, 
Then we calculate the gravitational force on 
the sun as though the whole mass of the stars 
lying inside its orbit were concentrated at the 


(b) 


center of the galaxy, as we do when we cal- 
culate the gravitational attraction of the earth 
(Section 21-8). In a spherical mass, the stars 
lying outside the sun’s orbit would exert no net 
gravitational force on it: 


GMm _ m4r°R 


e me 
and 
_ 4r R? 
M SGE 


4r? X (2.7 X 10?%)8 
0.67 X 10-11 X (6 X 1015)2 
= 3 X 104! kg, 


Suppose there are N stars, each of mass 
m (= 2 X 10°°kg); then total mass is M = 
Nm. Itis certainly not true that all the stars in 
the galaxy are the same size as the sun, but the 
sun is a typical star and its mass will approxi- 
mate the average mass. Then 


= 10'! = 100 billion. 


What we have how is only the number of 
stars lying within 30,000 light-years of the 
center of the galaxy. There is reason to believe 
that this is about half the distance to the edge. 
For a spherical galaxy, the whole number of 
stars would then be 2° times the number we 
have just computed, or about one order of 
magnitude larger. Since our other approxima- 
tions are certainly no better than this, we can 
be content with 10!! as giving the number of 
stars in our galaxy within perhaps a factor 
of 10? or 103, 


7 
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Momentum and the Conservation 


CHAPTER SUMMARY 


Chapter 22 introduces the concept of momentum 
and shows that the total momentum of an isolated 
system remains constant. Aside from the practical 
utility of momentum conservation as a tool in solving 
specific problems of mechanics, this idea takes its 
place among the conservation laws as one more entity 
that remains constant despite the whirling and danc- 
ing of submicroscopic particles and the often com- 
plicated motions and interactions of bulk matter — 
one of the fixed intellectual vantage points from which 
man organizes his attack on the problems of extending 
his control of the physical world. 

SECTIONS 1 AND 2 introduce the idea of momentum 
through analyzing Newton’s law in the form of 
F At = mAy. In this form, Newton’s law indicates 
that the quantity of motion is measured either by 
impulse, F Ar, or momentum, m Ay. By itself, the 
concept of impulse is not particularly important except 
as it leads to the definition of momentum. 

SECTIONS 3 AND 4. Section 3 discusses in detail the 
momenta of two interacting bodies. This discussion 
leads to the Jaw of momentum conservation in Sec- 
tion 4; for an isolated two-body system, the total 
momentum never changes, i.e., momentum is con- 
served. These two sections present the central ideas 
of the chapter. 


of Momentum 


SECTION 5, by considering the location and behavior 
of the center of mass, clarifies the application of 
Newton’s law to extended rather than point objects. 
However, in the logic of this course, the idea of 
center of mass may be lightly treated with no great 
loss in understanding the topics that follow. 

SECTION 6 extends the conservation of momentum 
from two bodies to any number of interacting bodies. 
It is important that students know that momentum 
conservation applies to systems of more than two 
objects. However, little further argument is required 
if they have really understood Section 4. 

SECTION 7 discusses Newton’s third law: If B exerts 
a force F on A, then A must exert a force —F on B. 
In the development of this course, this law follows 
easily from momentum conseryation. 


SCHEDULING CHAPTER 22 


The following table suggests possible schedules for 
this chapter, consistent with the schedules outlined in 
the summary section for Part III. Sections which are 
enclosed with brackets [ ] can be deemphasized or 
skipped in class discussion without loss in continuity. 
Even though these sections may be deemphasized in 
class, they should be assigned for home reading. 


Chapter 22 9-week schedule for Part II . 15-week schedule for Part III 
CLASS LAB CLASS LAB 
SECTIONS rye periop EXPERIMENTS EGN pile a EXPERIMENTS 
12 2 1 IiI-7 2 1 HI-7 
3,4 2 1* III-8 3 2 IL-8 
I-9 
5 2 0 2 0 — 
6 1 0 1 0 — 
7 1 0 1 0 — 


* This laboratory work can be scheduled at this point or later in the chapter. 
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RELATED MATERIALS FOR CHAPTER 22 


LABORATORY. Experiment III-7, Momentum 
Changes in an Explosion, can be used, prior to class 
discussion, as an introduction to the concept of mo- 
mentum changes in two-body systems, or can be done 
right after the first class work on Section 3. 

Experiment III-8, The Cart and the Brick, shows 
that momentum is conserved in a two-body collision 
even when the initial momentum is not zero. The 
experiment can be done during or after Section 4. 

Experiment Il-9, A Collision in Two Dimensions, 
emphasizes the vector nature of momentum conserva- 
tion and that it is the vector sum of the individual 
momenta that is conserved. This experiment can be 
done during or after Section 4, or can be saved to 
serve as a base for summarizing your work on momen- 
tum and as a lead toward the conservation of energy. 

WORKSHEETS. The reproductions of several strobo- 
scopic photographs of elastic collisions of magnetic 
Dry Ice pucks are quite useful for student analysis 
associated with Sections 22-3, 22-4, and 22-5 on 
momentum and center of mass. These reproductions 
pertain to films related to Chapters 23 and 24, so you 
may wish to save some of these until later; if used here, 
they can be reanalyzed later for kinetic energy (23-4, 
23-5, and 23-7), partition of energy (23-6), and po- 
tential energy (24-2). 

HOME, DESK, AND LAB. Even if you do not empha- 
size the content of Sections 5 through 7 in your class- 
work, the problems for these sections may be assigned. 
The techniques developed in Sections 1 through 4 plus 
the vocabulary of later sections are sufficient. 

Problem 15 illustrates that, in some cases, either 
conservation of momentum or F = ma may be equally 
well applied. 

See the HDL Notes for answers, solutions, and a 
table which classifies problems according to their 
estimated level of difficulty. 


22-1 Impulse 
22-2 Momentum 


PURPOSE. To introduce the idea of impulse and use 
it to define momentum; to show that momentum is a 
dynamical, as distinguished from a kinematical, 
quantity. 
CONTENT. (a) The product F Ar is defined as the 
impulse. 
(b) Impulse is a vector. 
(c) It is often possible to measure the product 
F Ar even though we know neither F nor At separately. 
(d) Since the impulse, F Ar, is measured by a 
change in the quantity my, it is convenient to treat 
my as a specific concept, p, the momentum. 
(e) Momentum is a vector. 
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(f) Force is equal to the rate of change of the 
momentum F = Ap/At. 

EMPHASIS. Momentum is an extremely important 
physical tool. It will not be wise, however, to dwell 
too long on these sections before covering Section 3. 
The usefulness of the idea of momentum begins to 
become apparent in Section 3, so it is best to go ahead 
through that material and then return to these sections 
if necessary. 

LABORATORY. Experiment III-7, Momentum Changes 
in an Explosion, should be performed as soon as stu- 
dents have been exposed to the concepts of momentum 
and impulse. 

DEVELOPMENT. (1) In introducing the concept of 
impulse and showing that the impulse gives rise to a 
change in mp, i.e., 


FA = mAy, 


students should be reminded that they are dealing 
with nothing new. Refer them to Sections 19-8 
through 19-10. Impulse = change in momentum is 
simply a statement of Newton’s law. F = ma is the 
form which applies to infinitesimal time intervals, 
F At = mAv applies to finite increments of time and 
velocity. You can emphasize this by asking for an 
acceleration. 

(2) Perhaps some practice on this point will be 
helpful. You could give the students three of the four 
quantities, F, At, m, and Ay; and ask for a so that they 


use either a = ay or a = F, finaily ask for the 
At m 


fourth quantity. Make your questions simple nu- 
merically and tabulate the four values and the two 
products F At and m Ay. 

For example, suppose you want to give a 1-kg ob- 
ject a speed of 12 m/sec in 3 seconds. What uniform 
acceleration and what force could do this? 


a = 42 = 4m/sec? 


F = 1X 4 = 4newtons 
mAv = 12 kgm/sec; 
FAt = 4 X 3 = 12 newton-seconds. 


What would the corresponding answers be if you were 
to reach this speed 


in | second? a= 12m/sec? F= 12nt 
in 2 seconds? a= 6m/sec? F= ónt 
in 4 seconds? a= 3m/sec? F= 3nt 
in 6 seconds? a= 2m/sec? F= 2nt 
in 12 seconds? a= Im/sec? F= Int. 


Of course, m Av has remained at 12 kg-m/sec; but 
notice that F At has also remained at 12 nt-sec, After 
you have given this rapid set of values, you can ask for 


ae ol 


the force directly. What force is needed if £ = $ sec? 
(24 nt.) What force is needed if = 20 sec? (0.6 nt.) 

You can easily make up similar problems. Keep the 
pattern of asking for a for a few changes in conditions, 
so that the numerical value of F At or m Ay is clear; 
then ask for the unknown without bothering with a. 

(3) Once students appreciate that m Av determines 
F At, and vice versa, you might ask them whether (in 
practice!) the individual values of F and At (or mand 
Av) make any difference. 

(4) Be sure to discuss at least one situation where 
the impulse is provided by a relatively small force 
acting for a long time. Students should not get the 
idea that an impulse has to be a sharp blow. 

(5) Classroom work should emphasize both the 
magnitude and the vector nature of momentum. For 
example, a 2-ton car moving 30 mph north does not 
have the same momentum as a l-ton car moving 
60 mph south. 

You may wish to introduce changes in momentum 
even at this stage. Thus, a 14-ton car going north at 
40 mph suddenly turns and goes west at 40 mph. 
What is its change in momentum? If the tires squeal 
a bit, that’s fine. It emphasizes that forces must act to 
change the momentum of an object. 

The above example may be made quantitative if 
given in metric units. A 1500-kg car is going 20 m/sec, 
for instance. What impulse is necessary to change its 
direction from north to west? The necessary impulse 
is 3\/2 X 104 kg-m/sec or nt-sec directed southwest. 


(final) - (initial) 
momentum 
= 3vFx 10° 
kg-m/sec 


initial 
momentum 


3X10*kg-m/sec 


final momentum 
3x 10° kg-m/sec 


COMMENTS. Some students will accept the vector 
nature of impulse without going through the detailed 
development given in the text. The best way to present 
this to your class depends upon how much time you 
devoted to vectors in Chapter 6. For example, if your 
students know that the product of a scalar and 2 
vector is another vector, the fact that F At is a vector 
is obvious. Force always has direction. Including the 
time the force acts does not change its directional 
nature. (Incidentally, the equation F Ar = m AY 
would be meaningless if F Ar were not a vector and 
m Av were a vector. If we did not specify the direction 


of the force, we would not know the direction of the 
resulting change in velocity. 

If you emphasized the graphical interpretation of 
displacement and velocity when you covered Chap- 
ter 5, your students may get additional insight into 
the additive effect of many impulses if you review the 
graphical material briefly. The graphical presentation 
of impulse as the area under an F vs t graph need not 
be stressed merely to enable the students to do cal- 
culations involving impulse. In fact, the importance 
of the concept of impulse is that, although we may 
know neither F nor Af, we do have a real experimental 
handle on the product, namely the change in mo- 
mentum of an object. (Note that we measure m AV 
and infer F Aż only if we want it.) Hence, the graphical 
presentation of impulse is not of prime importance. 
Furthermore, most students will not understand how 
to picture graphically the total impulse produced by 
a force which changes direction. (It is not worth the 
time to introduce the idea of graphing separately the 
three components, x, y, and z, of the forces.) 
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Beyond the recognition that momentum is mv, 
students should see that any two objects which have 
the same momentum, no matter how it was acquired, 
have a common property. Their common property is 
that both could be stopped by the same impulse, 
FAs. Students should see that it is the product 
m X ¥ that is important. Any given momentum can 
be produced by an infinite number of combinations 
of masses and velocities. A// the combinations result- 
ing in the same momentum have a common property. 
They can all be stopped by the same impulse, F ar. 

Although two objects might have equal velocities, 
there is no simple relation between their velocities 
and the impulses needed to stop them; the impulse 
would depend on their masses. 

(Although it should not be taken up now, later 
chapters will show that kinetic energy is another 
dynamic property; two objects with equal kinetic 
energies can be stopped by the same amount of work 
F Ax.) 

* k OK 

The unit used for impulse serves equally well for 
momentum. That the unit is not given a special name, 
and that it can be made of two obvious combinations 
of more familiar units, may bother some students. 
When one uses F Ar to calculate impulse or momen- 
tum, it is most convenient to use the unit, newton-sec. 
On the other hand, if m Av is used, the simplest way 
to express the unit is kg-m/sec. These two ways of 
writing the unit are identical; 1 mewton-sec = 
1 kg-m/sec. This is clearly true because | newton = 
1 kg-m/sec?. 

CAUTION. Students must have a firm idea of the 
definition of momentum, that it is a vector, and that 
momenta are changed by impulses — forces acting 
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for a time. However, at this stage of the chapter they 
are only learning definitions without the motivation 
of new physics. Do not delay too long over these new 
expressions of old ideas. Get them only firmly 
enough in hand to go on to the next two sections 
which are the meat of the chapter. 

QUIZ QUESTIONS. 1. A force of 10 newtons acts on 
a body for a total time of 5 seconds. What is the mag- 
nitude of the impulse? What is the momentum 
change of the body? If the body was initially at rest, 
and has a mass of 2kg, what is its final speed? 
(50 newton-sec; 50 kg-m/sec; 25 m/sec.) 

2. A golf ball of mass 100 grams is struck by a club. 
After the impact the ball moves off with a speed of 
50 m/sec. If the ball and club were in contact for 
5 X 10~* sec, what was the average force acting on 
the bail? (1000 newtons.) 

3. Two forces act on a 10 kg-mass which is initially 
at rest. First the body is subjected to a 20-newton 
force for 3 seconds which acts in a northward direc- 
tion. One second after the first force is applied the 
body is subjected to a force of 30 newtons which acts 
in an eastward direction for two seconds. 


(a) What is the northward component of the 
impulse? (60 newton-sec.) 

(b) What is the eastward component of the im- 
pulse? (60 newton-sec.) 

(c) What is the final momentum of the body? 
(60 VŽ kg-m/sec, northeast.) 

(d) If the eastward force had been applied ini- 
tially at the same instant as the northward 
force, instead of a second later, what would 
be the final momentum of the body? (Same 
as (c).) 


4. A 2-kg ball moving with an initial speed of 
3 m/sec to the right is acted upon by a constant force 
F to the left for a period of 3 seconds. After the inter- 
action, the ball is moving to the left with a speed of 
6 m/sec. What is the magnitude of F? (6 newtons.) 

5. A body is subjected to a varying force which 
increases linearly with time from zero to 10 newtons 
in 0.1 sec, remains constant at 10 newtons for 0.5 sec, 
and then decreases linearly to zero in 0.2 sec. What 
is the total impulse? If the body has a mass of 3 kg 
and was initially at rest, what is its final speed? 
(6.5 newton-sec; 217 m/sec.) 


22-3 Changes in Momentum when Two Bodies Interact 
22-4 The Law of Conservation of Momentum 
PURPOSE. To present the law of conservation of 


momentum and to develop some idea of its usefulness. 
CONTENT. (a) When two objects “explode” apart 
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from rest, their momenta are equal and opposite in 
direction. 

(b) In a head-on collision of two equal masses the 
momentum of one is transferred completely to the 
other. 

(c) Ina glancing collision the change in momentum 
of one object is equal and opposite in direction to the 
change in momentum of the other. 

(d) A new way to state all the above results is that 
the total momentum of the two bodies is the same 
before and after the collision. 

(e) This law is tested for cases of greater generality. 

EMPHASIS. These sections contain the central ideas 
of this chapter. If they are understood thoroughly 
your job is almost done. The following sections are 
merely special cases or simple generalizations of the 
law of conservation of momentum. Allow at least 
three class periods, and more if necessary, for the 
presentation of the material of these two sections. 

LABORATORY. Experiment III-8, The Cart and the 
Brick, can be performed at any time from here on in 
the course of this chapter. 

COMMENT. It is important to understand that, as 
presented in this course, momentum conservation is 
an empirically established law and cannot be proven 
or derived by any set of logical arguments. While a 
proof can be based on Newton’s third law, the text 
establishes the conservation of momentum on purely 
empirical grounds, and then deduces Newton’s third 
law* (in Section 7), This approach is especially ap- 
propriate in leading toward the observation and use 
of momentum conservation in analyzing collisions 
between atomic particles where little or nothing is 
known about the forces of interaction. 

DEVELOPMENT. The development of the content of 
these sections can be handled in three steps: 


(1) Discussion of observed changes in momenta 
of two exploding or colliding bodies and 
development of the idea of conservation of 
momentum. 

(2) Practice in applying and understanding the 
law of conservation of momentum. 

(3) Introduction of the idea of an isolated 
system. This last point is not discussed 
explicitly in the text but should be developed 
in class. Suggestions along this line are 
given near the end of this section of the 
guide. 

(1) In order to stress the fact that momentum con- 
servation is a law which is based directly upon experi- 
mental observations, it is useful to focus student’s 
attention on the direct evidence given in the text, 
Figure 22-7. Even though this figure is analyzed in 
the text, it deserves the additional emphasis of a class 


*In an interaction between two bodies, the forces are equal 
and opposite. 


discussion to make sure they properly interpret the 
experiment. 

Students can analyze the motion of each disc during 
four time intervals (or 1 second). The large puck 
traveled 24.0 cm; the small puck traveled 47.9 cm. 

There is one qualitative feature of Figure 22-7 
which may be confusing to a few students: 

The motion of each puck during the “first” time 
interval is only about half as great as during any of the 
other intervals because the explosion occurred about 
midway between two flashes. 

Here are two questions which you might ask stu- 
dents about Figure 22-7 to make sure they are “‘see- 
ing” the figure properly: 

(a) Estimate when the explosion occurred relative 
to the flashes. 


Students who estimate this by looking at the 
positions of the small disc will easily see that the 
explosion came about halfway between flashes. 
However, some students who look at the positions 
of the large disc may think the explosion occurred 
just a bit before a flash. This common error is 
based on the fact that the dark space between the 
first two positions of the large disc appears so 
small. Ask students to explain this; you can 
point out that the large disc moved not only 
through this dark space, but also through a 
distance equal to the width of the white rim. 


(b) Using only the velocity given in the text, find 
the size of the small disc. 


This can be done easily and quickly if the 
students use the fact that the small disc happened 
to move a diameter in each flash. Since v = 0.48 
m/sec and since each flash corresponds to 4 sec, 
the distance traveled in two flashes or the diameter 
is 4 sec X 48 cm/sec = 12 cm. 


After a brief preliminary discussion such as the above, 
the parallelism between Figures 22-7 and 22-5 can 
be pointed out and the actual momentum , changes 
discussed. An alternate class discussion might be 
based on student data from Experiment III-7, Mo- 
mentum Changes in an Explosion. 

It will be wise to also go over the analysis of mo- 
mentum changes in Figures 22-9 and 22-11, or, 
alternatively, discuss HDL Problem 24. 

After discussing momentum changes in these situa- 
tions, and developing the law of conservation of 
momentum, you can return to each example and 
analyze it from the conservation point of view. Of 
course, you will only be repeating your previous work 
but you will be looking at each interaction as a whole 
from the standpoint of momentum rather than at 
the individual momenta. 

(2) The next step is practice. Although it is rather 
easy for students to learn how to use momentum 


conservation, you should give them a few simple 
examples similar to those described in the text or 
problems such as HDL 11 through 18, Initially, use 
simple numerical values and ask for numerical an- 
swers. Such use of momentum conservation will not 
be a challenge to some students, but there is no point 
in trying to discuss the more subtle questions with the 
class, until they have mastered the straightforward 
application of momentum conservation. 

(3) The final step in understanding momentum 
conservation is to understand when two bodies may 
be considered to be a complete system, isolated from 
external forces. 

There are two fundamental bases of student under- 
standing of momentum conservation. The most obvi- 
ous and most important is the idea that when only 
two objects interact, the total momentum of the two 
does not change. This is extremely general and does 
not depend on the interaction; the interaction can be 
simple or complex, it can be caused by chemical 
explosion, elastic forces, muscular pushes, etc. As 
long as only two objects are involved, momentum is 
conserved. This aspect has been treated up to this 
point. The second aspect is more subtle. It involves 
the question of when two objects are indeed isolated. 
You will have to spend some time discussing this or 
your students may think that momentum conserva- 
tion applies only in the physics course and not in 
nature. 

Before going into a detailed discussion of isolated 
systems, let us indicate the source of student con- 
fusion. When students are given an artificial problem 
involving, say, the collision of two balls, they may 
apply momentum conservation to get the answer they 
are after. But, they know that a single ball will not 
maintain its velocity; it will slow down. Hence, in- 
stead of being a universal, powerful law, momentum 
conservation may seem to be an expedient to be used 
to get the correct answer for a particular class of 
problems. Considerable class discussion will be 
needed to relate momentum conservation to nature 
as the students see it day after day. 

COMMENTS ON ISOLATION. In dealing with momen- 
tum problems, the isolation of a system (what to 
include in the system, and what to exclude) is not 
always simple. The only case in which near-perfect 
isolation occurs is in an interaction somewhere in 
outer space. Such cases are somewhat artificial, but 
easy to understand. 

A second kind of isolation is illustrated by smooth 
objects on a frozen lake (assuming the ice is friction- 
less), or billiard balls on a table (again neglecting 

friction). Here external forces are not small. Gravity 
pulls down, while the ice or the table pushes up. 
However, because the surface is rigid, the forces auto- 
matically adjust themselves to be equal and opposite, 
and the net force up or down on the object is zero. 
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In such cases, then, there is a kind of pseudo-isolation 
with large external forces acting, but adding up to 
zero. 

A third and very useful case (and one which stu- 
dents should understand in order to appreciate the 
broad utility of momentum conservation) involves 
isolating an interaction in time — applying momen- 
tum conservation during the time interval that just 
covers the interaction. Consider the question of 
changes of momentum between two billiard balls 
colliding on a billiard table. No one doubts that a 
billiard ball set rolling on the table will eventually 
come to rest because of friction. Hence, two billiard 
balls on a table do not form a really isolated system. 
But consider just the instant of collision. The table, 
an object external to the system, exerts frictional 
forces on the balls during the collision. These forces 
may not be small. The important thing is that the 
impulse imparted by these forces during the brief in- 
stant of the collision is negligibly small compared to 
the impulses of the forces of interaction between the 
balls during the collision. Therefore the momentum 
of the two-ball system may be said to be conserved 
during the collision even though it is not conserved if 
longer times are considered. If we need to consider 
frictional effects we can apply momentum conserva- 
tion to the interaction, then consider the effect of 
friction on these results. 

Another illustration of this case is an exploding 
rocket. Here, gravity acts on the rocket as an external 
force. However the explosion takes place in such a 
short time that the impulse imparted by gravity to the 
rocket during the explosion is negligible and mo- 
mentum conservation within the rocket system may 
be used to describe the situation immediately before 
and after the explosion. We can then, if necessary, 
consider the effect of gravity on a given mass with a 
given velocity. Also, the gravitational case has a 
special property. In an interaction in a constant 
gravitational field, the accelerations of all bodies are 
equal so the gravitational force can be neglected. 

DEVELOPMENT. Use of the Principle of Conserva- 
tion in Practical Situations. Return in class discussion 
to each of the examples given in the text in Section 3. 
Ask individual students to tell exactly what the two 
objects are in each case, and why these two objects 
form an “isolated” system. Also have them restate 
the law of conservation of momentum specifically as 
it applies to each system. 

For example, the boy and the man are the inter- 
acting objects in the first example of Section 3 (Fig- 
ure 22-5). They can be considered as an isolated 
system because they are standing on smooth ice; the 
term smooth indicates that we can neglect friction. 
The effect of the downward pull of gravity is exactly 
cancelled by upward push of the ice. Since both the 

man and boy were stationary before the push, the 
initial momentum was zero. Hence, the total mo- 
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mentum (vector sum) must always be zero. If the 
man acquires momentum in one direction, the boy 
must acquire an equal and opposite momentum. Ask 
a student what would happen if the boy pushed down- 
ward on the man so that the boy lifted himself into 
the air. Would the man move down? Are the man 
and boy “isolated” insofar as vertical motion is 
concerned ? 

Ask students what effect escaping gases would have 
on momentum conservation applied to a gun and 
bullet. When the bullet leaves the gun barrel and the 
gases do escape, they usually carry a negligible amount 
of momentum. However, whether or not the mo- 
mentum of the gases is negligible is not so important 
as is the realization by students that they are con- 
sidering this momentum negligible. If someone de- 
vised a gun in which the gases carried significant 
momentum, these gases would have to be included 
together with the gun and the bullet in calculating 
momenta. 

COMMENT. Figure 22-9, 22-11, and 22-24 show 
billiard balls colliding. Most students think of these 
balls as rolling on a table. Actually they were sus- 
pended on long threads. That is why spots and stripes 
appear to stay fixed or rotate very slowly. 

Some students may be interested in the fact that 
when an off-center collision occurs between a moving 
(non-spinning) billiard ball and a stationary ball of 
equal mass, the two balls, after the collision, move 
off along paths which are at right angles to each other. 
Students may note this when they perform Experi- 
ment III-9, A Collision in Two Dimensions. This fact 
depends on the conservation of kinetic energy (toward 
which students are led by the final paragraph of 
Experiment III-9, see the comments in the Lab Notes 
on that experiment) and can easily be proved after 
they have studied energy. This proof is given in 
Appendix 6 at the end of this volume of the guide. 


QUIZ QUESTIONS 

i. A 5-kg ball of putty moving at a speed of 
6 m/sec strikes a l-kg block of wood which was 
initially at rest. The putty sticks to the wood. What 
is the final speed of the wood? (5 m/sec.) 

2. A 10-gram bullet is fired with a speed of 1000 
m/sec from a freely hanging 2-kg gun. What is the 
recoil velocity of the gun? (5 m/sec.) 

3. A 5-kg body at rest is torn apart by an explosion. 
It breaks into two pieces. A 4-kg piece is seen to move 
off to the right at a speed of 50 m/sec. Describe the 
motion of the remaining l-kg piece. (Moves to left 
at a speed of 200 m/sec.) 

4. A 10-kg mass moving to the right at a speed of 
20 m/sec interacts with a second mass which was 
initially moving to the left at a speed of 20 m/sec. 
After the interaction both masses are found to be 
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moving to the right at a speed of 5 m/sec. How large 
is the second mass? (6 kg.) 

5. Can momentum conservation alone determine 
motion after a collision? If you have time at this 
stage you can use this question to motivate the search 
for other dynamical quantities in later chapters. Ask 
students whether any other final velocities of the two 
balls in Figure 22-8 could have kept the total momen- 
tum unchanged. Students will be able to answer this 
more easily if you use specific numerical values. Say 
that the balls each had a mass of 0.5 kg and that the 
initial speed was 4.4 m/sec. (Note that this speed 
corresponds to the ball going a Jittle less than 27 cm 
in 2; seconds. Note too that the apparent elongation 
of the ball by about 2cm combined with this speed 
implies that the camera shutter was open for about 
zzo Second during each frame.) The students should 
realize that equal momentum could have been realized 
by many other combinations. Ask them how fast 
ball 1 would have been moving after the collision if 
ball 2 had attained a speed of 3.3 m/sec rather than 
4.4 m/sec. They should recognize quickly that ball 1 
would have continued with a speed of 1.1 m/sec 
instead of stopping. What if ball 2 had attained a 
speed of 4.1 m/sec? Ball 1 would have retained a 
velocity of 0.3 m/sec forward. 

You can leave students with the question of how 
ball 2 manages to make a choice with all of these pos- 
sibilities. Physically it is clear that the detailed inter- 
action at collision must determine the result. In 
Chapter 23, we shall include energy in our analysis of 
collisions and thereby eliminate some of the ambiguity. 


22-5 The Center of Mass 


purpose. To introduce the idea of center of mass 
through consideration of a system composed of two 
objects. 

CONTENT. (a) The center of mass of two masses is 
the point that divides the distance between them in 
inverse proportion to the masses. Thus, mıxı = 
= M2X2- 

(b) If a system of two objects is isolated, the velocity 
of the center of mass, Vem, does not change. The total 
momentum of the system is (mı + ™m2)Pem- 

EMPHASIS, This section may be treated briefly or 
even omitted without seriously affecting the con- 
tinuity of the course. This does not mean that the 
idea of center of mass is of secondary importance. On 
the contrary, it is basic to the understanding of all 
mechanics beyond the most elementary. If you have 
plenty of time, you should surely include this section. 
It may be abbreviated only because most students do 
not think seriously about the motion of extended 


bodies but in some way assume that the “average” 
motion is given by Newton’s law, an intuitive feeling 
which happens to be correct. 

COMMENTS. The actual forces acting on an extended 
object may be quite complex. If such an object is 
pushed “off center” (i.e., so the net force does not go 
through the center of mass) it will rotate as well as 
translate. In addition one part of the object may push 
on another part and the action of these forces should 
be taken into account. It can be proved that the 
center of mass of such an object moves as if the entire 
mass of the object were concentrated at the center of 
mass, and as if the only forces acting were the external 
applied forces. This can be demonstrated by taking a 
very irregularly shaped piece of wood and painting its 
center of mass with a white dot. When thrown into 
the air, the object twists and wobbles, but the white 
dot describes a smooth parabolic path. 

Not only is the motion of the center of mass par- 
ticularly simple, but motion relative to the center of 
mass often may be very simply described. See the 
analysis in the text on Figure 22-16, for example. 

DEVELOPMENT. Undoubtedly the most satisfactory 
way for students to become confident of their under- 
standing of the idea of center of mass is to have them 
analyze some of the other strobe photographs in the 
chapter. If they do very many of these, it can become 
time consuming although most informative. Perhaps 
a reasonable order for progressing through this 
analysis is the following: 

(a) Have students locate the position of the center 
of mass in each frame of Fig. 22-8 and then calculate 
the velocity of the center of mass. Finally, determine 
the velocity of each ball as seen from the center of 
mass. This is a particularly simple case, requiring 
minimum time for the measuring but including most 
of the important ideas. Tracing paper and a centi- 
meter ruler are the only tools needed. 

(b) You can discuss Fig. 22-17 so that students 
appreciate how the motion of the center of mass is 
simple even though the wrench appears to be moving 
in a complicated way. The following questions can 
be used to lead students to consider the motion as the 
resultant of two simple components. 

(1) If the wrench is 20 cm long, what is the average 
speed of the center of mass? The students should be 
able to find that the wrench moves a distance equal 
to its length (or very slightly over that) in two flashes. 
Hence, v = 0.20/0.067 = 3m/sec. (Note that in 
doing this the students will confirm the fact that Yom 
is essentially constant.) 

(2) Which way is the wrench moving? The only 
clue is that the wrench is probably slowing down due 
to friction. It will take rather careful measurements 
to show that the wrench is moving from left to right. 

(3) Is the picture distorted by the camera? Yes, 
the wrench size seems different at the two ends of 
the picture. 


22-7 


(4) What is the speed of rotation of the wrench 
about its center of mass? It rotates about once in 
14 flashes or has a rotational speed of just more than 
2 revolutions per second. 

(5) What is the instantaneous velocity of the hole 
at some particular time? The students can get an 


Figure (a) 


Figure (c) 
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estimate of this graphically by dividing the displace- 
ment by the time. But to get this accurately the stu- 
dents must first find the tangential speed and the cor- 
responding direction due to the rotation. They can 
get this by knowing the rotational speed and the 
distance from the hole to the center of mass (which is 


Figure (b) 


Figure (d) 


2. 


the axis of rotation). To this velocity (relative to 
the center of mass) must be added (vectorially) the 
velocity of the center of mass. 

(c) A graphical exercise to be done at home. This 
is an extension of (a) above into two dimensional 
motion and gives students additional insight into col- 
lisions and into how phenomena can appear different 
when viewed from different frames of reference. 

Analyze Figure 22-9, a collision between two equal 
masses, in the following way: 

Make a tracing of the positions of the center of the 
two balls at various times. This might look like 
Figure (a) on the preceding page of the Guide. Join 
the positions of the two balls after the collision as 
shown at (b) and mark the positions of the midpoint 
of the line, i.e., the center of mass. Do this for the 
two balls before the collision as at (c). This may be a 
little messy ; but it can be done. Measure to determine 
whether or not the center of mass moves with uniform 
velocity in a straight line through the collision. 

An extension of this exercise might be to suppose 
we were riding on the center of mass, and see what 
the collision would look like. Take a second sheet of 
tracing paper and mark a spot, C.M., for the center of 
mass. Place it over the center of mass in the previous 
tracing and mark the position of the balls at this time. 
Do the same for each successive position of the 
center of mass. A final picture will look like (d). 
The things to notice are that the balls seem to come in 
from opposite directions with equal velocities (actually 
equal momenta, but here we are dealing with equal 
masses) and to go out in a different direction with 
the opposite velocities. Actually, the velocities as 
they leave are less than they were when they came in 
since the kinetic energy was not conserved. 


(d) Additional exercises similar to d. 


Some teachers have found it useful to do the exer- 
cise described in c above in class, and to give the 
students the problem of analyzing Figure 22-24 by 
the same technique at home. One thing that emerges 
immediately upon trying to begin such an analysis of 
Figure 22-24 is that the center of mass location is 
not so obvious because the mass of each ball is not 
known. Therefore, Problem 24 must be solved before 
the center of mass analysis can begin. We find there 


Msmall _ 9.42, or about 


that the ratio of the mass is 


large 
7 to 3 just as it was in Figures 22-11 and 22-15. In- 
deed, these were the same balls, although the addi- 
tional enlargement of Fig. 22-24 is a little misleading, 
perhaps. Students can now proceed, as in part c, to 
mark the center of mass positions and find the velocity 
of the center of mass through the collision. They can 
also proceed to find the motion relative to the center 
of mass by using a second tracing, as in Exercise c, 
but this time they will not find equal and opposite 


velocities for the two balls. Instead, they will find 
that the balls, as viewed from the center of mass, have 
equal and opposite momenta. The center of mass is 
a sort of “center of momentum”; the total momentum 
relative to the center of mass is always zero. 


22-6 The Conservation of Momentum in General 


PURPOSE. To extend momentum conservation to 
systems composed of many objects. 

CONTENT. Momentum is conserved in any isolated 
system independent of the number of objects in the 
system. 

EMPHASIS. It is important for students to know that 
momentum conservation is general. However, most 
of them will probably be convinced from the earlier 
material. Detailed understanding of the argument is 
not essential. This section can be handled as a reading 
assignment with a brief discussion of the conclusions 
if you choose. 

COMMENT. Since momentum conservation for a 
two-body system is introduced as a fact based on 
experiment, there is only modest additional gain in 
extending momentum conservation to include any 
isolated system. Inasmuch as momentum conservation 
depends on experiment it cannot really be proved. 
However, once it has been established for a two-body 
system, we need only a principle of additivity to extend 
it to an n-body system. Since the parameters involved, 
force and momentum, are vector quantities which 
have been established to be additive, we can conclude 
that the generalization will be valid, Even if this 
plausibility argument does not satisfy every student, 
you should be sure that they recognize that momen- 
tum conservation has been established experimentally 
for all types of systems. 

DEVELOPMENT. One example, quickly worked out 
in class, should suffice. Here is one of many pos- 
sibilities: 

A billiard ball, moving directly east at 2 m/sec, 
hits two other identical balls. After the collision 
it is found that the original ball is moving north 
at 4 m/sec, and one of the struck balls is moving 
east at 1 m/sec. How fast and in what direction 
is the third ball moving? 


It will be quite sufficient, even desirable, to do this 
problem graphically. The final momentum is com- 
posed of three momenta and must equal the initial 
momentum. (Note that this collision is not elastic, 
because the final kinetic energy is less than the initial 
kinetic energy.) 

QUIZ QUESTION. A slightly simpler problem may be 
given as a quiz: 

1. Three identical masses are close together and 
at rest on a frictionless table when an explosion drives 
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them apart. A photograph a moment later shows two 
masses. Where is the third? 


See mass 20 


initial position of 
xa? the three masses 


Since the distance traveled is proportional to the 
velocity and the masses are the same, the momentum 
vectors are just: 


A By 


The initial momentum was zero. Therefore, the 
final momentum must be zero. 


P2 
This must 
` be Py 
Py 
The final positions are then: 
(e) 
0 
x 
o S mass 3 


22-7 Forces of Interaction 


PURPOSE. To introduce the concept of action and 
reaction forces. 

CONTENT. If object A exerts a force on object B, 
object B exerts an oppositely directed force of equal 
magnitude on A. 
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EMPHASIS, If Experiment III-9, A Collision in Two 
Dimensions, has not been done earlier it is a good 
laboratory experience to lead students into the ma- 
terial of Chapter 23. 

DEVELOPMENT. Parts (c) and (d) of HDL Problem 16 
will provide a good introduction to the subject matter 
of this section. 

COMMENT. As was mentioned earlier in the Guide 
on momentum conservation, the traditional approach 
is to take “equal and opposite” forces as an experi- 
mental law and to prove momentum conservation 
from it. This course takes the approach of finding 
momentum conservation as the experimental law and 
proving Newton's third law from it. Hence, the ma- 
terial of this section plays a subsidiary role in this 
course. Nevertheless the section should be discussed 
since the ideas will be used again, for instance, in the 
next chapter on energy. Extensive practice should not 
be necessary, and there are no HDL problems specifi- 
cally on this subject. 

*“*e* 


If your students have come to consider momentum 
conservation only in cases where the force acts for a 
very short time, there may be some misunderstanding 
about the equal and opposite forces of this section. 
They should now understand that when two bodies 
interact, Ap; = —Ap 2. Then if Ap, = Fo_, At, and 
Ap2 = Fı—2 åt, it follows that Fo_) = —F i». 
Students who think only of the complete change can 
only see that the average value of Fy_, equals minus 
the average value of F;_». In order to appreciate this 
section, they must realize that Ap, = —Apo, for any 
interval of time they may wish to consider. Then if 
the particular Aż is chosen small enough so that the 
forces do not change appreciably during the time 
interval, the two forces are equal and opposite at that 
arbitrary time. They are therefore equal and opposite 
at all times. The Aż used in this proof is not “the time 
taken by a collision or explosion.” It is any small 
interval of time we choose. 

* k * 


The words “equal and opposite forces” may seem 
contradictory — in fact, they should seem contradic- 
tory if students have become accustomed to proper 
vector notation. Two vectors are equal only if they 
have the same direction. The words just occur so often 
in physics that “equal in magnitude and opposite in 
direction” has been contracted to “equal and op- 
posite.” 

*** 

It might be helpful, when discussing the isolation of 
a system, to introduce the following well-known para- 
dox if you have not used it before: 


A horse is harnessed to a wagon and tries to pull 
it down the street. However, as hard as he pulls 
on the wagon, the wagon pulls back just as hard 
on him. Then how can he ever get going? 


p SO 


The paradox vanishes as soon as you remember that 
you must consider only the system in which you are 
interested. If you wish to understand the motion of 
the wagon, consider the wagon and the external forces 
which act on it. The horse pulls it forward and the 
friction between wheels and axles and between wheels 
and ground holds it back. When the horse’s pull ex- 
ceeds the force of friction, the wagon accelerates 
forward. 

If you are interested in the motion of the horse, 
consider only the forces acting on the horse. The ex- 
ternal forces which act are the backward pull of the 
wagon, and the forward push of the ground on the 
horse’s feet (in reaction to their backward push on 
the ground). When the latter exceeds the former, the 
horse accelerates forward. 

The horse and wagon problem is just a special case 
of a more general statement about equal and opposite 
forces: The two equal and opposite forces mentioned 
in this section always act on different bodies. If you 
consider both bodies together as a single system, the 
forces do cancel. It is only this exact cancellation 
which allows us to ignore the tremendously complex 
interatomic forces in, say, a stone falling in a gravita- 
tional field. In the case of horse and wagon considered 
together as an object, the pull of the horse on the 
wagon and the wagon on the horse cancel, leaving 
only the push of the ground on the horse’s feet (for- 
ward) and the frictional forces in the wheels (back- 
ward). When the one exceeds the other, the horse and 
wagon (one body) accelerate forward. 
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Do not bother to try to give a rigorous definition 
that will distinguish Newtonian from non-Newtonian 
forces. As physicists analyze matter and interactions 
in more detail, a time lag is found to exist in the action 
of any type of force. Most physicists do not believe 
that any signal can travel faster than light; hence many 
of the familiar force fields propagate very much like 
the light emitted by a supernova as discussed in the 


text. 
eK 


It is not necessary to analyze the supernova example 
in any detail. If you attempt to be precise, you may 
find some students asking questions which are almost 
semantic: 


Does the light emitted by a supernova, comprise 
a material part of the supernova? If not, how can 
the center of mass of the supernova (at rest before 
the light was emitted) be moving after the light is 
emitted? Is something wrong with momentum 
conservation? 

If the light is part of the supernova, why is it so 
strange that we give the supernova a counter- 
shove? 

What is the nature of the force with which the 
supernova shoves the light? Since light must al- 


ways travel with the speed of light, how can you 
speak of the light as being shoved? 


You can probably never satisfactorily answer any 
questions since the students simply will not know 
enough electromagnetic theory (nor can you promise 
them they will learn enough in Part IV). The whole 
situation straightens itself out, as mentioned in the 
text, when the momentum of the light is taken into 
account. A light beam of energy E, carries a momen- 
tum E/c, where c is the speed of light. Some of the 
students may ask whether light, if it has momentum, 
has mass. The answer is yes; it has a mass given by 
E = mc2. More “light” will be shed on this in 
Part IV. 


End-of-Chapter Box—Rockets 


PURPOSE. To illustrate the use of momentum con- 
servation by considering one application of great 
current interest, the operation of rockets. 

content. A rocket ship gains forward momentum 
equal to the backward momentum of the exhaust 
gases. 

EMPHASIS. This material constitutes one single 
example of the use of momentum conservation. It can 
be covered as a reading assignment. If you have 
extra time, your students will be interested in a dis- 
cussion of some examples using the graphs of 
Figure 22-20. 

DEVELOPMENT. A Sample Rocket Problem. If a 
fuel were available with an exhaust speed of 3.3 
km/sec, what mass rocket would be needed to give a 
1000-kg load a’final speed of 10 km/sec. (Neglect 
air resistance and gravity.) Since v/v. = 3, Fig- 
ure 22-20a shows that m/m, = 0.05. Therefore a 
20,000 kg total would be needed. (Note that if air 
friction and gravity were included a fuel load of about 
50,000 kg would be required to bring the 1000 kg 
pay load to a speed of 10 km/sec; 11 km/sec is the 
velocity needed by an object so that it can escape 
from the earth.) 

You can get other sample problems from the sup- 
plementary information below. 

SUPPLEMENTARY MATERIAL ON ROCKETS. The esti- 
mates given in the text for the ratio of total rocket plus 
fuel mass to final rocket mass (or “pay load”) are con- 
servative. Recent American and Soviet rockets have 
used fuels with exhaust speeds considerably above 
the 2 km/sec used for illustration in the text. The 
rocket fuels which were conventional in 1957 had 
exhaust velocities of about 2.6 km/sec. Current 
chemical fuels have raised this to about 5 km/sec. 
Preheating gaseous fuels provides exhaust velocities 
of about 6 km/sec. These are typical values for 
manned earth satellite propellants. 
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Much higher exhaust speeds, say about 100 km/sec, 
will be needed to make long-distance space travel 
feasible. Such exhaust speeds would require some- 
thing more than chemical fuels. One possible alterna- 
tive is to exhaust a stream of ions which has first been 
accelerated electrically Presumably some advanced, 
compact power source such as a nuclear reactor 
would have to be carried to supply the required elec- 
trical power. Another proposal for the future involves 
the use of atomic bombs to hurl fragments opposite 
to the direction of the rocket motion. 

***# * 

If you read about rocket fuels in newspapers or 
magazines, you will probably come across the term 
“specific impulse” which is used to describe fuel 
efficiency. For example, a fuel in a particular rocket 
might have a specific impulse of 250 pound seconds 
per pound. (This unit is pounds force times seconds 
per pound of mass.) In MKS units this specific im- 
pulse would be 9.8 X 250 = 2.45 X 103 newton- 
seconds/kg which is exactly what the text would refer 
to as an exhaust speed of 2.45 km/sec. 


Intsec _ Intsec | 1 kg m/sec? _ 
a Sy gape ut msee, 


The unit for specific impulse is expressed in newton 
seconds per kilogram to show explicitly the impulse 
(in newton seconds) derived from burning and ex- 
hausting 1 kg of fuel. In thinking about rocket design, 
it is sometimes convenient to rewrite 2.45 X 10° nt 
sec/kg as 2.45 X 10° nt per kg/sec. That is, 2.45 X 
10° nt of force would be generated if the fuel were 
burned at the constant rate of 1 kg/sec. Part of the 
engineering problem of making rockets is to burn 
and exhaust the fuel fast enough. 

Consider for example, a 100-ton rocket (about 
10°kg). The force of gravity on this rocket would 
be 9.8 X 10° newtons. If a fuel of specific impulse 
3 X 10° nt sec/kg (or an exhaust speed of 3 km/sec) 
were used, burning 1 kg/sec would produce only 
3 X 10° nt. To overcome gravity, a minimum rate 
of burning would be 3.3 X 102kg/sec. Since this 
would merely balance gravity, a burning rate of 
400 kg/sec would be more reasonable. Note that 
after only 100 seconds the mass of ejected fuel would 
be 4 X 10* kg or 40% of the original mass. 

Actually one of the most surprising results derived 
in this discussion is that the final speed of the rocket 
depends only on the exhaust velocity and the ratio of 
pay load to initial mass of the rocket, and does not 
depend on the rate at which the rocket fuel is burned. 
There is thus no real need in an interplanetary rocket 
for a great flaming, roaring exhaust unless the rocket 


must accelerate rapidly. Why, then, are rockets built 
as they are? The answer is given in the previous 
example. Fuel must be burned at a rapid rate in 
order to overcome the pull of gravity. 

Another practical necessity in rocket design is to 
avoid excessive acceleration which could damage some 
of the intricate equipment in the rocket itself (e.g., the 
steering mechanism or the fuel system) or in the pay 
load. As the fuel is burned, the rocket mass decreases 
and the acceleration increases. In multistage rockets, 
a new engine which burns fuel more slowly (and 
therefore probably more efficiently) takes over once 
the mass has decreased enough. Of course, when this 
switch occurs, the mass can be further reduced by 
ejecting the larger, faster-burning rocket engine to- 
gether with the storage tanks that had held the ejected 
fuel. 

Figure 22-20 is a graph of the ratio of the remain- 
ing mass, m, to the original total mass of fuel and 
rocket, mo, as a function of the ratio of the final speed 
attained, v, to the exhaust speed, ve. The equation 
relating these is: 


Le ent! 
Mo 
m v 
or 2.30 logio m, == be 
Mo v 
or logio jE = 0.434 Da z 


[The derivation of this equation (for teacher reference) 
is in Appendix 5 of this volume of the guide.] 

This formula assumes that all the mass which left 
the rocket (m, — m) moved with a velocity, Ve, rela- 
tive to the rocket in the direction opposite to the 
rocket motion. 

A lower limit on the exhaust speed of the fuel in, 
for example, the early 80-ton Atlas rocket which put 
a 4-ton load in orbit (on Dec. 18, 1958) can be ob- 
tained by settingv = 8 km/sec (the speed of a satellite 
in equilibrium orbit near the earth’s surface) and 
using either the equation or Figure 22-20a. From 
the equation, 


logio (20) = 0.434(8/ve) 
0.434(8) 
1.3 


or Dy 


= 2.67 km/sec. 


Using Figure 22-20a, we find the value of v/v, when 
m/m, = 0.05. This value is about 3. Therefore, 
Ve = $ = 2.67 km/sec. This must be a lower limit 
of the exhaust speed because (a) there was some air 
resistance, (b) the force of gravity was present, and 
(c) some of the original mass was fuel container and 
the first stage rocket engine. 


chapter 22 Momentum and the Conservation of Momentum 


FOR HOME, DESK, AND LAB 
ANSWERS TO PROBLEMS 


Even if you do not emphasize the content of Sec- 
tions 5 through 8 in your classwork, the problems for 
these sections may be assigned. The techniques de- 
veloped in Sections 1 through 4 plus the vocabulary of 
later sections are sufficient. 

Problem 15 illustrates that, in some cases, either 
conservation of momentum or F = ma may be 
equally well applied. 

The following table classifies problems according to 
their estimated level of difficulty and the sections to 
which they relate. Those which are especially suited 
to class discussion are indicated. Problems which are 
particularly recommended are marked with the 
symbol #. 


SHORT ANSWERS 


1.* 1.5 newton-sec. 

2.* 32.0 kg-m/sec = 32.0 newton-sec. 

3.* (a) Four: the throw, the bounce, the catch, and 
the continuous impulse due to gravity. 

(b) The bounce. Here the ball experienced about 

twice the change in velocity that it did during 
the throw or catch, The gravitational im- 
pulse was the smallest of all. 

4. (a) 24 newton-sec. 


(b) 2 sec. 
5. 8.0 newton-sec. 
6. (a) 60 sec. 


(b) No. Stops in 9.0 meters. 
7. (a) 1.8 X 104 newtons. 
(b) 4.7 X 10~* sec. 


8.* 


10. 


Ir 


2 


F = 500 newtons, in the opposite direction to 

the momentum. 

Throw something; fan or blow air; etc. 

(a) —120 kg-m/sec. 

(b) —30 newtons (in a direction opposite to the 
initial velocity). 

(c) 100 kg-m/sec before, —20 kg-m/sec after. 

(a) 0.40 kg-m/sec. 

(b) 9.6 kg-m/sec. 

(c) 19.2 kg-m/sec. 

Zero. The net change in momentum is always in 

the direction of the total impulse. 

Each velocity vector in (a) is multiplied by the 

mass of the body whose motion it represents, 

and a new scale is chosen to represent these new 

vectors. 

(Mass of faster)/(Mass of slower) = 2/5. 

(a) No change. 

(b) 6.0 m/sec. 

(c) —6.0 m/sec. 

(a) va/Y» = 0.52. 

(b) ma/my = 1.9. 

(c) Equal but opposite. 

(d) aa/a, = —0.52. 

(a) Yes;7 X 107°” kg. 

(b) No. Force cannot be computed. 

(c) See discussion on page 22-17. 

0.60 m/sec. 

See discussion on page 22-17. 

(a) tr = Md/mv. 

(b) tig = m — m/R. 


Mo m? _ VRMd | 
c) m= 2 + (3) J 


E TEE EAE i a DAS eT 


SECTION | STARRED EASY MEDIUM HARD See 
DISCUSSION 
1 1,2,3 4 5, 6f, 7H 6}, 7H 
253 8, 12 9, 10# 11# 10# 
4 13, 14 15#, 18# 16, 17# 19, 20 16, 20 
5 21 22, 23 2574 24 24 
6 29 28, 30 26, 274 26, 274 
7 31 32 32 
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=N 

(d) 0.05 kg < m < 0.45kg and (b) Since F At = impulse = 24 newton-sec, | 

200 sec < tr < 1800 sec. then | 

21.* The direction of motion of the center of mass 24 nt-sec i) 
after collision is the same as it was before: it is t= -at 7 2S: i 


upward, about a degree counterclockwise from 


the direction of the ball entering from the bottom Note that the vector equation 


mains fixed or moves uniformly). 
24. (a) See diagrams on page 22-19. 
(b) Nearly opposite. 


of the picture. | 
22. (a) ve = 0.5 m/sec. Far = m — ¥) = mav i 
(b) ve = 0.3 m/sec. | 
23. Velocity of center of mass is constant (either re- leadsto FAt = m(v’ — v) j 


only if the initial and final velocities are 
parallel. In general, the magnitude of (v’ — ¥) 


(c) No. does not equal (v' — v). 
(d) Avpig/AVsmait = Moemali/Mvig- 
(e) 85 + 5 gm. 
25. (a) 0.20 m/sec. PROBLEM 5 
(b) 0.20 m/sec. A constant force applied to a 2.0-kg object at rest 
26. (a) See diagram on page 22-21. moves it 4.0 m in 2.0 sec. What impulse was applied 
(b) 4 kg. to the object? 


27. (a) 3.0 m/sec. 
(b) Remains fixed at center of frame. There are two approaches to this problem. The 
(c) Zero. first involves finding the force and multiplying it by 
(d) See detailed solution on page 22-22. the time to get the impulse; the second involves finding 
(e) 0 15L, where L is the length of the frame. the change in velocity directly and equating m Av 
28. (a) v. = —1.20 m/sec. to the impulse. 
(b) F = 8.0 newtons. Since the force is constant, the acceleration is con- 
(c) Vrei = — 1.50 m/sec. stant and can be found from Ax = $a(A1)?: 


(d) F = —10 newtons. 

29.* Most of the momentum is transferred to the oe 2 dx. 
earth (through the road) and a small amount to (Ar)? 
the air molecules surrounding the car. 

30. See discussion on page 22-23, Then 


31.* No; the vector sum of the impulses due only to 
the forces of interaction cannot be zero because 
the total impulse, which includes the momentum 
of the light, must equal zero. 

32. (a) The same. 

(b) No. In the second approach we note that the object's 
average velocity during this period is Ax/Ar. Its final 
velocity must be twice this, since it starts from rest and 
the force is constant. Therefore the change in velocity 
is 2 Ax/At and we have 


impulse 


F At = (ma) At = 2m Ax/At 
2(2.0 kg)(4.0 m)/2.0 sec 
8.0 newton-sec. 


ll 


i 


COMMENTS AND SOLUTIONS 


PROBLEM I* (See Short Answers.) impulse 
PROBLEM 2* (See Short Answers.) 

PROBLEM 3* (See Short Answers.) 

PROBLEM 4 


A 3-kg body has been accelerated by a constant 
force of 12 newtons from 10 m/sec to 18 m/sec. 


mdo = 2mAx/At 


8.0 newton-sec, as before. 


PROBLEM 6 


(a) What impulse was given to the body? 
(b) How long was the force acting? 


(a) For straight-line motion, 


impulse 


m(v! — v) 
(3 kg)(18 m/sec — 10 m/sec) 
24 newton-sec. 


Il 
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A railroad freight car with a mass of 5.0 X 10* kg 
is rolling along a level track at 0.30 m/sec (0.7 
mi/hr). A rope trails behind it. 

(a) A reasonable estimate of the largest force you 
could apply to stop the car by pulling on the rope is 
250 newtons. How long would it take you to bring 
the car to rest? 

(b) Ten meters from the point where you start 
pulling, another car is standing. Will there be a 
crash? 


(a) FAt = mv, At = mAv/F This standard problem can serve nicely as the basis 
(5.0 X 10 kg)(0.30 m/sec) for reviewing isolated systems as well as conservation 
250 nt of momentum. 

If we suppose for the moment that there is no air, 
then there is no way for the whole man to get to shore. 
He can move in one direction only if he throws some- 
thing in the other. Fortunately it can be very small, 
since he will move at a constant speed once he gets 


60 seconds. 


(b) The car will continue to roll for 


Peg a E (0.30 + 0) x Ay meters: going. As long as we are supposing, if there is air 
2 friction he can use his hands as “propellers.” With a 
still wilder supposition of no air friction but still air 
Therefore, there will not be a crash. to breathe, he can make a jet with his breath — and 
turn his head to breathe in. 
PROBLEM 7 
A 10-gm rifle bullet traveling at 850 m/sec is stopped PROBLEM 10 
in a sandbag and is found to have penetrated 20 cm An object with a mass of 10 kg moves along a straight 
of sand. line at a constant velocity of 10 m/sec. A constant 
(a) How great a force acted on the bullet? (As- force then acts on the object for 4.0 sec, giving it a 
sume the force was constant.) velocity of — 2 m/sec. 
(b) How long did it take for the bullet to come (a) Calculate the impulse acting on the object. 
to rest? (b) What is the magnitude and direction of the 
force? 


(c) What is the momentum of the object before 


a) If the force was constant, the acceleration was 
o 4 and after the force acts? 


constant and can be calculated from the 
kinematic relation a = v?/2d. The force is 


= per k i 
then calculated from Newton’s law, F = ma: (a) Impulse = me CR ae a along. # 


straight line 


(10 kg)(—2 m/sec — 10 m/sec) 
— 120 kg-m/sec 
= — 120 newton-sec. 


mv?/2d 
= (0.010 kg)(850 m/sec)®/2(0.20 m) 
= 1.8 X 10* newtons. 


F = ma 


We sce from the minus sign that the impulse 


(b) If we use this calculated force, we can find the iiss ety : R 
is in the direction opposite from the initial 


time At from the relation F At = m Av: 


velocity. 
At = mAv/F (b) FAt = impulse, so 
= (0.010 kg)(850 m/sec)/(1.8 X 104 nt) 
—120 nt-sec 
= 4.7 X 10~* second. F = —— = =30 newtons. 
4.0 sec E Ee 


We can solve part (b) directly, using only the 
original data, by recalling that for motion with 
constant acceleration, the average velocity is 
one half the sum of the original velocity plus (c) Initial momentum: 
the final velocity. Then 


That is, a force of 30 newtons acts in a direc- 
tion opposite to the original velocity. 


mv = 10kg X 10 m/sec = 100 kg-m/sec. 


ayn d 2d 2 2020m) 
jb ane 850 m/sec Final momentum: 


4.7 X 107% second. 


mv! = 10 kg X (—2) m/sec 


In reality, the force on the bullet is not con- = —20 kg-m/sec. 
stant but, nevertheless, our approximation ae a 
gives us the average force as well as a fair idea The change in momentum is, of course, equal 
of the time required to stop the bullet. to the impulse. 
prosLeM 8* (See Short Answers.) PROBLEM 11 
PROBLEM 9 A body is made of two masses mı and m2, 2.00 kg 
A man is at rest in the middle of a pond on perfectly and 0.500 kg respectively, tied together by a light 
frictionless ice. How can he get himself to shore? thread [Fig. 22~21(a)]. It moves on a frictionless 
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table starting from rest. We set it in motion by 
applying an impulse of 10 newton-sec to the body, 
but unfortunately the thread connecting mı and 
m2 breaks during the course of the impulse [Fig. 
22-21(b)]. As a result mə goes off with great speed 
while mı at the end is only moving at a speed of 
0.20 meter per second. 

(a) How big an impulse did mı receive? 

(b) How big an impulse did me receive? 

(c) How fast is m2 moving at the end of the 
impulse? 


The final momentum of m, is 2.00kg X 0.20 
m/sec = 0.40 kg-m/sec. The total momentum of the 
two bodies is 10 kg-m/sec since that was the total im- 
pulse applied. The final momentum of mə is then 
10 — 0.40 = 9.6kg-m/sec. Therefore, 


(a) m; received an impulse of 0.40 kg-m/sec. 


(b) me received an impulse of 9.6 kg-m/sec. 


(c) mgv2 = 9.6 kg-m/sec, 
_ 9.6 kg-m/sec _ 
v2 = 9 500 TER 19.2 m/sec. 


PROBLEM 12* (See Short Answers.) 
PROBLEM 13* (See Short Answers.) 
PROBLEM 14* (See Short Answers.) 
PROBLEM 15 
A 20-kg cart is moving with a velocity of 2.0 m/sec. 
A boy whose mass is 60 kg jumps off the cart. When 
he hits the ground, he is 
(a) moving at the same velocity as the cart 
(b) not moving relative to the ground 
(c) moving with twice the initial velocity of the 
cart. 
In each case, what is the change in velocity of 
the cart? 


Initially cart (20 kg) and boy (60 kg) are moving 
with a velocity of 2.0 meters/sec. Hence the total 
momentum of the system is (20 + 60kg) X 
2.0 m/sec = 160 kg-m/sec. 


(a) In this case the boy has a final momentum 
of 60kg X 2.0 m/sec = 120 kg-m/sec, which 
leaves 160 — 120 = 40 kg-m/sec for the cart. 


Since it has a mass of 20 kg, it has a velocity of 


40 + 20 = 2.0 m/sec. There is no change 
in the velocity of the cart. This is almost 
trivially obvious since, to “land” at the same 
velocity as the cart, the boy would have to 
drop off the side of the cart, imparting no 
impulse to the cart. 

(b) Ifthe boy ends up with no velocity and hence 
no momentum, the cart must have all the 
original 160 kg-m/sec. It then is going with a 
velocity = 160/20 = 8.0 meters/sec. There- 
fore the change is 6.0 m/sec. Physically this 
comes about because the boy must jump back- 
ward off the cart so as to arrive on the ground 
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with no momentum. In doing this he pushes 
the cart forward. 


(c) Ifthe boy moves with twice the initial velocity 
of the cart, he is moving with a velocity of 
4.0 meters/sec. His momentum is then 60 x 
4.0 = 240 kg-m/sec. If the final momentum 
of the cart is p;, then 


p: + 240 = 160; py = —80kg-m/sec. 


The cart has a velocity of —80/20 = —4.0 or 
4.0 meters/sec in the direction opposite to 
that in which it was originally moving. The 
change is therefore —6.0 m/sec. 


PROBLEM 16 


Two heavy frictionless carts are at rest. They are 
held together by a loop of string. A light spring is 
compressed between them (Fig. 22-22). When the 
string is burned, the spring expands from 2.0 cm to 
3.0cm, and the carts move apart. Both hit the 
bumpers fixed to the table at the same instant, but 
cart A moved 0.45 meter while cart B moved 0.87 
meter. What is the ratio of: 

(a) the speed of A to that of B after the interaction? 

(b) their masses? 

(c) the impulses applied to the carts? 

(d) the accelerations of the carts while the spring 
pushes them apart? 


This problem deals with momentum conservation, 
but also can be used to introduce the ideas of Newton’s 
third law, which appears in Section 7 of the text. 


(a) Cart A moved a distance d, = 0.45 meter dur- 
ing a time ¢, and Cart B moved a distance 
d» = 0.87 meter in the same time. Their 


speeds then were 
= de = &, 
Ce ae and v = ; 
Oe. de, 045.m _ 
cn a ORE i 0.52. 
(b) Since the two momenta must be equal in 
magnitude: 
Mg = MpUp, OF 
ep ae A 
m Va 0.52 — 


(c) Since the momenta were equal and opposite, 
the impulses were also equal but opposite. 

(d) Since average a = = i oa = are = 
a Av/t An 
—0.52 (since the changes in velocity are in 

opposite directions). 


PROBLEM 17 


A proton (mass 1.67 X 10-2" kg) with a speed of 
1 X 107 m/sec collides with a motionless helium 


nucleus, and the proton bounces back with a speed 
of 6 X 108 m/sec. The helium nucleus moves for- 
ward with a speed of 4 X 10°m/sec after the 
bombardment. 

(a) Can you compute the mass of the helium 
nucleus? If so, what is it? 

(b) Can you compute the force that acted during 
the collision? If so, what is it? 

(c) If you answered “no” to either (a) or (b), 
be prepared to discuss in class why you gave this 
answer. 


This is a conservation of momentum problem with 
a nuclear physics flavor. 


(a) Let m, be the mass of the proton and vp its 
velocity before the collision. Since the helium 
nucleus is at rest, the total momentum before 
the collision is mPp: After the collision it is 
MHVHe — Mp?'p where v'p is the final velocity 
of the proton, and the minus sign occurs be- 
cause velocity vu’, is opposite in direction to all 
the other velocities: 


Mp = MHUÜHe — MMi 


and 
Myby + mrp _ Mp + vp) 
Myc = = 
Ue ÜHe 
MHe 
167X10” kg (LX 107 + 6 X 10° m/sec) 
4 X 106 m/sec 


= 4% 1.67 X 10” kg = 7X 10-7 kg. 


(b) No. Force cannot be computed. 

(c) The force during the collision cannot be com- 
puted unless the length of time of the collision 
interaction is known. 

Note 1. We can estimate the force as follows: From 
other types of experiments we know that the forces are 
exerted over distances of about 2.0 X 107!5m. If 
we divide 2.0 X 1071°m by 0.5 X 107 m/sec we get 
4.0 X 10722 sec for the time duration of the collision. 
Using this value, 

ra 1.67 X 10777 kg X 1X 10’ m/sec 
TF 4 X 10-22 sec 


40 newtons. 


1l 


R 


This is an order of magnitude calculation. The 
average velocity might be smaller; the distance might 
be smaller since the proton and helium nucleus might 
barely touch. Even if v is ten times smaller, the force 
is of the order of 10 newtons which is fantastically 
large considering that this is the force between two 
such small particles. However, for this problem the 
correct answer is that the force cannot be computed. 

Note 2. There is some significance to the answer 
“no” to part (b). It shows the real power of mo- 


mentum conservation techniques, Here is a case in 
which no one knows the actual force in question, but 
momentum conservation is applicable and can give 
useful information — such as the mass of a struck 
nucleus. 


PROBLEM 18 


A stationary refrigerator car with mass 2.0 X 104 
kg is rammed by a loaded gondola car with mass 
3.0 X 10*kg. Before impact, the gondola car was 
going 1.0 m/sec. If they lock together, what is the 
new velocity ? 


Before the collision, the total momentum of the 
two-car system is just the momentum of the gondola 
car because only the gondola car is moving. After the 
collision the total momentum of the two-car system 
is the same as before. Since the collision couples the 
two cars, both move with the same velocity after the 
collision: 


Pt = Pi 
(mg + mye = Mge and 
Mv, 
vu = —— 
f Mg + Mi 


3.0 X 10* kg X 1.0 m/sec 
3.0 X 104kg + 2.0 X 10*kg 


0.60 m/sec. 


Most students have seen the jerky banging together 
of two freight cars being coupled, It may be well to 
call attention to the fact that although complicated 
forces are at work, the overall result is simple to 
comprehend. If the question is raised in discussion, 
you might tell your students that it is kinetic energy 
that is lost in the banging around. However, try to 
steer clear of energy at this point. It will be the subject 
of the next three chapters. 


PROBLEM 19 

An experimental rocket sled is slowed down by a 
scoop which dips into a trough of water. As shown 
in Fig. 22-23, the scoop is designed so that it ejects 
the water at right angles to the moving sled, and so 
that the water leaves the tubes with a speed equal to 
the speed of the sled at any instant. 

(a) What will be the change in momentum of a 
small mass of water m ejected toward either side 
at the instant the sled is traveling with a speed g? 
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(b) What is the change in momentum of the sled 
for each mass of water m scooped up? 

(c) Is any advantage gained by ejecting half of 
the water from each side? Why not eject all of it 
from one side? 


(a) 


(b) 
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The water leaves at right angles to the direction 
of motion of the sled with a speed v equal to 
that of the sled. The velocities of the two jets 
of water relative to the ground will be ¥, and 
¥2 as shown in the diagram. The change in 
momentum of the water ejected from each 
tube is then 1/2 mv in one of the directions 
shown by p; and py in the diagram. 


The loss in momentum of the sled is equal to 
the gain in momentum of the water in the 
direction of motion of the sled. This gain in 
momentum of the water as shown in the dia- 
gram is p = mv. The change in momentum 
of the sled is —mv. 


p 
a > 
uy | EA A 
-n z 
Wp 2 > 


When the water is ejected equally on both sides, 
the total momentum of the water ejected rela- 
tive to the sled is zero. If all the water were 
ejected from one side, there would be a change 
in momentum occurring relative to the sled 
which would push sideways on the sled and 
probably derail it. 

You can extend the problem by asking the 
student to again answer part (b) if the dis- 
charge tubes are extended through another 90° 
so they discharge the water directly forward 
with a speed relative to the sled, equal to that 
of the sled at any instant. 

In this case the water relative to the ground 
will have changed velocity by 2¥. Therefore, 
the change in momentum of a small mass of 

water, m, will be 2¥m and the change in 
momentum of the sied will be —2vm. 


PROBLEM 20 


An astronaut with a total mass M (including his 
equipment) has been accidentally separated from 
his spacecraft and is at rest with respect to the ship 
at a distance d. His tank contains a mass m, of 
oxygen (mo < M) and is equipped with a nozzle 
through which the gas can be very rapidly ejected 
at an average speed of v. He must release oxygen 
for propulsion to get back to the spacecraft but 
also needs oxygen for breathing. He breathes oxygen 
ata rate R. 

(a) If he releases an amount m of oxygen for pro- 
pulsion, what speed V will he acquire? How long 
will it take him to reach the spacecraft? 

(b) How long can he breathe on the remaining 
oxygen? 

(c) If he is to return successfully to his craft, his 
breathing time, fs, must be equal to (or greater 


than) his travel time fy. 


What condition does this 


place on m? 

(d) Calculate how much oxygen the astronaut 
may safely release for propulsion if M = 100 kg, 
mo = 0.5kg, d = 45m, v = 50 m/sec, and R = 
2.5 X 10-4 kg/sec. 


(a) 


(b) 


(c) 


(d) 


From the conservation of momentum, 
MV = mv, or V = mv/M. 


Hence, the time to reach the spaceship will be 
tr = d/V = Md/mv. 


The astronaut releases a mass m of the oxygen 
for propulsion. He now has a mass m, — m 
left for breathing. At a breathing rate R this 
will last for a time 


If we set ir = tg (the case in which he just 
makes it back), then 


Md _ m.— m 
mo R 
or vm? — mm + RMd = 0, 


> or RMd = mmw — mv, 


which is a quadratic equation for m. 

The amount of oxygen released for propul- 
sion can have any value between the limits set 
by the roots of this equation, which are: 


_ Mov + V (mv)? — 4VRMd 
SS ee 


Putting in the values for our particular situa- 
tion, 


m= 25 £ pa 51229 = 0.45 or 0.05 kg. 


— eee 


A numerical check will easily convince the students same scale and make sure that each one is in the 


that 0.05kg < m < 0.45kg will get the astronaut right direction. 
back, whereas with m < 0.05 kg or m > 0.45 kg, he i: (b) Are these changes of velocity opposite in 
ill run out of oxygen bef i i ireauon 
a i alue ae ti Cole ae the ship. For (c) Are they equal in magnitude? 
e above V imes are seconds and 1800 (d) If their magnitudes differ, what should be 
seconds. their ratio? 


(e) The mass of the large ball is 201 gm. What is 
the mass of the small ball? 


PROBLEM 21* (See Short Answers.) eu 

Students should be encouraged to work to 0.1 milli- 
meter and 0.1° accuracy although the distortions in 
the picture are probably greater than this. Depending 


PROBLEM 22 
on how much practice students have had with this sort 


While two 1-kg carts are moving along together 


with a velocity of 0.5 m/sec, a spring pushes them of graphical problem it may be well to point out in 
apart. One of them continues with a velocity of assigning it that they can plot velocity vectors propor” 
0.7 m/sec, with its direction of motion unchanged. tionally even though they do not know either the real 

(a) What is the velocity of the center OF mass distance scale or the time between flashes. The 


after the spring acts? 
(b) What is the velocity of the other cart after it 
is pushed by the spring? 


velocity of an object may be plotted as proportional to 
the distance between successive flashes. Directions of 
travel can be determined by drawing along one side 
(a) The velocity of the center of mass is un- of the line of images of the ball, using tracing paper 
if it is not permissible to mark the text. Distances can 
be determined by using the line of centers, measuring 
between the more brightly lighted edges. 


changed: ve = 0.5 m/sec. 


Lo 


(b) The total momentum is 
(my + MWe = MWI + Mado. 
Therefore, 


_ (my + moo = mii 


p= 
` m2 
an (2 kg)(0.5 m/sec) — (1 kg)(0.7 m/sec) 
S l kg 
= 0.3 m/sec. 
PROBLEM 23 


A rocket is out in free space shooting out a stream 
of exhaust gases and picking up speed in the opposite 
direction. What happens to the center of mass of all 
the matter — that which is ejected and that which 
is left in the rocket? 


A rocket moving in “free space” represents an 
isolated system. The system consists of the ejected 
matter and that which is left in the rocket. Since no 
external forces are acting on the rocket system, the 
center of mass of the matter in the system cannot be 
accelerating. Therefore the yelocity of the center of 
mass is constant. 


PROBLEM 24 — 
In Fig. 22-24, the large ball came in at the top of 
the picture and the little ball at the bottom. As 
you see, a collision took place in the middle. 
(a) Draw the vectors which represent the change 
in the velocity of the large ball and the change in 
velocity of the small ball. Plot these vectors to the 
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(b) What is the change in momentum of the sled 
for each mass of water m scooped up? 

(c) Is any advantage gained by ejecting half of 
the water from each side? Why not eject all of it 
from one side? 


(a) 


(b) 
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The water leaves at right angles to the direction 
of motion of the sled with a speed v equal to 
that of the sled. The velocities of the two jets 
of water relative to the ground will be ¥, and 
¥2 as shown in the diagram. The change in 
momentum of the water ejected from each 
tube is then \/2 mw in one of the directions 
shown by p; and py in the diagram. 


The loss in momentum of the sled is equal to 
the gain in momentum of the water in the 
direction of motion of the sled. This gain in 
momentum of the water as shown in the dia- 
gram is p = mv. The change in momentum 
of the sled is —mv. 


p 
ie -> 
uA 1 a 
ine =: 
Wp 2 > 


When the water is ejected equally on both sides, 
the total momentum of the water ejected rela- 
tive to the sled is zero. If all the water were 
ejected from one side, there would be a change 
in momentum occurring relative to the sled 
which would push sideways on the sled and 
probably derail it. 

You can extend the problem by asking the 
student to again answer part (b) if the dis- 
charge tubes are extended through another 90° 
so they discharge the water directly forward 
with a speed relative to the sled, equal to that 
of the sled at any instant. 

In this case the water relative to the ground 
will have changed velocity by 2y. Therefore, 
the change in momentum of a small mass of 

water, m, will be 2¥m and the change in 
momentum of the sied will be —2wm. 


PROBLEM 20 


An astronaut with a total mass M (including his 
equipment) has been accidentally separated from 
his spacecraft and is at rest with respect to the ship 
at a distance d. His tank contains a mass m, of 
oxygen (mo < M) and is equipped with a nozzle 
through which the gas can be very rapidly ejected 
at an average speed of v. He must release oxygen 
for propulsion to get back to the spacecraft but 
also needs oxygen for breathing. He breathes oxygen 
at a rate R. 

(a) If he releases an amount m of oxygen for pro- 
pulsion, what speed V will he acquire? How long 
will it take him to reach the spacecraft? 

(b) How long can he breathe on the remaining 
oxygen? 

(c) If he is to return successfully to his craft, his 
breathing time, fg, must be equal to (or greater 
than) his travel time ry. What condition does this 
place on m? 

(d) Calculate how much oxygen the astronaut 
may safely release for propulsion if M = 100kg, 
mo = 0.5kg, d = 45m, v = 50 m/sec, and R = 
2.5 X 10-4 kg/sec. 


(a) 


(b) 


(c) 


(d) 


From the conservation of momentum, 
MV = m, or V = mv/M. 


Hence, the time to reach the spaceship will be 
tr = d/V = Md/mv. 


The astronaut releases a mass m of the oxygen 
for propulsion. He now has a mass m, — m 
left for breathing. At a breathing rate R this 
will last for a time 


If we set ty = tg (the case in which he just 
makes it back), then 


Md _ 1m — m 
mv R 
or vm? — mm + RMd = 0, 


> or RMd = mmw — mv, 


which is a quadratic equation for m. 

The amount of oxygen released for propul- 
sion can have any value between the limits set 
by the roots of this equation, which are: 


Mov + V (mv)? — 4VRMd 
m= 7 . 


Putting in the values for our particular situa- 
tion, 


25 + \/625 — 225 
ake 100 


= 0.45 or 0.05 kg. 


e 


A numerical check will easily convince the students same scale and make sure that each one is in the 


that 0.05kg < m < 0.45kg will get the astronaut right direction, 

back, whereas with m < 0.05 kg or m > 0.45 kg, he A fp) Are these changes of velocity opposite in 
i f f n a irection? 

wil a out : oes before pai the ship. For (© Are they equal in magnitude? 

the above value the times are seconds and 1800 (d) If their magnitudes differ, what should be 

seconds. their ratio? 


(e) The mass of the large ball is 201 gm. What is 
the mass of the small ball? 


PROBLEM 21* (See Short Answers. 
( ) Students should be encouraged to work to 0.1 milli- 


meter and 0.1° accuracy although the distortions in 


PROBLEM 22 the picture are probably greater than this. Depending 
While two 1-kg carts are moving along together on how much practice students have had with this sort 
with a velocity of 0.5 m/sec, a spring pushes them of graphical problem it may be well to point out in 
apart. One of them continues with a velocity of assigning it that they can plot velocity vectors propor” 
0.7 m/sec, with its direction of motion unchanged. tionally even though they do not know either the real 


(a) What is the velocity of the center of mass 
after the spring acts? 
(b) What is the velocity of the other cart after it 


distance scale or the time between flashes. The 
velocity of an object may be plotted as proportional to 


is pushed by the spring? the distance between successive flashes. Directions of 
travel can be determined by drawing along one side 

(a) The velocity of the center of mass is un- of the line of images of the ball, using tracing paper 
changed: ve = 0.5m /sec. if it is not permissible to mark the text. Distances can 


be determined by using the line of centers, measuring 


b) The total momentum is 
©) e between the more brightly lighted edges. 


(my + Mave = MW + M22. 
Therefore, 
_ (my + mae = M1 
» = 


m2 
Te 1 kg 


0.3 m/sec. 


PROBLEM 23 
A rocket is out in free space shooting out a stream 
of exhaust gases and picking up speed in the opposite 
direction. What happens to the center of mass of all 
the matter — that which is ejected and that which 
is left in the rocket? 


A rocket moving in “free space” represents an 
isolated system. The system consists of the ejected 
matter and that which is left in the rocket. Since no 
external forces are acting on the rocket system, the 
center of mass of the matter in the system cannot be 
accelerating. Therefore the velocity of the center of 
mass is constant. 


PROBLEM 24 _ 
In Fig. 22-24, the large ball came in at the top of 
the picture and the little ball at the bottom. As 
you see, a collision took place in the middle. 
(a) Draw the vectors which represent the change 
in the velocity of the large ball and the change in 
velocity of the small ball. Plot these vectors to the 
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HDL 


(a) The vector diagrams are given below. The 
vector equation is Vin + AV = Vout. There- 
fore Av is the vector from the head of Yin to the 
head of Your. (We have drawn each vector 
three times as long as the distance between 
centers on the photograph.) 


(b) The changes of velocity are within 0.5° of 


Big Ball 


Yincoming «x 1.76cm 


Voutgoing & 1,20 cm 


Small Ball 


\ 


\ 5 Large Ball 
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opposite directions. Any measurement be- 
tween 0 and 1.5° might be accepted. 


(c) No. From the vector diagrams, the ratio of 
the magnitudes is 


Avpig _ 1.13 _ 
ban aOy 0.422. 
v s 
outgoing 
Vincoming 
Av 


v 
out 


(d) From momentum conservation, the ratio of 


(e) 


the changes in velocity should be inversely 
proportional to the ratio of the masses: 


Myig AÙbig = Msmall AVemall 


Avpvig _ Msmall 


AUsmall Mhig 


Since 


Msmall _ Avpig 
Mig AUsmall 
Mma = 0.422 X 201 = 84.8 gm (a value 


= 0.422, 


between 80 and 90 is acceptable). 


Clearly these balls are the 201 and 85 gm pair that 
has been used in other figures. 


* k * 


(b) The center of mass of the 2-kg brick and 2-kg 
cart lies on the line joining them and halfway 
between them. Consequently, the center of 
mass of the cart and brick moves half as fast 
as the cart does before the “collision.” There- 
fore the center of mass moves at 0.20 m/sec 
before the collision (and after the collision). 


PROBLEM 26 

An explosion blows a rock into three parts. Two 
pieces go off at right angles to each other, a 1.0-kg 
piece at 12 m/sec and a 2.0-kg piece at 8.0 m/sec. 
The third piece flies off at 40 m/sec. 

(a) Draw a diagram to show the direction in which 
the third piece goes. 

(b) What is its mass? 


(a) We must presume the rock to be initially at 
rest. It then had zero momentum before the 
collision and hence must have zero momentum 


Note: You may be interested in whether energy was 
conserved. You may wish to ask students to save 
their solutions to this problem for analysis of energy 
conservation when you deal with this subject later. 
The initial energy was proportional to 


4 X 201 X 1.76? + 4 X 848 X 1.59? = 418 
and the final energy to 
4 X 201 X 1.20? + 4 X 848 X 2954 A38 


Thus about 9.5% of the energy was lost; the collision 
was not elastic, but close. 


PROBLEM 25 
A 2.0-kg brick with no horizontal motion is dropped 


after the collision., The momentum of the 
1.0-kg piece is 12 kg-m/sec; the momentum of 
the 2.0-kg piece is 16 kg-m/sec at right angles 
to the first. ‘The third piece must have a 
momentum p given by the vector diagram at 
the right which shows that the three momenta 
add to zero. 


(b) The diagram shows the direction in which the 


third piece flew off, and from the 3, 4, 5 right 
triangle it is seen to have a momentum of 
20 kg-m/sec. Since its velocity was 40 m/sec, 
its mass was 1/2 kg. 


on a 2.0-kg cart moving across a frictionless table 
at 0.40 meter/sec. 

(a) What is the change in velocity of the cart? 

(b) What is the velocity of the center of mass of 
the system composed of cart and brick before the 
brick is dropped? 


(a) 


The initial velocity of the cart is 0.40 m/sec. 
Since momentum must be conserved when its 
mass is doubled, its velocity must be halved. 
Therefore the change in its velocity is 
0.20 m/sec. 


Cart 


Third Momentum 12 kg-m/sec 


16 kg-m/sec 


PROBLEM 27 

The system shown in Fig, 22-25 consists of a 5.0-kg 
frame with a 1.0-kg and a 4.0-kg mass in the middle. 
At either end of the frame are stops made of putty. 
The two masses and the frame are mounted on Dry 
Ice pucks. (The mass of the Dry Ice is included in 
the values given above.) The center of mass of the 
whole system is at the center of the frame. An ex- 
plosion pushes the two masses apart. The 1.0-kg mass 
goes off with a speed of 12 m/sec. Eventually each 
mass is trapped by the putty. 
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Suppose the frame moved a distance x, 
Then it acts like a 5.0-kg mass a distance x 
from the old (and the new) center of mass, 
Where L is the length of the frame, the 1.0-kg 
mass is (L/2 + x) from the center of mass, 
and the 4.0-kg mass is (L/2 — x) from the 
center of mass: 


dım, + dim; = dım, 


G + x) m, + xm; = ( — x) m4 


Lm Lm 
T A T L — xin 
2 2 : 

L(m, —- m,) 

x(m, + m, + m) = A 


(a) What is the speed of the 4.0-kg mass imme- 
diately after the explosion? 

(b) Where is the center of mass of the whole sys- 
tem after 1 sec? After 2 sec? 

(c) What is the velocity of the frame and the 
attached masses after 100 sec? 

(d) Describe the motion qualitatively from the 
time of explosion to 100 sec. 

(e) How far does the frame move? 


x(1.0 + 4.0 + 5.0) = 460 > 10) 
x = 0.15L. 


Many students who are unable to solve this 
part of the problem using Z will be able to do 
so if they are given a specific value for L. 


(a) Momentum must be conserved in the explo- 
sion between the 1.0- and 4.0-kilogram masses. | 
The 1.0-kg mass has a momentum of 12 kg- 
m/sec after the explosion. The 4.0-kg mass 
must have an equal and opposite momentum | 
and therefore a velocity of 3.0 meters/sec. | 


(b) Since there are no external forces acting on 
the system, the center of mass of the whole 
system remains fixed at all times. 


(c) Since there are no external forces acting, and 
since before the explosion the momentum of 
the whole system was zero, the momentum 
remains zero. When the frame and two 
masses are joined, they all have the same 
velocity — zero. (With reasonable dimensions 
the masses have become attached to the frame 
long before 100 seconds have passed.) 


(d) With the explosion, the 1.0- and 4.0-kilogram 
masses fly apart with speeds of 12 and 3 
meters/sec, respectively. The 1.0-kg mass hits 
first and sticks, moving the frame in its direc- 
tion. The momentum of frame and 1.0-kg 
mass is 12 kg-m/sec, the momentum of the 
mass before the collision. Next the 4.0-kg 
mass hits and transfers 12 kg-m/sec in the 


PROBLEM 28 


A 20-kg car stands at rest on an 80-kg platform as 
shown in Fig. 22-26, The car can be driven along 


opposite direction, thus stopping the frame and 
masses, which then remain at rest. 

(e) The distance the frame moved can be cal- 
culated by doing part (d) quantitatively. How- 
ever, the simplest method is to remember that 
the center of mass does not move. 
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the platform by a motor and the platform, mounted 
on rollers, is free to move along the laboratory floor 
substantially without friction, A stroboscopic camera 
records any motions that occur, 

When the motor is turned On, a study of the 
photograph shows that over a period of 3.0 sec the 
platform acquired a velocity of 0.30 m/sec, 


(d) If we use the impulse-momentum relation to 
calculate the force on the car, we get 


F = mM, Ave,_,/At 
(20 kg)(— 1.50 m/sec)/(3.0 sec) 
= — 10 newtons. 


This force is not equal in magnitude to the one 
we calculated was acting on the platform, be- 
cause here we took the moving platform as our 

’ frame of reference. Since the platform is being 
accelerated, it does not provide an inertial 
frame of reference within which Newton’s law 
of motion can be used. The application of 
Newton’s law in an accelerated frame of 
reference will give a fictitious force, in this case 
amounting to 2 newtons, which depends upon 
the frame of reference rather than any action 
of the bodies involved. 


(a) What does the same photograph show for the 
velocity of the car at the end of the 3.0-sec period ? 

(b) With what force did the wheels of the car push 
against the platform? 

(c) What was the relative velocity of the car along 
the platform at the end of the 3.0 sec? 

(d) If you know only the relative motion of the 
car along the platform, what force would you cal- 
culate was needed to give the car this velocity in 
3.0 sec? Can you explain why the force you calculate 
here is different from the one you found in Part (b)? PROBLEM 29* (See Short Answers.) 

PROBLEM 30 

A double star consists of two large masses that 

attract each other gravitationally. By observing the 

motion of both masses, we can see that they rotate 
around each other. 

(a) What do you think happens to the momentum 
of each of the masses in a double star as time goes 
on? Explain your answer. 

(b) When observed carefully, the bright star 
Sirius seems to wobble about, instead of having a 
uniform motion of the center of mass. From this and 
other evidence astronomers believe that Sirius has 
a dark companion. It is really a double star. How 
does this explain the peculiar observed motion? 


The positive direction is taken to be the direction 
of the platform’s motion. 


(a) Since the car and platform are originally at 
rest, and since no outside force acts on either 
of them, the change in their total momentum is 


Ap = 0 = m. Av, + Mp Avp, 


where vs is the velocity of the car and vp is the 
velocity of the platform; 


Ave = Ue — 0, so 
80 kg X 0.30 m/sec This problem asks the student to discuss conserva- 
= 20 kg tion of momentum in an astronomical problem. 
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(a) The momentum of one member of a double 
star does not have to remain constant because 
there is an external force — the gravitational 
attraction of the other member — acting upon 
it. (Momentum changes due to emitted light 
are negligible.) Therefore the momentum of 
each member changes, but the sum of the two 
momenta remains constant since we presume 
the double star system is far enough away 
from all other stars that it may be considered 


—1.20 m/sec. 


The car moves in the direction opposite to the 
platform’s motion. 


(b) If we set the impulse of the force equal to the 
change in momentum of the platform, 


FAt = MAp 
F = m, Av,/At 


(©) 


= (80 kg)(0.30 m/sec)/(3.0 sec) 
8.0 newtons. 


The velocity of the car relative to the moving 
platform was 


Use epee (—1.20 m/sec) 
— (0.30 m/sec) = —1.50 m/sec. 


(b) 


isolated from them. This means that when one 
momentum changes, the other must change by 
an equal amount in the opposite direction. 
The changes are periodic, i.e., repeat them- 
selves as the two stars revolve about each other. 
Assume that Sirius and its dark companion 
have equal masses and are revolving around 
each other as together they move through 
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space. The point half-way between the two 
stars would move uniformly, as shown above. 
How this motion would appear to an observer 
depends upon the magnitude and frequency 
of revolution of the binary system, and upon 
the angle from which the motion is viewed. 
If the observer is in the plane of revolution, one 
star periodically eclipses the other star. This is 
called an eclipsing binary. From other angles, 
the visible star will appear to wobble in its path. 
The magnitude and frequency of wobble will 
depend on the stars’ relative masses and the 
shapes of their orbits. 


PROBLEM 31* (See Short Answers.) 

PROBLEM 32 
Figure 22-27 shows the hypothetical force-time 
graphs between two bodies; F,~2 and F2—, are the 
forces with which the two bodies act on each other, 
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(a) Is the total final momentum different from the 
total initial momentum ? 


(b) Is 


momentum conserved throughout the 


collision? 


(a) 


(b) 


The total impulse which the first body gives to 
the second is exactly equal and opposite to the 
total impulse that the second body gives to the 
first, since the areas between the force curves 
and the /-axis are equal and on opposite sides 
of the axis. Hence the net change in momen- 
tum is zero, and the total momentum is the 
same as it was before. 


Momentum is not conserved throughout the 
collision; for example, during the time interval 
during which F,_, is greater than zero but 
Fy_, is zero, the momentum of the second 
body is increasing while the momentum of the 
first body stays the same. 
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Work and Kinetic Energy 


Chapter 23 introduces energy, one of the most use- 
ful concepts in physics. The idea of energy will be 
extended in the next two chapters, and is used exten- 
sively throughout the rest of the course. Application 
of the law of conservation of energy is a powerful tool 
for solving a wide range of problems, particularly 
those in which the forces of interaction are not 
known in detail (e.g., in collisions). 

For an overall commentary on the three energy 
chapters you may want to refer to the summary of 
Part II at the front of this volume of the Guide. 


CHAPTER SUMMARY 


Work is introduced as a measurable form of energy 
transfer, starting from ideas about fuel consumption. 
Work which goes into the acceleration of a body 
produces a corresponding change in the quantity 
4mv?, the kinetic energy. The elastic collision is 
analyzed in detail. 

SECTIONS 1 THROUGH 3. From common intuitive 
feelings about “energy,” “job,” “work,” and “fuel,” 
a definition of the scientific concept of work is de- 
veloped. Work is equal to the product of a force and 
the displacement produced in the direction of the force. 

SECTION 4. The work done in accelerating a body 
produces a change in the quantity 1mv?, the kinetic 
energy. The same amount of work always produces 
the same change in kinetic energy- An object in 
motion can do an amount of work exactly equal to 
its initial dv. 


SECTIONS 5 THROUGH 7. The changes in kinetic 
energy in two-body collisions are analyzed and stress 
is given to elastic collisions (i.e, collisions in which 
kinetic energy is conserved). Finally, a collision is 
proved to be “elastic” whenever the force between two 
bodies is a function only of their distance of separation. 

SECTIONS 8 THROUGH 11. The general consequences 
of the conservation of momentum and kinetic energy 
are applied to elastic interactions to find solutions to a 
certain class of problems. Some of the characteristics 
of inelastic collisions are also discussed. 


SCHEDULING CHAPTER 23 


Chapter 23 contains a great deal of new and im- 
portant material which will require considerable class 
time for a full development. Time should be spent on 
the solution of problems involving work and kinetic 
energy in order to drive home the quantitative use of 
these concepts in physical situations. The Home, 
Desk, and Lab section contains a large number of 
problems which are suitable for stimulating class dis- 
cussion. A few supplementary problems useful for 
quizzes or class discussion are contained in the 
following pages. 

The following table suggests possible schedules for 
this chapter, consistent with the schedules outlined 
in the summary section for Part HI. Sections which 
are enclosed by brackets [ ] can be deemphasized 
in class discussion without loss of continuity. 


9-week schedule for Part Ir 


15-week schedule for Part II 


Chapter 23 
CLASS LAB CLASS LAB 

SECTIONS PERIOD PERIOD EXPERIMENT PERIOD PERIOD EXPERIMENT 

129 2 0 — 3 0 — 

4 1 0 = 1 0 — 
5, [6], [7] 1 0 = 3 0 — 
8, [9] 2 1 I-10 2 1 1I-10 
10, 11 
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RELATED MATERIALS FOR CHAPTER 23 


LABORATORY. Experiment III-10. Simulated Nu- 
clear Collisions. Coins sliding down an incline and 
out onto graph paper simulate particles traveling 
through and stopping in a cloud chamber. A Range- 
Energy curve can be obtained and used to study the 
Momentum-Energy conservations during a collision 
between two simulated particles. This experiment 
can be used with Section 23-7 or 23-8. 

FILMS. “Elastic Collisions and Stored Energy,” by 
Dr. James Strickland of E.S.I. 

Elastic collisions with magnetic Dry Ice pucks are 
demonstrated. From a strobe photo of one of these 
collisions it is shown that the total kinetic energy is 
the same after the collision as before; the collision is 
elastic. The total kinetic energy decreases during the 
collision. Examination of the data shows that this 
temporary storage of energy during the actual collision 
depends only on the separation of the pucks. In an- 
other experiment, the pucks are tied together and then 
“exploded,” and the total kinetic energy after the 
explosion is found to be equal to the predicated energy 
stored before the explosion. This recoverable stored 
energy is then defined as potential energy. This film 
may be used in connection with the end of Chapter 23 
or during the first half of Chapter 24: 

“Momentum, Energy, and Center of Mass,” by 
Professor Herman Branson of Howard University. 
This film investigates two-body collisions (magnetic 
Dry Ice pucks) from different frames of reference: a 
laboratory frame and the center-of-mass frame, show- 
ing the dependence of the total momentum on only 
the frame of reference from which it is observed. The 
film further demonstrates that the total energy of a 
given system may be partitioned into two parts: one 
part associated with the motion of the system’s center 
of mass relative to a reference frame, which varies 
with the reference frame; and the other part associated 
with the motion of the individual parts of the system 
moving relative to the center of mass — the internal 
energy, which is the same in all frames. This film 
could be profitably used associated with the second 
half of Chapter 23 or later during the first part of 
Chapter 25. Running time: 25 minutes. 

“Energy and Work,” by Professor Dorothy Mont- 
gomery of Hollins College demonstrates that the work 
that goes into raising a heavy ball transfers to kinetic 
energy when it falls. The relationship between work 
done and change in kinetic energy is further under- 
scored by demonstration with a device in which a 
varying (but reproducible) force acts through a given 
distance. This is done by finding the work from the 
area under a force-distance curve and the kinetic 
energy from measurement of mass and velocity. An 
amusing “Rube Goldberg” device is used to remind 
Students that mgh expresses gravitational potential 
energy. in closing, the film leads toward heat energy 
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by showing that, as the falling ball is brought to a 
stop, the loss of kinetic energy is accompanied by an 
increase in heat. This film may be used in connection 
with Chapter 23 or 24. Most teachers prefer to use it 
about the middle or toward the end of Chapter 24. 
Running time: 28 minutes. 

WORKSHEETS. The available stroboscopic photo- 
graphs of elastic collisions (from two reference frames) 
obtained in the demonstrations of the first and second 
films listed above are extremely useful for student 
analysis associated with sections 23-4, 23-5, 23-6, and 
23-7 (kinetic energy and partition of energy) and 
24-2 and 24-6 (potential energy). 

HOME, DESK, AND LAB. See the HDL Notes for an- 
swers, solutions, and a table which classifies problems 
according to their estimated level of difficulty. 


23-1 Energy Transfer 
23-2 Work: A Measure of Energy Transfer 
23-3 More About the Definition of Work 


PURPOSE. To introduce work as a quantitative 
measure of energy transfer. 

CONTENT. (a) The quantity of energy transferred 
can be measured in terms of work performed or fuel 
used — two identical jobs require twice as much fuel 
or work as one job. 

(b) Fuel consumption apparently varies with the 
magnitude of the force exerted and the distance 
through which the force acts. Work is defined as the 
product of force X distance. The joule is defined as 
the unit of work when the force is expressed in newtons 
and the distance through which the force acts is 
expressed in meters. 

(c) The quantity of work is independent of the time 
a force acts. 

(d) A force which does not move an object does no 
work. Work is done only when a force acts parallel to 
the displacement. 

EMPHASIS. This is very important material, and will 
require about two, perhaps three, class periods for 
development. It will be wise not to try to define energy 
in terms of work. Let the concept grow during this 
and the next two chapters. However, this is the time 
for an exact definition of work, since work is a purely 
mechanical concept. 

DEVELOPMENT. Students will generally accept the 
idea of fuel consumption being a quantitative measure 
of something, at least the cost of doing a particular 
job. This is a good idea to stress, since, after all, the 
law of conservation of energy, which we are develop- 
ing, is little more than a total cost accounting of the 
full price (including “hidden” terms) of doing a wide 
variety of jobs. Cost is an intuitively quantitative 
concept, and the extrapolation from fuel consumption 


to the mechanical definition of work can be kept 
quantitative. 

The logic of the initial development of work and 
energy has been worked out carefully in the text, and 
it will be wise to follow this logic rather closely. Other- 
wise it is very easy to become trapped in circular defini- 
tions of “work” and “energy,” apparently using the 
two terms to describe the same thing. The term 
“york” should be confined to external forces which 
change the energy of a system. The concept becomes 
terribly muddled if work is done by something inside 
the system, since then it is very difficult to isolate the 
agent or force doing the work (e.g., when a pendulum 
swings, energy is continually being converted from 
potential to kinetic and back — it makes no sense to 
speak of the pendulum doing work on itself, or on 
the gravitational field of the earth; the pendulum and 
earth constitute a system, and the total energy of the 
system does not change when the pendulum swings). 

COMMENTS. Some students may be bothered by the 
idea that no work is done when a force is applied to an 
object which does not move. A steel girder holds up a 
building. It exerts a huge force, but moves nowhere. 
It requires no fuel. It is not doing work. Yet, all of 
us have at some time or other held a heavy load over- 
head, waiting for someone to lift it from us. Itis hard 
to hold an appreciable load up there for more than a 
short time. It makes us tired. It is natural to want to 
say that we have worked. However, the only work 
that we have done is work against internal frictions 
(pumping blood), and generating heat by combustion. 
The result is that we heat our bodies, but we do no 
useful work on an outside system. 

We frequently find that our technical scientific vo- 
cabulary overlaps our less-precise everyday use of 
language. Watch out for “work.” We have now given 
it a precise definition. Students simply need to realize 
that “work” in physics does not cover many of the 
ideas for which it is used colloquially. Solving a prob- 
lem is “hard work,” but the energy consumed is very 
small. 

Work is only one method of energy transfer. Others 
will be developed in the following chapters. 


x k * 


Work is done only by that component of a force 
which lies along the direction of the displacement. The 
text develops this idea by pointing out that no fuel is 
consumed when an object slides at constant speed 
across a frictionless table. The force exerted by the 
table in supporting the object is perpendicular to the 
motion, and does no work. (See Appendix 6 at the 
back of this volume of the Guide for a discussion of 
work as the dot product of two vectors.) 

The same problem can also be approached from the 
point of view of the final state of the system. Has the 
energy content beer changed by the action of a force? 
Consider a Dry Ice puck held by a string so that it 


moves in a circle of constant radius. Again, this is a 
case of a constant force acting perpendicular to the 
motion, Suppose a flame burns through the string 
after 5 revolutions. The puck flies off tangentially 
with the speed it had in its circular travel. Now repeat 
the experiment, but this time burn through the string 
after 10 revolutions. The centripetal force has acted 
twice as long in this case. It has been accelerating the 
puck continuously. Yet the puck still flies off in exactly 
the same way as the first time. The force acted per- 
pendicularly to the direction of motion. No work 


was done. 
k kk 


The text points out that the work done depends only 
on the force and the distance moved in the direction 
of the force, but not on the time that the force acts. 
Some students may not feel comfortable with this 
assertion because they will think of examples where 
time seems to be a factor (e.g., it takes more gasoline 
to drive a given distance at 60 mph than at 30 mph). 
The difference in fuel consumption is not associated 
with the difference in kinetic energy of the car in the 
two cases. Initial and final kinetic energies are zero 
in both cases. Frictional forces encountered in moving 
one solid across another (e.g., tires on a road) are 
essentially independent of the speed of the object, so 
tire friction does not affect the difference in fuel con- 
sumption. The answer lies in the effects of fluid fric- 
tion, the drag of the air on the car, and the drag be- 
tween various parts of the car and the lubricating oil. 
When a body is moved through a fluid, the frictional 
force increases with the speed of the body, roughly in 
proportion to the speed. (It is this same drag effect 
that is responsible for the phenomenon of terminal 
velocity.) Thus a high-speed car uses more fuel than 
a slow car in covering the same distance, because a 
larger force must be applied to move the fast car at 
constant speed against its frictional load than is needed 
for the slow car. Thus more work is done by the fast 
car, and more fuel is consumed, 


QUIZ PROBLEMS 

1. Calculate the work done by a boy who pulls a 
sled a distance of 20m while exerting a 100-newton 
force on a rope which makes an angle of 45° with the 
horizontal. (1000/2 joules.) 

2. A man pulls a 20-kg mass up a frictionless in- 
clined plane which makes an angle of 30° with the 
ground. He moves the mass to a point 5.0 meters in 
height above the floor. 


(a) How much work has he done? (980 joules.) 

(b) How large a force was required to raise the 
mass? (98 newtons.) 

(c) How far was the mass moved along the plane? 
(10 m.) 

(d) How much work would be required to do the 
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same job if the plane were not frictionless, but 
instead exerted a constant retarding force of 50 
newtons along the plane? (1480 joules.) 


3. How much work is done by a man who takes a 
7.5-kg bowling ball and bag from a shelf 2.0 m high 
and lowers it to the floor? (150 joules is done on the 
man by the ball.) 

4. How much work is required to carry a 15-kg 
suitcase a horizontal distance of 50 m? (Zero.) 

5. A 60-kg boy pushes a 50-kg girl around a dance 
floor. He exerts an average force of 80 newtons on his 
partner. During the dance they move at a rate of 
0.50 m/sec for 5.0 minutes. How much work does the 
poor boy do? (12,000 joules.) 


23-4 Kinetic Energy 


PURPOSE, To introduce kinetic energy, 

CONTENT. Work is a form of energy transfer. When 
work is done on an object in such a way that it starts 
the object in motion and produces no other change, 
then all of the energy transferred has become energy 
of motion, or kinetic energy. Then the work done is 
identically equal to the change in magnitude of the 
quantity mv”. This quantity is defined as the energy 
inherent in motion, kinetic energy. The same work 
will always produce the same change in kinetic energy, 
whether a small force acts through a great distance or 
a large force acts through a short distance. An object 
in motion can do work. The amount of work extracted 
in bringing an object to rest is equal to that which was 
expended in producing the motion. The kinetic energy 
of an object, }v*, is an important parameter describ- 
ing a dynamical characteristic of the object. It does 
not depend in any way on the history of how the ob- 
ject reached that condition. 

EMPHASIS. These ideas are basic to an understanding 
of kinetic energy. At least one full class period should 
be spent in discussing this section. 

DEVELOPMENT. This section introduces the first 
quantitative definition of any of the forms of energy. 
To give students a good feeling for kinetic energy and 
its relationship to work, it will be worthwhile to follow 
through a number of examples in class. The text sug- 
gests a pattern. As a beginning, you might work 
through in detail the examples of a l-kg mass ac- 
celerated by a S-newton force acting through 10 
meters, and by a 10-newton force acting through 
5 meters. Show that the same work is done and the 
same kinetic energy is developed in the two cases, 

* *k * 


Students sometimes have difficulty in understanding 
that kinetic energy is a compietely different physical 
quantity from momentum. This difference should be 
clarified. The following two examples may be helpful. 
The first example develops kinetic energy as a property 


of motion. The example shows how the same work 
performed in two different cases produces the same 
change in kinetic energy, but quite different changes 
in momentum. The second example emphasizes the 
different properties of two objects moving with the 
same momenta but widely different energies. 

Example I. (a) Let a force of 1500 newtons act 
through a distance of 200 meters on a 1500-kg car 
which starts from rest. The work done is 


W, = F\x, = 1500 X 200 = 3 x 10° joules. 


To find the final speed of the car after it has traveled 
these 200 meters, we note that the acceleration was 


a= Fi = Os 1 m/sec”, so that 
1" 'm ~ 1500 omen 

vi? = 2a,x, = 400 m?/sec?, and 

V, = 20 meters/sec. 


The momentum of the car will be 

Pı = mv, = 1500 X 20 = 3 X 104 kg-m/sec. 
The kinetic energy will be 
(Ex), = 4mv,*? = 4 1500 X 400 = 3 x 105 joules, 


which is equal to W,, the work which was done (see 
above). 

(b) Now let a 1500-newton force act again, in the 
same direction, through 200 more meters. 


W3 = Fox» = 1500 X 200 = 3 X 105 joules. 


To find the final speed we note that the acceleration 
again is 
Fa _ 1500 
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= 1 meter/sec?, 
The final speed vz, is given by 


Oe = 017 + 2agx, = 400 + 2 x 1 X 200 
= 800 m?/sec?, 


`. Vo = 28.3 m/sec. 
The new momentum of the car will be 
P2 = mv, = 1500 X 28.3 = 4.24 x 104 kg-m/sec, 


Thus the change in momentum during the second 
acceleration interval was 


(Ap)2 = p2 — pı = 1.24 X 104 kg-m/sec. 
Whereas as a result of the initial acceleration 


(4p): = pı — pı = 3 X 104 kg-m/sec. 


The final kinetic energy will be 


(Ex), = mv? = 41500 X 800 = 6 X 10° joules. 


Thus the change in Ex was the same during both 
acceleration intervals while the change in momentum 
was quite different. In each case, 


A(Ex) = W = 3 X 10° joules. 


Why should this be? In the first period, the car ac- 
celerated from zero speed to 20 m/sec with constant 
acceleration, Therefore the elapsed time must have 
been 


20 = v + ait) = 0+ (1 X hy), 
20 seconds. 


vy 


oar 


The elapsed time during the second acceleration 
must have been 
vy = 28.3 = vi + azta = 20 + (1 X te), 


pales 8.3 seconds. 


ll 


Thus although identical forces acted through identi- 
cal distances, the time these forces were applied was 
quite different in the two cases, This is because, for 
the second acceleration, there was a large initial 
velocity which resulted in the given distance being 
covered in a much shorter time. As was shown in 
Chapter 22, change of momentum stems from an 
impulse. In the two intervals in question, the work 
done was the same, but the impulse, force X time, 
was quite different. 

Example 2. In order to emphasize the difference 
between the two measures of motion, momentum, and 
energy, it is often helpful to cite an example such as 
a 100-gram bullet and a 1500-kilogram car, each 
striking a block of wood. The bullet might have an 
initial speed of 300 meters per second; the car, 0,02 
meter per second. Thus both have an initial momen- 
tum of 30kg-meters/sec, but the bullet’s kinetic 
energy would be (Ex), = 4.9 X 10° joules whereas 
for the car, (Ex), = 0.3 joule. This difference in 
kinetic energies results in the car giving the block of 
wood a slight nudge while the bullet, with the same 
momentum but much more energy, rips the wood 
apart. 

It is interesting to recall an argument which arose 
in the 18th century. Descartes, the French philosopher 
and mathematician, proposed that the quantity mv 
was an important characteristic of a moving body, 
and was a constant for an isolated body. The German 
philosopher and mathematician, Leibnitz, attacked 
him bitterly, claiming that Descartes was wrong — 
the important quantity was mv?, not mv. As we can 


see now, both were right, but were talking about com- 
pletely different properties. 

Another interesting and sometimes confusing point 
about changes in kinetic energy concerns their mea- 
surement in different frames of reference which move 
relative to each other. The kinetic energy of an object 
is a relative thing. With respect to a viewer in a mov- 
ing train, a baseball has a very different velocity (and 
therefore also momentum and kinetic energy) than it 
has relative to a ground observer. Since momentum 
varies with the first power of the velocity, changes in 
momentum are the same in any observer's system, 
However, kinetic energy varies with the square of the 
velocity, therefore changes in kinetic energy are dif- 
ferent when viewed from different frames of reference. 
The following example illustrates this situation. 

Example 3. Picture a man riding on a flatcar of a 
freight train. Suppose it to be moving at 10 m/sec. 
He throws a baseball in the direction of the train’s 
motion, exerting a 50-newton force throughout a 
l-meter motion of his hand. The ball attains a speed 
of 10 m/sec relative to the flatcar. The kinetic energy 
of the ball relative to the flatear is 2 X 1 kg X 
(10 m/sec)? = 50 joules. But to an observer on the 
ground, what appears to have happened? The ball 
initially was moving with a speed of 10 m/sec as a 
result of the motion of the flatear. Its original kinetic 
energy was therefore 50 joules. After the man threw it, 
it had a speed of 20 meters per second. Its new kinetic 
energy was therefore 4X 1kg X (20 m/sec)” = 
200 joules, and its change of kinetic energy, in the 
throwing process, was 200 — 50 = 150 joules. What 
is the source of the work that produced this energy 
change? The force which acted on the ball was still 
50 newtons. However, the distance through which 
the force acted is quite different as seen from the 
ground. It can be calculated as follows: 

On the train, the man’s hand moved through 1 
meter. If his force was constant, the acceleration was 
constant. His hand’s final speed was 10 m/sec. Thus 
the average speed was 5 m/sec and the time of the 
acceleration was t = : = second. Now in 4 
second the train itself moved 4 X 10 = 2 meters 
relative to a ground observer. Therefore in pushing 
the ball, the man’s arm moved 1 meter as a result of 
his own motion and 2 meters as a result of the train’s 
motion, a total of 3 meters relative to the ground 
observer. Thus the work done from the ground 
observer’s point of view was 50 newtons X 3 meters = 
150 joules, just equal to his observation of the change 
in kinetic energy. This is not a fictitious amount of 
work. The man did only 50 joules in pushing with a 
50-newton force through 1 meter. But the man’s feet 
pushed back on the train, and the train pushed for- 
ward on his feet, with this same 50-newton force. 
While exerting this force on the man’s feet the train 
traveled 2 meters. Thus the train itself supplied 100 
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joules of the work done on the ball. This work came 
from the energy liberated from the burning of the 
train’s fuel. 


QUIZ PROBLEMS 


1. A 10-kg mass is moving with a constant speed of 
10 m/sec. 


(a) How much work must be done to double the 
speed to 20 m/sec? (1500 joules is transferred 
to the moving mass.) 


(b) How much work must be done to halve its 
speed to 5.0 m/sec? (—375 joules is transferred 
from the moving mass.) 


2. A constant 20-newton force acts for 10 seconds 
on a 5.0-kg object which is initially at rest. 


(a) What is the object’s final momentum? (200 kg- 
m/sec.) 

(b) What is the object's final kinetic energy? 
(4000 joules.) 


(c) How much work was done in accelerating the 
body? (4000 joules.) 


3. A force which increases from 0 to 100 newtons 
at a rate of 10 newtons/sec acts on a body for 10 sec. 
12,500 joules of work are done by this force in ac- 
celerating the body from rest to a final speed of 
50 m/sec. 


(a) What is the mass of the body? (10 kg.) 


(b) How large a constant force would have been 
required to give the body the same final speed 
if the force acted during one meter of travel? 
(12,500 nt.) 


4. A 2.0-kg mass moving at a speed of 20 m/sec 
has the same momentum as a 10-kg mass. 


(a) What is the speed of the 10-kg mass? (4 m/sec.) 


(b) What is the kinetic energy of each of the 
masses? (400 joules, 80 joules.) 


5. A 10-kg body has a kinetic energy of 500 joules. 
What is its momentum? (100 kg-m/sec.) 


6. A 10-kg body at rest on a frictionless table re- 
ceives an impulse of 30 newton-sec. What is its final 
kinetic energy? (45 joules.) 


7. With what kinetic energy does a 2-kg rock strike 
the ground if it falls from a height of (a) 5m? (b) 
10m? (c) 20m? (d) Compare the momenta of the 
rock just before striking the ground for each of the 
cases (a), (b), and (c). 


(a) 100 joules; (b) 200 joules: (c) 400 joules; (d) 
mv(20 m) = V2 X mo(10m) = 2 X mv(5 m). 
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23-5 The Transfer of Kinetic Energy from 
One Mass to Another 


23-6 Another Look at a Simple Collision 
23-7 Conservation of Kinetic Energy in Elastic Interactions 


PURPOSE. To show that kinetic energy is conserved 
when the force of interaction depends only on the 
distance of separation of the interacting masses, 

CONTENT. In collisions between two bodies the total 
kinetic energy of the system is the same before and 
after the collision, However, the kinetic energy may 
change during the interaction, When the force is re- 
pulsive, the amount of kinetic energy which “disap- 
pears” is given by F As, where F is the constant repul- 
sive force of the interaction, and As is the change in 
the separation distance between the two bodies. For ` 
a given force of repulsion, when the Separation dis- 
tance decreases, the total kinetic energy decreases. 
The total kinetic energy increases when the separation 
distance increases. The criterion for an “elastic” 
collision is that the force between two objects be a 
function only of their distance of separation. Then, 
after interaction is complete, the total kinetic energy 
is the same as it was before the interaction started. 

EMPHASIS. The point of these sections is important 
and somewhat difficult. Plan to spend at least one full 
day in class discussion, even if you completely omit 
the general solution of Section 7, For a full treatment 
of the entire unit, allow at least 3 days class discussion. 

DEVELOPMENT. The example illustrated in Figures 
23-8 and 23-9 can be reviewed in class after students 
have studied Sections 6 and 7. 

Some students may feel that the conditions specified 
for an elastic collision occur more commonly than 
is actually the case. To clarify this point you may 
wish to cite an example of an inelastic interaction. A 
collision of two automobiles should serve the purpose. 
As the bumpers hit, springs are compressed. If this is 
all that happened, there would be no difficulty. As 
the springs re-extend themselves, the force would re- 
peat the pattern followed during compression. How- 
ever, if something is deformed in the collision so that 
it does not return to its original configuration, then 
the force as the cars bounce apart differs from the 
force that acted as they came together. This is the 
more common case, in inelastic collision, 


at the 
beginning 
of interval 


ult 


at the end 
w— An mae wes as of interval 


The following type of discussion briefly recapitu- 
lates and may facilitate understanding the problem 
discussed in the text and illustrated in Figures 23-8 
and 23-10. Consider Figure 23-10 from the text. We 
will begin with the analysis that is made in the caption 
for that figure. 


Ax, = distance moved by mı during interval be- 
tween fp and tı. 
Ax = distance moved by mz during interval be- 
tween fo and tı. 
s = distance of separation of mı and mp at 
time fo. 
As = the change in s during the time interval be- 


tween fo and fy. 
From the figure, it can be seen that: 


eye wey ae (or As), or 
As = Axo — Ax. 


As pointed out in the text, when m, moves through 
Ax, it does so against the retarding force F. Therefore 
it loses kinetic energy. The change is equal to the work 
done: 

(AEX), = —F Ax. 


For mg, the force, F, is an accelerating force, and 
the change in its kinetic energy is given by 


(AEx), = +F Axa 


The total change in kinetic energy of the two masses 
is simply the sum of the individual changes: 


(AEk) total = FAx — F Axı 
= F(Ax2 ical Axı) = FAs. 


During any short interval of the interaction of two 
objects, the change in kinetic energy is given by 
F(t) As where F(t) is the force which is acting and As 
is the change in the separation distance. F is written 
here as F(t) to show that in general it will be different 
at various times during the interaction. In this case 
which involves a repulsive force, the kinetic energy 
decreases when As is decreasing, and kinetic energy 
increases when Asis increasing. If the interaction force 
is determined only by the separation of the two objects, 
then we can write F(t) as F(s). Then, as two mutually- 
repelling objects part from a separation distance, s, 
to s + As, the change in the total kinetic energy will 
be exactly equal and opposite to the change in their 
total kinetic energy which occurred as they approached 
each other from a s2paration, $ + As, toa separation, 
s. This is true because the forces were identical at 
these two instants — because F was a unique function 
of s. Whenever this is true, kinetic energy will be con- 


served over the full course of a collision (but not at 
every instant during the collision), Coliisions between 
objects whose interaction forces are of this type are 
called elastic collisions. 

COMMENT. You may be asked to explain why most 
collisions are inelastic. The example of the auto- 
mobiles is a simple case. A more subtle example is 
that of a rubber ball. We know that when a rubber 
ball is dropped, it does not bounce to its initial height. 
The collision is not perfectly elastic. But the ball does 
return perfectly to its original shape. This is another 
case where we must watch our vocabulary. Collo- 
quially, the word “elastic” is used to refer to the 
property of a rubber ball that returns it to its original 
shape. This is a necessary condition for an elastic 
collision, But it is not a sufficient condition. Rubber 
is a material in which there are appreciable internal 
forces of friction associated with any deformation. 

The analogous behavior of a “pogo stick” may help 
us see what happens in the case of a rubber bail. It is 
a little easier to “separate” the forces acting on the 
various parts of a pogo stick than those on a rubber 
ball of uniform composition. A pogo stick can be 
thought of as a stick coupled to a platform through an 
ideal (lossless) spring, but with the motion of the stick 
relative to the platform involving appreciable friction. 


spring - 
if platform 
stick he source of 
friction 


net force on 
platform 


Consider the forces acting on the part of the stick 
to which the platform is attached. When the pogo 
stick hits the ground, compression of the spring be- 
gins, At some given compression point of the spring 
on the downward motion, the forces acting are shown 


above. 
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joules of the work done on the ball. This work came 
from the energy liberated from the burning of the 
train’s fuel. 


QUIZ PROBLEMS 2 
1. A 10-kg mass is moving with a constant speed of 
10 m/sec. 


(a) How much work must be done to double the 
speed to 20 m/sec? (1500 joules is transferred 
to the moving mass.) 


(b) How much work must be done to halve its 
speed to 5.0 m/sec? (—375 joules is transferred 
from the moving mass.) 


2. A constant 20-newton force acts for 10 seconds 
on a 5.0-kg object which is initially at rest. 


(a) What is the object's final momentum? (200 kg- 
m/sec.) 

(b) What is the object’s final kinetic energy? 
(4000 joules.) 


(c) How much work was done in accelerating the 
body? (4000 joules.) 


3. A force which increases from 0 to 100 newtons 
at a rate of 10 newtons/sec acts on a body for 10 sec. 
12,500 joules of work are done by this force in ac- 
celerating the body from rest to a final speed of 
50 m/sec. 


(a) What is the mass of the body? (10 kg.) 
(b) How large a constant force would have been 
required to give the body the same final speed 


if the force acted during one meter of travel? 
(12,500 nt.) 


4. A 2.0-kg mass moving at a speed of 20 m/sec 
has the same momentum as a 10-kg mass. 


(a) What is the speed of the 10-kg mass? (4 m/sec.) 
(b) What is the kinetic energy of each of the 
masses? (400 joules, 80 joules.) 


5. A 10-kg body has a kinetic energy of 500 joules. 
What is its momentum? (100 kg-m/sec.) 


6. A 10-kg body at rest on a frictionless table re- 
ceives an impulse of 30 newton-sec. What is its final 
kinetic energy? (45 joules.) 


7. With what kinetic energy does a 2-kg rock strike 
the ground if it falls from a height of (a) 5m? (b) 
10m? (c) 20m? (d) Compare the momenta of the 
rock just before striking the ground for each of the 
cases (a), (b), and (c). 


(a) 100 joules; (b) 200 joules; (c) 400 joules; (d) 
mv(20 m) = \/2 X mv(10 m) = 2 X mo(5 m). 
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23-5 The Transfer of Kinetic Energy trom 
One Mass to Another 


23-6 Another Look at a Simple Collision 
23-7 Conservation of Kinetic Energy in Elastic Interactions 


PURPOSE. To show that kinetic energy is conserved 
when the force of interaction depends only on the 
distance of separation of the interacting masses. 

CONTENT. In collisions between two bodies the total 
kinetic energy of the system is the same before and 
after the collision. However, the kinetic energy may 
change during the interaction. When the force is re- 
pulsive, the amount of kinetic energy which “‘disap- 
pears” is given by F As, where F is the constant repul- 
sive force of the interaction, and As is the change in 
the separation distance between the two bodies. For 
a given force of repulsion, when the separation dis- 
tance decreases, the total kinetic energy decreases. 
The total kinetic energy increases when the separation 
distance increases. The criterion for an “elastic” 
collision is that the force between two objects be a 
function only of their distance of separation. Then, 
after interaction is complete, the total kinetic energy 
is the same as it was before the interaction started. 

EMPHASIS. The point of these sections is important 
and somewhat difficult. Plan to spend at least one full 
day in class discussion, even if you completely omit 
the general solution of Section 7. For a fuli treatment 
of the entire unit, allow at least 3 days class discussion. 

DEVELOPMENT. The example illustrated in Figures 
23-8 and 23-9 can be reviewed in class after students 
have studied Sections 6 and 7. 

Some students may feel that the conditions specified 
for an elastic collision occur more commonly than 
is actually the case. To clarify this point you may 
wish to cite an example of an inelastic interaction. A 
collision of two automobiles should serve the purpose. 
As the bumpers hit, springs are compressed. If this is 
all that happened, there would be no difficulty. As 
the springs re-extend themselves, the force would re- 
peat the pattern followed during compression. How- 
ever, if something is deformed in the collision so that 
it does not return to its original configuration, then 
the force as the cars bounce apart differs from the 
force that acted as they came together. This is the 
more common case, in inelastic collision, 


at the 
beginning 
of interval 


at the end 
of interval 


m— Ax es LAs ae 


The following type of discussion briefly recapitu- 
lates and may facilitate understanding the problem 
discussed in the text and illustrated in Figures 23-8 
and 23-10. Consider Figure 23-10 from the text. We 
will begin with the analysis that is made in the caption 
for that figure. 


Ax, = distance moved by mı during interval be- 
tween fo and tı. 
Ax» = distance moved by mz during interval be- 
tween fo and fy. 
s = distance of separation of mı and mg at 
time fo. 
As = the change in s during the time interval be- 


tween fo and fy. 
From the figure, it can be seen that: 


s + Ax = Ax, + (s + As), or 
As = Axo — AX. 


As pointed out in the text, when m; moves through 
Ax, it does so against the retarding force F. Therefore 
it loses kinetic energy. The change is equal to the work 


done: 
(AE), = —F Axı. 


For mp, the force, F, is an accelerating force, and 
the change in its kinetic energy is given by 


(AE), = +F Axe. 


The total change in kinetic energy of the two masses 
is simply the sum of the individual changes: 


(AEx)total = FAX2 — FAX1 
= F(Ax, — 4x1) = FAs. 


During any short interval of the interaction of two 
objects, the change in kinetic energy is given by 
F(t) As where F(t) is the force which is acting and As 
is the change in the separation distance. F is written 
here as F(t) to show that in general it will be different 
at various times during the interaction. In this case 
which involves a repulsive force, the kinetic energy 
decreases when As is decreasing, and kinetic energy 
increases when As is increasing. If the interaction force 
is determined only by the separation of the two objects, 
then we can write F(t) as F(s). Then, as two mutually- 
repelling objects part from a separation distance, S$, 
to s + As, the change in the total kinetic energy will 
be exactly equal and opposite to the change in their 
total kinetic energy which occurred as they approached 
each other from a s:paration, 5 + As, toa separation, 
s. This is true because the forces were identical at 
these two instants — because F was a unique function 
of s. Whenever this is true, kinetic energy will be con- 


served over the full course of a collision (but oe 
every instant during the collision). Coliisions betw re 
objects whose interaction forces are of this tyP® 
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above. 


The spring eventually reaches maximum compres- 
sion, and the platform then starts moving up. At the 
same point of absolute compression as that considered 
on the downward motion above, Fspring is the same as 
above. But now the force of friction is reversed, and 
the net force as As increases is less than the net force 
acting as As decreases. This relation between the 
forces is shown below. 

F net force on 
Apring. platform 


Cog E oil, eee a 

In the same way, the net force acting on the ball at 
any separation distance, s, as it approaches the floor 
is greater than that which acts on it at the same dis- 
tance, s, as it leaves the floor. The force does not 
depend only on the distance between the ball and 
floor, but also on the direction in which the ball is 
moving relative to the floor. Kinetic energy disap- 
pears, dissipated in internal heat in the ball. You 
might ask your students if any of them have ever felt 
a squash ball or a handball after it has been batted 
around for a while. The temperature rise is striking. 


QUIZ PROBLEMS 


1, A 200-gm ball, moving at 6.0 m/sec, approaches 
a second ball head-on. The second ball has a mass of 


Axı = id 
Axe = vs 


100 grams. While the balls are within 5.0 cm of each 
other, they repel each other with a constant force of 
40 newtons. The second ball leaves the collision with 
a speed of 8.0 m/sec. 


(a) How much kinetic energy does the second ball 
gain in the collision? (3.2 kg-m?/sec? or 3.2 
joules.) 

(b) What is the kinetic energy of the first bali after 
the collision? (0.4 kg-m°/sec? or 0.4 joule.) 

(c) How far did each bail move during the collision, 
i.e., while they remained within 5.0 cm of each 
other? (8.0 cm.) 


2. A block having a mass of 5.0 kg slides on a fric- 
tionless surface with a speed of 1.0 m/sec toward a 
second block which is at rest. The second block has 
a mass of 1.0 kg. When the separation of two blocks 
is 10 cm and less, they repel one another with a force 
of 50 newtons. 


(a) What is the magnitude and direction of the ac- 
celeration of each block while they are colliding, 
i.e., closer together than 10cm? (a, = 10m/sec?, 
backward; ag = 50 m/sec?, forward.) 

(b) The beginning of the collision is at the instant 
when the two blocks first get within 10 cm of 
each other. From their positions at that instant, 
how far will each block move in sg sec? In 
Ho sec? 


som = 0.015m, and 


(c) Calculate the change in the total kinetic energy 
eo Sec after the beginning of the collision, and 
go Sec after the beginning of the collision, 


85 Sec: (AER) on = 50G X Fy — H X 30) 
= —50 X } X & 
= —7 newton-meter 

0.42 joule. 

= O joules, 


il 


BO Sec: (AEk)ioni 


3. A 10-kg mass moving with a speed of 5.0 m/sec 
collides elastically with a 5.0-kg mass which is initially 
at rest. What is the final kinetic energy of the system? 
(125 joules.) 

DEMONSTRATION. The discussion in the text (Sec- 
tion 23-5) on the transfer of kinetic energy during a 
collision is somewhat abstract and may be hard for the 
students to visualize. This demonstration will allow 
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them to watch, almost in slow motion, what occurs 
during the interaction between two bodies. It is 
probably best used during the discussion of Sec- 
tions 23-5, 6, and 7, 

Use two loaded carts with “soft” spring bumpers 
as shown in Fig. (a) and illustrate the collision process 
shown in the text drawing Fig. 23-8. There is one 
slight difference, however, between the text collision 
and this one: there the interaction force was zero 
when the separation was greater than d and constant 
when the separation was less than d. With the spring 
bumpers, the interaction begins when the bumpers 
make contact and the carts are separated by the 
distance d [Fig. (b)]. As the carts get closer together 
during the interaction the force increases, unlike the 
constant force described in the text. The overall re- 
sults, however, are very much the same, although a 
careful mathematical analysis of the interaction would 
be difficult. If you put three bricks on the incident 


Figure (a) 


a 


interaction distance 


Figure (b) 


cart and one on the stationary cart, you will approxi- 
mate the mass ratio of the example in the text. 

Another discrepancy between the abstract collision 
described in the text and the real collision suggested 
here is that the collision of the two carts is inelastic. 
Some of the energy is lost through friction. Fric- 
tional effects will be reduced if higher initial velocities 
are used. Collisions with several initial velocities 
should be tried. 

Point out the following observations perhaps best 
by asking leading questions: 


(a) Kinetic energy is lost by the incident cart and 
gained by the struck cart during the interaction. 
When the carts are at minimum separation, they 
both move very slowly, in fact, at the same 
velocity. It looks as though the total kinetic 
energy is less at minimum separation than at 
any other time, but one cannot be sure by mere 
qualitative observations. However, it is easy to 
believe that a good deal of energy is stored in 
the springs at minimum separation, as stated 
in the text. 

When the total mass of the carts is increased, 
the interaction time increases and the distance 
of minimum separation decreases for a given 
initial velocity. When the velocity of the inci- 
dent cart is increased, the interaction time ap- 
pears to be constant in this interaction (because 
the compression of the springs is very nearly 
proportional to the force). 


(b) 


(c) If the carts are equally loaded and one is at rest 
before the collision, the incident cart would end 
up at rest and the struck cart would move off 
with all the energy, were it not for energy losses 
due to friction in the spring bumpers. In reality, 
the incident cart keeps moving with a small 
velocity but is brought quickly to rest by friction 
with the table, sometimes before the interaction 
is over. 


23-8 Kinetic Energy and Momentum 


PURPOSE AND CONTENT. To show that the applica- 
tion of conservation of energy and conservation of 
momentum to elastic, head-on collisions enables us to 
solve for the final velocities without knowing the de- 
tails of the force of interaction. An application of 
this method is illustrated in Chadwick’s discovery of 
the neutron. 

EMPHASIS. The ideas of this and the following sec- 
tions of this chapter are important, but they are more 
in the nature of an application of previous ideas than 
of basic building blocks for future developments. 
The complete solution of the elastic collision is 
interesting and useful, but somewhat difficult. About 
two class periods will be required for a minimum 
treatment of the elastic collision and summarizing 
the ideas of the entire chapter. 

LABORATORY. Experiment III-10, Simulated Nu- 
clear Collisions, can be performed either at the end of 
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Sections 5-7 or here with Section 8. See the Lab 
Notes for further instructions. 

COMMENT. Some students may not see the impor- 
tance of studying “collisions.” A wide variety of prob- 
lems in modern physics basically concern what is 
called the two-body problem. Problems dealing with 
the orbit of a planet around the sun, the dynamics of 
a rocket, and the collision between two protons are 
examples of the two-body problem. Fortunately this 
relatively simple physical situation, the interaction of 
two objects, has rather broad applicability. The gen- 
eral problem which involves the interaction of more 
than two bodies can still not be solved exactly. 

Two-body problems dealing with the motions of 
the planets can be solved by applying Newton’s law 
and thus obtaining solutions for the motion along 
successive very small intervals of an orbit. This kind 
of solution is possible because the interaction force is 
well defined at all points of space by the law of uni- 
versal gravitation. Even so, the procedure is a tedious 
one. In the case of the propulsion of a rocket, or of 
the collision of two protons, a solution by application 
of F = ma is impossible because the interaction force 
is not known. We can make considerable progress 
with these problems through the use of the conserva- 
tion laws. When the collision is elastic, we can use the 
conservation of momentum and of kinetic energy. 

DEVELOPMENT. Class discussion could begin with 
an analysis of a head-on collision of m, and ms, mg 
being initially at rest and mı approaching with the 
velocity, vı. The total momentum before the collision 
must then be mv. 

After the collision, m, and mə will have velocities 
vı and Ub, respectively (both in the same direction as 
vı). The principle of-momentum conservation indi- 
cates that 

mv, = mwi + mwh. (1) 


However this does not give a solution to the problem. 
That is, knowing the quantities mı, mo, and v, still 
does not enable us to predict final values of v) and U9. 
There is an infinite number of combinations which will 
Satisfy the momentum equation. For any arbitrary 
vi, there is a corresponding value of v, that will 
Satisfy momentum conservation. To see this clearly, 
consider the case where m 1 =M= m. Then the 
equation becomes: 


mb, = mv + vd), or (2) 

by =v, — vi. G3) 
A few sample solutions would be: 

vi = 0, andv = v;; 
vi = v, andus = 0; 
v 

vi = z andos = > ete, 
Thus there is no unique solution to the probiem. In 
mathematical language, the difficulty is simply that 
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there are two unknowns, vj and v3, but only one 
relationship between them, corresponding to mo- 
mentum conservation. If a second equation is added, 
the indefiniteness of the solution can be removed. 
The equation that is available for an elastic collision 
is the one which expresses the conservation of kinetic 
energy: 


gmv,” = dmv? + 4mv4”, or (4) 


Dy = 047 + 52, (5) 


But we had, from momentum conservation, the 
relation: 


Vg = vy — vl. (3) 


Substituting in (5): 


I 
5: 
3 we 
+ 
S 

l 
ind 
Ss 
x 
+ 
SE 


2 2 2 
Dy = v4" + (w — v4) 


ll 
> 


orv{? — vw 


Therefore v} = vj, or vi = 0. 

In the first case, from (3), v = 0. Then we simply 
have not had a coliision; m, has somehow passed mp, 
and we can ignore this case. The other solution is 
vi = 0, and from (3), v} = vy; the first ball stops 
and the second ball takes on the initial velocity of 
the first. 

Students should notice that the solution has been 
found without any detailed knowledge of the force 
law between m, and mp. It is only necessary that the 
interation be elastic. 

(Appendix 7 to the Guide for this volume treats 
the non-head-on collision of two equal masses.) 

* k k 

DEMONSTRATION. There is a good standard demon- 
stration that illustrates the uniqueness of the solution 
to this type of problem. A row of billiard balls or golf 
balls is suspended with strings tied to a bar so that 
they hang in contact with each other as in the figure 
below. 

Draw back one ball and let the class guess the solu- 
tion to the problem. If the one ball has a velocity, v, 
when it hits, what will happen at the other end? With 
momentum conservation only, we could have one ball 
bounce off with velocity, v; two balls with v/2, three 
with v/3, etc. Applying conservation of Kinetic energy 
we find that only the one-ball solution works. If the 
balls are fairly elastic, this will turn out to be the case 


epa Likewise, if two balls are drawn back 

initially, the only possi ion i 

a ee y possible solution is for two to 
**+* 

Your students may wonder how to use these two 
conservation laws to analyze collisions that are not 
head-on. You can indicate the method of attack as 
follows. This is the formal analysis behind the lab 
Experiment I-11 on Simulated Nuclear Collisions. 

We can choose the x-axis as the direction of the in- 
coming particle. Then the x-components of the two 
particles’ momentum after the collision must add up 
to the initial momentum: 


mw, = mix + MW (1) 


After the collision, both particles must move in the 
same plane since whatever momenta they possess that 
is not parailel to the x-axis must add up to zero (two 
vectors not in the same plane cannot add up to an x- 
component plus zero). Let us call the plane of motion 
after the collision the x-y plane. Then 


my = 0 = MwWiy + MWy 


and the velocities perpendicular to the x-y plane are 
all zero: 


vy, = Vit = 021 = 0. (2) 


Equations (1) and (2) express the conservation of 
momentum. 
The conservation of energy can be expressed as 


bien peas | 2 
Lmo,? = mwi + imaw 
SE st 2 2 2 
amii? + viy?) + gmr + thy): 


(3) 


These three equations enable us to solve for three un- 
knowns — the other three quantities in the equations 
must be measured. For example, if a particle known 
to be a neutron (mı known) were to strike a proton in 
a cloud chamber, the visible tracks of the proton would 
enable us to measure Ux and Uy. We could then cal- 
culate the initial and final velocities of the invisible 
neutron, v1, Vix and Viy- 


QUIZ PROBLEMS 


L. A 10-kg mass moving with a speed of 5 m/sec 
collides head-on with a stationary 10-kg mass. The 
collision is elastic. What is the final velocity of each 
of the masses? (0, 5 m/sec.) 

2. A 2-kg mass moving at a speed of 20 m/sec 
collides elastically, head-on, with a 5-kg mass initially 
at rest. Find the final speeds and directions of both 
masses. (2 kg: —82 m/sec; 5 kg: +47 m/sec.) 

3. A 10-kg mass moving toward the right with a 
speed of 5 m/sec collides elastically, head-on with a 


second 10-kg mass moving initially at 10 m/sec to the 
left. What is the final velocity of each of the masses? 
(10 m/sec left, 5 m/sec right.) 

4, A 5-kg mass moving at 4 m/sec strikes a glancing 
blow on a stationary 5-kg mass. The collision is 
elastic. After the collision one mass leaves at 45° to 
the incident direction. What is the final velocity of 
each mass (magnitude and direction)? (2/2 m/sec at 
445°, 24/2 m/sec at —45°.) 


93-9 Work and Kinetic Energy When 
More Than One Force Acts 


purpose. To show that the kinetic energy trans- 
ferred to or from a body when several forces act on 
it is the same as the energy that would be transferred 
if the resultant of those forces acted on the body for 
the same part of the motion. 

CONTENT. The conclusion stated above is based on 
a consideration of the action of the components of 
the forces along one direction of motion at a time. 

EMPHASIS. This section is simply a comment which 
generalizes the conclusions from the previous con- 
sideration of single interactions. 


93-10 Loss of Kinetic Energy in a Frictional Interaction 


PURPOSE. To show that if a frictional force acts on 
a body, some of the energy transferred may g0 into 
heat rather than into kinetic energy. 

CONTENT. Two examples are carefully chosen for 
this discussion. This topic is sticky in more ways than 
one, so additional examples should be chosen with 
care to avoid getting involved in time-consuming and 
premature explanations. (This section leads toward 
the next chapter.) The first example is of a block slid- 
ing ona table. The table doesn’t move, but the block 
exerts a force on it, and the block is slowing down. 
Where does the “Jost” kinetic energy of the block go? 
Into kinetic energy of the molecules of the table, that 
is, heat. Notice that the “collision” of the block with 
the table is different from an elastic collision; the 
force depends on the velocity of the block, not its 
position relative to the table. 

The second example is the bouncing of a ball of 
putty. Here the ball deforms during the collision so 
the force on rebound behaves differently from the 
force on impact. The net kinetic energy of the ball 
changes as a result of the collision, and the ball be- 


comes warm — kinetic energy has been transferred 


by heat flow. 
Coliisions of this type are called inelastic; they are 


characterized by an overall loss of kinetic energy of 
the bodies as 4 whole, and a gain of kinetic energy of 
internal motion of the molecules. 
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DEVELOPMENT. Problems 23, 28, and 31 in HDL 
relate to inelastic collisions. The following might help 
as a quiz problem. 

A 20-kg mass moving at a speed of 3 m/sec collides 
inelastically with a Stationary 10-kg mass. The two 
stick together and move off at the same speed, 

(a) What is the final speed of the two masses? 

(b) How much kinetic energy is “lost” in the 
collision? 


Solution: 
(a) my, = 20kg 
m = l0kg 
vı = 3 m/sec 
m0 = (mı + mə)və 


Jo eat C  o 20 ie 
vg = mio ma = 30 * 3 = 2 m/sec. 
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(b) Ex, oe 4 x 20 X32 
Fx. = $ X 30 X 2? 


90 joules 
60 joules. 


Hence, 30 joules of energy is “iost” in the collision. 

COMMENT. It will be wise to make sure that students 
do not confuse the permanent loss of kinetic energy 
during an inelastic collision with the temporary “‘dis- 
appearance” of kinetic energy during an elastic colli- 
sion. They will learn in the next chapter that, in an 
elastic collision, “disappearing” kinetic energy is going 
into potential energy from whence it can return. 
Kinetic energy transferred by heat flow can be re- 
covered only partially. 
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SECTION | STARRED EASY 

1,2,3 4 
4 67,8 | 1,12 

5, 14 

7 16, 17, 18 

21, 23 
8 19 26, 27 
9, 10, 11 29, 34 


The above table classifies problems according tO 
their estimated level of difficulty and the sections 
to which they relate. Those which are especially 
suited to class discussion are indicated. Problems 
which are particularly recommended are marked with 
the symbol #. 

Answers to all problems which call for a numerical 
or short answer are given following the table. De- 
tailed solutions are given on pages 23-14 to 23-22. 


SHORT ANSWERS 


1. See discussion on page 23-14. 
2. (a) 6 X 10° joules. 
(b) 6 X 10° joules. 
3. F = 1200 newtons. 
4.* Yes; no energy is transferred when a force acts 
on a moving body at right angles to its motion. 
5, (a) 0.2 joule. 
(b) 0.2 joule. 
6.* 200 joules. 
7* The kinetic energy increases by ê factor of 4. 
8.* They will be equal, since they depend only on 
the force and the kinetic energy- 
9. (a) 30.0 joules. 
(b) 30.0 joules. 
(c) 5.48 m/sec. 


MEDIUM HARD 
DISCUSSION 
1, 2#, 3 1, 2#, 4, S 
9#, 10#, 13 9#, 10# 
15# 
20, 24, 28 22, 25 25, 26, 28 

30, 314 32, 33 31# 

10. (a) (Ex) = Erhi 
(b) Equal. 

(c) Equal. 
(d) Equal. 
© Exa = 2(Ex)s- 

11. (a) 120 joules; (b) 11 m/sec. 

12. Approximately 103 joules. 

13. (a) 39 joules; (b) 150 newtons, (c) None. 

14.* They repel each other during the interaction. 

15, 2.67 joules. 

16.* When the force between the colliding bodies 
depends only on the separation of the bodies. 

17.* On the way in, the putty ball experiences a re- 
pulsive force at small separation, which slows it 
down; after the putty gets to the wall, the force 
suddenly becomes attractive, so it is not the same 
as on the way in. Hence, we know that the force 
does not depend on distance alone. 

18.* Yes. Since kinetic energy is conserved, we may 
assume that in this collision the interaction force 
is a function only of separation. 

19.* Mass of mı < mass of M2. 

20. AEx = —0.1 joule. 

21. Momentum of each is 10% kg-m/sec. For shell, 
Ex = 5X 10% joules and for car, Ex =5X 
10% joules. The shell does greater damage. 

22. 0.020 joule/sec. 

23. (a) 0.10 m/sec for each body. 


(b) 1.5-kg body: forward; 0.5-kg body: back- 
ward. 
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24. (a) 0.02 joule; (b) 1.0 joule; (c) 0.02 joule; 

(d) 1 : 1; (e) When ms/m; is either very large or 
very small. 

25. (a) (Ex): = 0.20 joule, (Ex)2 = 0 joules; 

(b) (Ek)2 = 0.18 joule, (Ek); = 0.02 joule; 

(c) 10-kg mass: 0.089 joule, 5-kg mass: 0.044 
joule; (d) 0.08 m. 

26. (a) Equal to initial; (b) Greater than initial. 
27. (a) vy = 3.3 X 10’ m/sec; v4, = 0. 

(b) 4.4 X 10° m/sec. 

(c) After proton collision, velocity is zero. After 
nitrogen collision, velocity is —2.9 x 107 
m/sec. 

28. (a) 5.0 X 10* kg-m/sec; (b) 0.67 m/sec; 

(c) 5.0 X 10* joules; 1.7 X 104 joules; No. 
29. (a) 20 joules; (b) 20 joules; (c) 28 joules, 
30. (a) Ap = 50kg-m/sec; (b) W = 250 joules; 

(c) The puck would leave the table and accelerate 

in the direction of the resultant of F and mg. 
31. 78 joules. 
32. See discussion on page 23-21. 
33. (a) Same as initial velocity; (b) 0. 
34. Ex = 9.9 X 10? joules for the whole ball, for 


the sum of its parts, or for the ball spread out 
into a ring. 


COMMENTS AND SOLUTIONS 


PROBLEM | 


Coal is burned in a city electric power plant to make 
steam to run a stear turbine that drives an electric 
generator. The city water department uses this elec- 
tric supply to run an electric motor to pump water 


potential energy. Potential energy of the water 
in the standpipe can be converted into kinetic 
energy as it flows down out of the standpipe, 
through pipes, and out of a faucet. 


PROBLEM 2 
A cable pulls a car up a mountain with a force of 
4 X 10° newtons at a velocity of 5 m/sec. It takes 
the car 5 minutes to reach the top. 


(a) How much work is done in getting the car to 


the top of the mountain? 


(b) How much work would be done to get the car 


up the mountain if it traveled 2.5 m/sec? 


(a) In going to the top of the mountain the car 


travels 5min X 60sec/min X 5 m/sec = 
1500 meters. The work done is equal to the 
force multiplied by the distance through which 
it acts: 


4 X 10° newtons X 1500m 
= ő X 10° newton-meters or joules. 


(b) If the same force is required to pull the car up 


the mountain at the slower speed, both force 
and distance are the same for both speeds. 
Hence the work done in getting the car up the 
mountain at the slower speed would be the 
same as at the higher speed: 6 X 10° joules. 
(Sources of friction like bearings, pulleys, etc. 
usually exert less drag at slow speeds than at 
high speeds. Hence, while the amount of work 
required to move the car up the mountain is 
the same regardless of speed, the amount of 
energy transferred into heat in bearings, etc. 
will depend upon speed.) 


from a well into a standpipe on a hilltop. List, in 
order, all the energy changes iat take place. 


(a) 


(b) 


(c) 


(a) 
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Chemical energy of the coal is changed to 
thermal energy of the flame. 


The energy of the flame is transferred to the 
water, which takes the form of stean\. From 
the microscopic view, the thermal energy of 
the steam resides in the kinetic energy cif the 
steam molecules. They in turn impart kinetic 
energy to the turbine rotor by colliding with 
its vanes. The rotation of the turbine shatt 
turns the generator rotor, thus transferring 
some of the chemical energy of the fuel into 
electrical energy. 


Electrical energy is converted to Kinetic energy 
by the electric motor which turns the pump. 
This kinetic energy is transferred to the water 
Causing it to flow up into the standpipe. 


As the water rises into the standpipe, it moves 
upward against the force of gravity, acquiring 


PROBLEM 3 


A boat engine delivers energy at a rate of 3000 
jJoules/sec (power of 3000 watts), driving the boat at 
a constant speed of 9km/hr. What is the force re- 
sisting the motion of the boat? 


We know the power P and the speed v. From their 


definitions and the definitions of work, we can write 


ee eae) 


ise EE 
ig 7 SE TORES 


P = 3000 joules/sec, so v must be put in the same 
system of units: 


eo A mn l hr 
.. hr km * 3.6 X 103 sec 2.5 m/sec. 
3000 joules/sec 
fF = — 
Thus. De mee 1200 newtons, 


PROBI EM 4* (See Short Answers.) 


PROBLEM 5 PROBLEM 6* (See Short Answers.) 
A meter stick, mass 0.20 kg, is lying on a table near PROBLEM 7* (See Short Answers.) 


two blocks 10 cm high (Fig. 23-17) 
i (Fig. 5 PROBLEM 8* (S 5 
(a) If you lift the stick, holding it horizontal, and oe E 


put it on the blocks, how much work have you done? PROBE 

(b) If you lift one end and set it on one block, and A force of 10.0newtons acts on a 2.00-kg roller 
then lift the other end, setting it on the other block, skate initially at rest on a frictionless table. The 
how much work have you done in moving the stick ? skate travels 3.00 meters while the force acts. 


(a) How much work is done? ‘ 
(b) How much energy is transferred to the skate? 
(c) What is the final speed of the skate? 


(a) The work done is 10.0 nt X 3.00m = 30.0 
joules. 


(b) The energy transferred to the skate is measured 
by the work done, 30.0 joules. 

(c) The final speed of the skate is obtained by 
knowing that the kinetic energy of the moving 
skate, 4mv?, equals the energy that has been 
transferred to the skate: 


Amv” = 30.0 joules, or 
Se ee On E 
v= 500 T 5.48 m/sec. 
PROBLEM 10 


Compare the kinetic energies of two objects, Aand 
B, identical in every respect except one. Assume that 
the single difference is: 

(a) Object A has twice the velocity of B. 

(b) Object A moves north, B south. 

(c) Object A moves in a circle, B in a straight line. 

(d) Object A is a projectile falling vertically down- 
ward; B is a projectile moving vertically upward at 
the same speed. 


(a) If you lift the sti aie ; (e) Object A consists of two separate pieces at- 
z e stick, holding it horizontal, you tached by a light string, each equal in mass to the 


are lifting the whole weight of the stick and as OED. 
must be exerting a force of 0.20kg X 9.8 


nt/kg or 2.0 nt. This force, moving the stick 2 able ; 7 $ 
10cm in the direction of the force, does (a) Since the kinetic energy 1s imv?, A has 2° or 


2.0 nt X 0.1m = 0.2 joule of work. 4 times the kinetic energy of B. 
(b) Kinetic energy is a scalar, independent of direc- 
tion; hence the kinetic energy of A is equal 


(b) If you lift the stick one end at a time and put 
it up on the blocks, you have done the same 


amount of work, but in two steps. In the first to that of B. 
step you lift half of the weight of the stick, the (c) Same as (b), the kinetic energies are equal, 
table supporting the other half of the weight; since the magnitudes of the velocities are equal. 
Yonithusida (d) Again, same as (b), the kinetic energies are 
x equal, since the magnitudes of the velocities 
4 X 2.0 nt X 0.1 m = 0.1 joule of work. are equal. (Of course, in this case, the kinetic 


energies will not be equal a moment later, 
since that of A is increasing, while that of B 
is decreasing.) 

Since the mass of A is twice that of B, the 
kinetic energy of A is twice that of B. 


Then when you lift the other end you again 
lift half of the weight, the other half being held 
up by the block on which it is resting. In this 
step you also do 0.1 joule of work, and the ©) 
total work is 0.2 joule as before. (You can 


make the point that, although the energy 


transfer is accomplished in two steps, the PROBLEM 11 
energy transfer is the same because the same A force of 30 newtons accelerates a 2.0-kg object 
job is done.) from rest for a distance of 3.0 meters along a level, 
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frictionless surface; the force then changes to 15 
newtons and acts for an additional 2,0 meters. 
(a) What is the final kinetic energy of the object? 
(b) How fast is it moving? 


(a) The kinetic energy of the object equals the 
energy transferred to it by the net force that 
acts onit. The energy transferred to the object 
equals the work done on it by the force: 


30 nt X 3.0m + 15 nt X 2.0m = 120 joules. 


(b) The object's speed can be determined by mak- 
ing use of the fact that its kinetic energy is 


mv’: 
ch 2X Ex _ 2X, 120. 
v q 4 Tao 11 m/sec. 
PROBLEM 12 


Estimate your kinetic energy (in joules) when you 
ride your bicycle on the road. 


The purpose of this problem is to let the student 
relate the joule to something with which he is familiar. 
Let him make his own estimates. A reasonable answer 
in round numbers is: Mass of student and bicycle is 
10° kg. Speed ~= 10-15 miles/hour or around 5 m/ 
sec. Hence kinetic energy ~ 10° joules. 


PROBLEM 13 


A 2.0-kg stone whirls around on the end of a 0.50-m 
string with a frequency of 2.0 revolutions per second, 

(a) What is its kinetic energy ? 

(b) What is the centripetal force on it? 

(c) How much work is done by the centripetal 
force in one revolution? 


(a) To find the kinetic energy of the stone we 
must know its speed as well as its mass. The 
speed of an object moving in a circle of radius 
R with period T is 


v = 2nR/T = 2rRf, 


where f is the frequency. Hence the kinetic 
energy is 


Ex = bmv* = 4m(2xRf)? 
= 2(2.0kg)(3.14)(0.50m)(2/sec)? 
= 39 joules. 


(b) The centripetal force is 


F = mv?/R = 2Ex/R 
= 2(39 joules)/0.50 m = 160 newtons, 
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(c) No work is done by the centripetal force since 
it always acts at right angles to the direction 
of motion and thus has no component in the 
direction of motion. This is checked by the 
fact that the stone does not speed up; its 
kinetic energy does not change. 


PROBLEM 14* (See Short Answers.) 

PROBLEM 15 
A 10,0-kg mass moves 2.00 meters against a retarding 
force that increases linearly by 4.00 newtons for 
every 3.00 meters the mass moves (see Fig. 23-1 8). 
If the force is zero at the beginning, how much kinetic 
energy is lost? 


The energy lost by the 10.0-kg mass is measured by 
the work it does, The work done by the mass in push- 
ing against a retarding force that changes with distance 
can be found from the area under the graph of force 
vs. distance. Between 0 and 2.00 m, Ex = W = $x 
2.67 nt X 2.00m = 2.67 newton-meters or joules. 


PROBLEM 16* (See Short Answers.) 

PROBLEM 17* (See Short Answers.) 

PROBLEM 18* (See Short Answers.) 

PROBLEM 19* (See Short Answers.) 

PROBLEM 20 
Suppose two bodies collide, When they approach 
from 10 to 5 cm the repulsive force between them is 
3 newtons, and when they go apart from 5 to 10 cm 
the repulsive force is 1 newton, What will be the 
change of the total kinetic energy after the cycle of 
approaching and retreating from 10 to 5 and from 
5 to 10cm? 


The total change in kinetic energy is equal to the 
total work done on the bodies. Since the forces are 
repulsive, the kinetic energy will increase when the 
separation increases: 


SEK = Fy As; + Fo Ase 
= (3 nt\(—0.05 m) + (1 nt)(0.05 m) = —0.1 joule. 


The minus sign tells us that there was a loss in kinetic 
energy. 


PROBLEM 21 

A projectile from an antitank gun (which does not 
contain an explosive charge) has a mass of about 
10 kg and a speed of 103 m/sec, A freight car being 
moved around in a switchyard has a mass of about 
104 kg and a speed of 1 m/sec. What are their mo- 
menta? Their kinetic energies? Why does the 
projectile do much more damage than the freight car 
when it hits something? 


Both shell and freight car have a momentum of 
104 kg-m/sec. The shell has a kinetic energy of 
4(10 x 10°) = 5 X 10°joules and the car 
4(1? x 10) = 5X 10 joules. When something is 
damaged, work is done against the forces which hold 
it together. This explains why the shell, having 10° 
times more kinetic energy, does the greater damage. 

The situation is a realistic illustration of the general 
relation between momentum and kinetic energy 
Ex = p?/2m. (You get this by inserting v = p/m 
into Ex = mw?) Clearly, for two bodies of the same 
momentum, the energy is inversely proportional to 
the mass. On the other hand, p = \/2mEx; hence, 
for bodies of the same kinetic energy, the momentum 
is proportional to the square root of the mass. 


PROBLEM 22 


Two 3.0-kg bodies interact. At a given moment the 
first body is moving to the right at 0.50 m/sec and 
the second body is moving to the right at 0.30 m/sec, 
and so at that instant the speed of approach of’one 
body as measured from the other is 0.20 m/sec. If 
the force of interaction is repulsive and equal to 
0.10 newton, at what rate is the total kinetic energy 
decreasing at that time? 


In a short time interval Af, the first body is dis- 
placed by Ax; = vı At while the second body is dis- 
placed by Axg = U2 Al. The force of repulsion on 
the first body acts opposite to the direction of travel 
of the first body, but the repulsive force on the second 
body is in the direction of travel of the second, Hence, 
during the given time interval, the kinetic energy of 
the first body changes by — F Axı, that of the second 
body changes by F Axz (where F is the magnitude of 
the repulsive force). Therefore the net change in total 
kinetic energy is AEx = FAx: — FAx, and the 
rate at which kinetic energy is changing is AEg/ât or: 


AEK _ Fax, — FAx: _ p(4%2 _ 4) 
At Al At At 
Fv, — 1) 

= 0.10 newton X (0.30 — 0.50 m/sec) 
—0,02 joule/sec. 


The minus sign tells us that the total kinetic energy is 
decreasing at the rate of 0.02 joule/sec. (Students may 


wonder what happens to the “lost” kinetic energy. if 
the collision is elastic, it has been stored as potential 
energy of the two-body system, This subject will be 
discussed in the next chapter.) 


PROBLEM 23 

A 1.5-kg body is at rest. It is “hit” head-on by a 
body of mass 0.50 kg moving with a speed of 0,20 
m/sec. The interaction force depends only on the 
separation of the two bodies. 

(a) What is the final velocity of each body? 

(b) In what direction does each move after the 
interaction? 


This problem can be worked out from scratch using 
the approach described in Section 23-8. For students 
who do not go through that development, it serves as 
an exercise in the application of the equations that 
are derived in that section. 


(a) Let the positive direction be the initial direc- 
tion of motion of the 0.50-kg body. Taking 
m, as the moving 0.50-kg body, and mz as 
the 1.5-kg body that is “struck”: 


vy = — To, 


0.50 kg 
= 2X Oke ke 0.20 m/sec 


= 0,10 m/sec. 


Similarly, 
my, — m2 
m, + mz 


0.50 — 1.5kg 
E N T NA le 0.20 m/sec 


v = 


= —0,10 m/sec. 


(b) The significance of the positive sign in the 
answer for vh is that mo, the second body (the 
struck one), moves in the same direction the 
incident ball did before the collision. The sig- 
nificance of the negative sign in the answer for 
vj is that m), the incident ball (which is lighter), 
bounces back in the collision so that its final 
velocity is in the opposite direction from its 
velocity before the collision. 


PROBLEM 24 

An object of mass mı and kinetic energy Ex collides 
head on with an object of mass mz at rest, Assuming 
the force of interaction depends only on the separa- 
tion, calculate the kinetic energy transferred if 

(a) m: = 0.01 mı 

(b) m2 = mı 

(c) mz = 100m1 
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What is the ratio of mı and m2 when the transfer 
of kinetic energy is 

(d) a maximum? 

(e) very small? 

(Note: To see this relationship more clearly, you 
may wish to find the energy transferred for addi- 
tional values of m2, and make a graph.) 


We use the equations for head-on collisions to 
express the final kinetic energy of mp in terms of the 
initial kinetic energy of my. 

The kinetic energy of mz after the collision is: 


2m, i 
im (—~—1__p 
P (= Eem, 
2 4mm, 
v 
Poe E e 
m 
4 2 
mı 


= mp’ 14” 2 
m 


1 


Il 


dm? 


{| 


Re 2 4r f 
= mw, a+r 


where mv? is simply the initial kinetic energy of 
Mı, | joule in this problem, and r = mə/m;, the 
mass ratio. 


1.0 
8 
KE ratio 
' 6 
(EY), 
4 
Ey 1 
2 
0 
0 1 


and 
dip? LoL. 
(Ek)2 = 0.02 X I joule = 0.02 joule. 


(b) Dg ane pate gg = 
(Ex)2 = 1.0 joule. 


Gps 1 = 200, 
and 
4r 800 _ 
(+ 7? = po = 9-0 


(Ek): = 0.02 X 1joule = 0.02 joule. 
(d) The graph of the function 


ea = (Ek)2/(Ex), 


is given below, showing a maximum at 
m/m; =r= I], 
n La Nhe Sean 


2 3 


mass ratio mz/m 


(e) The function has very small values both for 
very small and for very large 7. (The zero 
value for r = 0 is easy to see analytically. 
The approach to zero for very large r can be 
understood as follows: When + is very large 
1 +r = rand the function becomes: 


4r mien 
(hb)? pS F 


and 4/r goes to zero as r goes to infinity.) 
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PROBLEM 25 


A 5.0-kg body is at rest. A 10-kg body approaches 
it with a velocity of 0.20 m/sec. The interaction force 


(a) What is the kinetic energy of the masses before 
the interaction ? 

(b) What will be the kinetic energy of each mass 
after the interaction is complete? 


— 
= 


(c) What will be the kinetic energy of each mass 


when the separation is at a minimum? Recall that 
the velocities at minimum separation are equal. 
(d) What is the minimum separation? [Your an- 


(a) 


(b) 


(c) 


swer to part (c) tells you the net loss of kinetic energy 
of the two masses at minimum separation.] 


4 X 10(0.20)? 
= 0.20 joule. 


(Ex)1 3m wr? 


(Ex)2 = mw” = 0 joules. 


7 yoi 4r 2 
(Eke = (Ex) X a+r (see Guide solu- 
tion to Problem 24) 


(Ek)o = $ X 0.20 joule = 0.18 joule. 

Since kinetic energy must be the same in the 
initial and final states (when the interaction 
force is zero), 


(Ek): = (Ex): — (Ek)2 
= 0.20 — 0.18 = 0.02 joule. 


During the interaction period kinetic energy 
is not conserved. (Energy is temporarily stored 
as potential energy.) However, momentum is 
conserved since no external forces act. When 
the separation of the masses is a minimum, 
their velocities are equal. Let this velocity 
be denoted as v”. Then the momentum of the 
two masses is: (mı + mg)v”, and is equal to 
mv, by conservation of momentum, Hence, 
my 


of = e Uy. 
m +m + 


The kinetic energy of the 10-kg mass at this 
time is then 


li 
Ne 
3 

—~ 

3| 

As 

Š 

Ney 
€ 


mw’? 


2 
2 mı 

(mwi ia TE z) 

0.20 X 4% = 0.089 joule. 


ll 


The kinetic energy of the 5.0-kg mass is 
similarly 

1 fas 2 mm 
ZMW (Sm, om en mo)? 


0.20 X $% = 0.044 joule. 


(Ex)e2 


The total kinetic energy is 0.089 + 0.044 = 
0.133 joule, which is less than the original 
kinetic energy for the reason noted above. 


Since the original kinetic energy was 0.20 joule, 
the net loss of kinetic energy is 0.07 joule. 


(d) The net loss in kinetic energy is the work done 
against the interaction force: 


AEx(tot) = FAs, 
so 


—0.07 joule _ 


Foni —0.02 m. 


As = AEg(tot)/F = 


The quantity AZg(tot) is negative because 
kinetic energy was lost; the negative sign in 
the value of As indicates that the separation 
decreased by 0.02 meter. Hence the minimum 
separation is 0.10 — 0.02 = 0.08 meter. 


PROBLEM 26 


An antiaircraft shell has a kinetic energy Ex and a 
momentum p. Just then it explodes. What can you 
say about: 

(a) the momentum of the pieces? 

(b) the kinetic energy of the pieces? 


(a) Since no external force acts on the shell, the 
total momentum of the shell must remain un- 
changed by the explosion. The vector sum of 
the momenta of all of the pieces is therefore 
equal to the momentum of the shell just before 
it exploded. 


(b) The total kinetic energy of the pieces must 
equal the kinetic energy of the shell plus the 
work done (the energy transferred into kinetic 
energy of the pieces) in the explosion, and so 
it is greater than the initial kinetic energy of 
the shell above. 


PROBLEM 27 
In one of the experiments that led to the determina- 
tion of, the mass of the neutron, Chadwick measured 
the velocity of protons that had been hit head on by 
neutrons. The velocity of the protons was 3.3 X 
107 m/sec. 

(a) What was the velocity of the neutrons before 
and after collision with the protons? 

(b) Chadwick also measured the velocity of 
nitrogen atoms hit head on by the neutrons. What 
was it? 

(c) What was the velocity of the neutrons after 
each kind of collision? 


(a) This is the case of a head-on collision of one 
object with another of equal mass, initially at 
rest. The kinetic energy of the projectile is 
entirely transmitted to the target. The pro- 
jectile is brought to rest. Analytically: 


vu = mi Ma vh = vh = 3.3.X 10! m/sec; 


G 


Wie oe vi 


ll 


23-19 


HDL 


(b) Wg = 14 mı 


EA AE i 2m; a 
v2 m +m) m, + 14m, 
De Lee IAO 


mu 6 
is = 44 X 10° m/sec. 


(c) From part (a), after colliding head-on with a 
proton, the neutron’s velocity will be 0. After 
colliding. head-on with nitrogen, the neutron 
will have a velocity 


(UA ees NIE ‘ 7 
Ain T ama aX 10 


= —2.9 X 10’ m/sec. 


(After colliding with nitrogen, the neutrons 
bounce backward.) 


PROBLEM 28 


An empty freight car A of mass 2.5 X 104kg (25 
tons) coasts along a horizontal track at 2.0 m/sec 
until it couples to a stationary car B of mass 5.0 x 
104 kg. There is little friction, and the brakes are off. 

(a) What is the initial momentum of car A? 

(b) What is the speed of the two cars as they move 
along the track after the interaction? 

(c) What is the total kinetic energy before and 


after the impact? Is this an example of an elastic 
collision? 


vy 


{| 


2.0 m/sec, m, = 2.5 X 104kg. 
va = 0, mo = 5.0 X 104kg, 


Il 


(a) pı = mw, = 5.0 X 104 kg-m/sec. 
(b) From conservation of momentum, 
(mı + mo)! = mw 


WD, 5.0 X 10* 


Dew pines 
we 4 Ging dems 2 7S X 108 


= 0.67 m/sec. 


(c) Ex (before) = 4myv,? = 50 x 104 joules, 
Ex (after) = $(m, + mv’? 
1.7 X 104 joules. 


Since 3.3 X 104 joules were transferred in the 
collision into other forms of energy, the colli- 
sion must have been inelastic, 


PROBLEM 29 


A Dry Ice puck is acted upon by two forces F; and 


F 2 as shown in Fig. 23-19. Assume that in each case 
the body starts from rest. 


How much work is done on the body as it moves 
2 meters if; 


(a) Fi = 10 newtons and F2 =0? 
(b) Fy = Oand F2 = 10 newtons? 
(c) Fı = 10 newtons and Fo = 10 newtons? 
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This problem illustrates that the work done is the 
product of the distance moved times the component 
of the net force taken along the direction of motion. 
In this case, since the puck starts from rest and the 
forces are constant, the net force is in the same 
direction as the motion. 


(a) W = Fıs = (10 nt)(2m) = 20 joules. 
(b) W = Fəs = (10 nt)\(2m) = 20 joules. 


©) W = Fras = (10y/2 nt)(2 m) = 28 joules. 


PROBLEM 30 


A Dry Ice puck has a mass of 5kg. Itis subjected 
to a constant force F of 50 newtons at an angle of 
60° above the horizontal for 2 seconds (Fig. 23-20). 

(a) If the puck starts from rest, what is its change 
in momentum in the first two seconds the force is 
applied ? 

(b) How much work was done in these two 
seconds? 


Note: Ex = $mv? = ~—- =<£.. 
2m 2m 
*(c) What would happen if the force were doubled? 


(a) Only the horizontal component of F does work 
on the puck: 


Ap = F, At = (50 cos 60° nt)(2 sec) 
= 50 kg-m/sec. 


Since the vertical component of F is less than 
the weight: 


F, = 50sin 60? nt = 43 nt < mg 
= (5kg)(9.8 nt/kg) 
= 49 nt, 


there is no net force in the vertical direction, 
and the motion is entirely horizontal, 


(50 kg-m/sec)? 
2(5 kg) 
= 250 joules. 


(b) W= Ek — Ex = 


(c) The puck would leave the table and accelerate 
in the direction of the resultant of F and mg. 


PROBLEM 31 


A 100-gm light bulb dropped from a high tower 
reaches a velocity of 20 m/sec after falling 100 m. 
About how much energy has been transferred to 
the air? 


The downward gravitational force does an amount 
of work equal to the force X the distance the bulb 
drops: 


W = Fx = mex = (0.10 kg)(9.8 nt/kg)(100 m) 
98 joules. 


ll 


However, after the bulb has fallen 100 m, its kinetic 
energy is 


Ex = mv? = 30.10 kg)(20 m/sec)? = 20 joules. 


The difference between the work done on the bulb 
and its kinetic energy represents work done by the 
bulb against the force of air friction. Jt amounts to 
78 joules and goes into warming the air and the bulb. 


PROBLEM 32 


Suppose you wish to determine the force your bicycle 
brakes are exerting on the bicycle when you brake 
hard without skidding. Assume the brakes grip the 
rim of the wheel. At your disposal is a tape to mea- 
sure length and a road of known constant slope. 
Also, you know the total weight of the bicycle and 
yourself. You do not have a watch. How would 
you go about it? 


You might proceed as follows: Starting from rest, 
coast downhill a measured distance dı. Apply the 
brakes and then measure the additional distance do 
it takes you to stop. If the combined weight of you 
and the bicycle is W, the slope a, and the braking 
force B, then as you coast downhill you and the bike 
gain an amount of energy equal to 


(AEx); = Fxx = (W sina) di. 


The braking force acts upward along the slope of the 
hill, while the weight acts vertically down. Hence, 
when the brakes are applied the net change in kinetic 
energy is 


(AEK)g = —B d, + Wsinads. 


Since you come to a stop, (AZx); must equal 
—(AEx)e, Or 


Wsinad, = Bd. — Wsin a dz 


d td, 
dz 


B = (Wsina) 


il 


If a student will actually measure dı and dz experi- 
mentally, he is likely to find ds < d,. Then 


B ~ (W sin a)? 
2 


gives a good enough approximation. If the brakes 
grip a drum, as is the case with coaster brakes, the 
force acts along a distance do(r'1/rz2), where rı and r2 
are the radii of the drum and wheel, respectively. 


PROBLEM 33 

A horseshoe magnet of mass m stands on end ona 
frictionless table. A steel ball bearing of mass m is 
rolled toward the magnet from far away with velocity 
v and goes through the magnet and far beyond. As- 
sume the force of attraction F changes with distance 
and is the same in front and behind the magnet. 
(See Fig. 23-21.) 

(a) What is the final velocity of the ball? 

(b) What is the final velocity of the magnet? 


This problem involves an elastic collision, although 
the students may not recognize it as a collision. 
Furthermore, this collision is novel in that the forces 
are attractive. It is only because the ball can scoot 
between the legs of the magnet that the ball can go 
away from the collision instead of sticking to the 
magnet. Why is it elastic? Because the force between 
the two objects depends only on the separation 
distance. 
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24-1 The Spring Bumper 


PURPOSE. To introduce the concept of potential 
energy and its use; to set the stage for cases of more 
general forces by treating in detail a familiar example, 
the spring. 

CONTENT. (a) Mechanical energy is conserved when- 
ever the force between two bodies depends only on 
their separation. 

(b) In a good (elastic) spring, the force required to 
hold the spring compressed a given amount is always 
the same, independent of the manner in which the 
Spring is compressed or of the number of times it is 
compressed. When this is the case, both the work 
required to compress the spring and the energy which 
can be realized when the spring is released are also 
always the same and independent of how the spring 
reached its given compression. 

(c) The potential energy of a spring, U, is given by 
the area under the curve of force versus compression, 

(d) 4mv? + U = E = constant in an elastic 
interaction. 

(e) When the force is proportional to the displace- 
. ment, F = kx, the potential energy is U = 4kx2, and 
dmv” + kx? = E. This relation enables us to solve 
for the velocity at any point in an elastic interaction. 

EMPHASIS. An understanding of this section is basic 
to comprehension of the rest of the chapter. 

COMMENTS. The details of the non-elastic spring 
should not be stressed but it will be wise to make sure 
that students understand what property is crucial. For 
the spring to be elastic it must be able to do as much 
work when released as was done on the spring in 
compressing it. Students should know that they can 
compute the potential energy of a Spring from the 
area under the force-compression curve. They are 
likely to memorize U = 3kx? automatically, but the 
important thing is to understand where it comes from. 
The key objective is to attain a familiarity with energy 
conservation and transfer, This can be gained through 
discussing a number of examples in which the form 
of the energy (kinetic or potential) is followed, and 
the signs of the transfer recognized. In this section 
try to avoid the abstraction of gravitational potential 
energy or that of any other “action at a distance” 
force field. 

* k * 

You can discuss many different kinds of interaction 
between a mass and a spring. For example, let the 
mass strike the spring, but catch the spring with a 
ratchet device at the moment of maximum compres- 
sion. Then the mass stays at rest. If you slowly 
release the spring, the potential energy of the spring 
does work, transferring energy to your hand. (How 
does the work your hand does in releasing the spring 
compare with the original kinetic energy of the mass? 
It is exactly the negative since you “absorb” the po- 
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tential energy of the spring; it is minus, because in 
releasing the spring, your hand moves in the opposite 
direction from that of the force it exerts on the 
spring.) 

You can let one mass strike and compress the spring, 
and then after you have caught the spring as before, 
substitute a different mass. Follow the acceleration 
of this second mass in detail and show that the final 
kinetic energy is still the same. 

Another variation: Suppose the mass hits the spring 
and rebounds, but leaves the spring vibrating. How 
does the kinetic energy of the mass compare with its 
value before the collision? It is less by just the energy 
left in the spring. You might ask the class whether 
the energy left in the spring is potential or kinetic. 
[It goes back and forth between the two forms, just 
as the energy of a mass oscillating on a massless spring 
goes back and forth from kinetic energy (when the 
spring is unstretched and the mass is going its fastest) 
to potential energy (when the mass is momentarily at 
rest and the spring is either compressed or extended 
the maximum amount).] 

* * 

Figure 24-6 may warrant considerable discussion. 
Here we are representing all of the energies involved 
in the motion of a mass m attached to the end of a 
spring and oscillating, perhaps on a_ horizontal, 
frictionless surface. This is for an ideal spring for 
which the force is F = kx and the potential energy 
U = 3kx?. Thus the potential energy graph resem- 
bles Fig. 24-4 except that it is graphed for both com- 
pression and extension of the spring. The total energy, 

= mv? + U, must be a constant since the spring 
is “elastic.” When U = 0 (at x = 0), E = Avy? 
where vo is the initial velocity which the mass had the 
first time it passed through the equilibrium position. 
The horizontal, Straight line which represents E is 
drawn at this level, the value of the kinetic energy 
when the compression or extension of the spring is 
zero. The kinetic energy is given at every other point 
of the motion by the difference between the horizontal 
line depicting E and the curve depicting U, mv? = 
E — U. Since a negative value of amv” has no mean- 
ing, we draw the line representing E only out to 
the point at which it intersects U, At that point, 
mv? = 0, and therefore v = 0. 


24-2 Potential Energy of Two | nteracting Bodies 


PURPOSE. To generalize the previous section; to 
deal with various kinds of forces in preparation for 
gravitational potential energy. 

CONTENT. (a) With forces which depend only on 
Separation, the kinetic energy which “disappears” 
during the course of a collision is stored as potential 
energy and can be recovered. 


(b) The potential energy depends only on the sepa- 
ration and not on the details of the collision. 

(c) Potential energy is stored “in the force field” — 
the imaginary spring. 

EMPHASIS. This section should be developed with 
strong reference back to Section 1. It may be useful 
to make some reference ahead to Sections 3 and 4, 
since gravitational forces are the only specific examples 
of an action-at-a-distance force that have been con- 
sidered in detail thus far. 

COMMENTS. Consideration is given to the potential 
energy of a system of a pair of bodies which interact 
at a distance. The mathematical aspects were worked 
out in Chapter 23, where the kinetic energy during a 
collision was followed in detail. For action-at-a- 
distance forces, in apparent contrast with the spring, 
there is no visible storage place for the potential 
energy. This may trouble some students. All that is 
required for introducing the concept of potential 
energy is the fact that some kinetic energy disappears 
at one part of the collision and later reappears. One 
might choose to say “the kinetic energy is destroyed, 
but later an equal amount is created” or “the kinetic 
energy is converted to potential energy, and the po- 
tential energy is then reconverted to kinetic energy.” 
The second viewpoint has some advantage in that it 
emphasizes the fact that the total work which the 
particles could do is the same at any time during the 
collision, whether we let it appear directly as kinetic 
energy, or whether we reach in, grab the particles, 
and make them separate slowly (in which case the 
energy appears as work against us). 

Where is the potential energy located? For the 
collision of Section 1 we say “in the spring.” We could 
consider the force between two bodies which interact 
at a distance as having its source in an “imaginary 
spring” as suggested in the text. Actually, there is no 
need to “locate” the potential energy, no matter how 
natural that desire may be. All that is necessary. for the 
concept of potential energy to be useful is that we be 
able to use it to predict the work we can realize (or 
must supply) when bodies go from one separation to 
another. In fact, the separation of the bodies gives 
us as clear an indication of the potential energy of a 
system as does the extension of a spring. As explained 
in the text, even a real spring must, on the atomic level, 
be understood in terms of action-at-a-distance forces, 
“imaginary springs.” 

One may be led into difficulties if he tries too hard 
to locate the potential energy, perhaps associating it 
with one or the other of the two bodies. It should be 
considered a property of the two bodies together, as a 
single system. The work needed to bring up B while 
holding A fixed is identical to that of bringing up A 
while holding B fixed, assuming only that we bring 
them to the same final separation in the two cases. 

* * & 


The several paragraphs (Col. 2, page 427) beginning 
with “To understand more fully ...,” give a preview 
of the next chapter on heat and kinetic theory, and 
begin to give an atomic picture of loss of mechanical 
energy. The statements are quite brief, indicating 
that this is not the main treatment. Such a treatment 
will come in Chapter 25, Section 3. The statements in 
this chapter should be treated simply as indicative of 
details that will be carried further. 


24-3 Gravitational Potential Energy 
Near the Surface of the Earth 


24-4 Gravitational Potential Energy in General 


24-5 Escape Energy, Escape Velocity, 
and Binding Energy of Satellites 


PURPOSE. To apply the energy concept to man’s 
most familiar force field — the gravitational force. 

CONTENT. (a) When a mass, m, moves in the gravi- 
tational field of the earth, the accompanying motion 
of the earth may be ignored if m is small compared to 
the mass of the earth. 

(b) Near the earth’s surface, when changes in height 
are small compared to the radial distance from the 
center of the earth, the potential energy of position is 
med, where d is the vertical displacement of the mass, 
m, from some arbitrary level of zero potential energy. 

(c) When changes in displacement are large relative 
to radial distance from the earth’s center, the potential 
energy of a mass, mM, located a distance, r, from the 
omm , where U(%) 
is the arbitrary value (usually taken to be zero) as- 
signed to the potential energy at infinite distance. 

(d) The concept of potential energy in a gravita- 
tional field is applied to motion of a satellite, enabling 
us to compare the kinetic energy required for escape 
with that required for orbit, and introducing the idea 
of binding energy. The total energy, E = 4mv? + U, 
remains constant. 

EMPHASIS. These sections should be treated thor- 
oughly not only because of the interest inherent in the 
problem itself, but also because familiarity with the 
potential energy in an inverse square force field will 
again be required in Part IV in the study of the 
Coulomb field and the nuclear atom. 

DEVELOPMENT, The starting point for the develop- 
ment is the kinematic relationship, v? « 2gd for fall- 
ing objects at the earth’s surface. This was derived in 
Chapter 5. Students should be reminded that g is not 
exactly constant. It is only constant insofar as the 
gravitational force is constant over the range of dis- 
placement, and this is true only if the distance, d, is 
negligible compared to the radius of the earth. Mul- 
tiplying both sides of the above by m/2 gives the 


earth’s center is U(r) = U(%) — 
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TEXT 


COMMENTS. In using the energy concept we ignore 
many of the details of the motion, since we do not 
concern ourselves with interaction forces and accelera- 
tions of various parts of the system with respect to 
one another. However, in ignoring these details we 
gain in simplicity and in our understanding of funda- 
mentals. The use of the conservation laws is often 
called an integral approach to problems of mechanics. 
It relates final conditions to initial conditions inde- 
pendent of the interaction that is involved. Thus, for 
example, with no precise knowledge of the nuclear 
force law, we can still make a great many exact deduc- 
tions about the effects of a given interaction. 


* k*k 


When the horizontal component of velocity is con- 
stant, as in projectile motion, it is a greater temptation 
to think of the energy associated with one component 
as distinct from another. For example, the total 
energy is: 


E = Ek + Un 


Amv? + mgy 
èm(vx? + vy?) + mgy. 


In projectile motion vy is constant, so we may write 
dv,” + mgy = E — dmv? = E, 


where £’ is a new constant. The maximum height to 
which the projectile rises is found by noting that at 
the top of the flight vy = 0, so that 


Jmax = E'/mg = (E= dnv,”)/me. 


It is correct to speak of the contribution of the hori- 
zontal component of the velocity to the kinetic energy 
but it is incorrect to think of this part of the energy 
as the “horizontal component of energy.” Energy is 
a scalar and has no associated direction, It is con- 
served in toto, but the “parts” associated with hori- 
zontal or vertical components of the motion are not 
separately conserved. To see this, consider the ex- 
ample of a ball rolling from rest down an inclined 
plane. Although the initial useful potential energy is 
all due to the vertical separation of ball and earth, 
$v,” is not a constant. 


* k k 
To appreciate the power of the information ob- 


tained from the conservation of energy, one should 
ask the question: Does the escape velocity depend on 
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the direction in which the rocket is fired? Using the 
principle of conservation of energy we see immediately 
that it does not for the case of a gravitational inter- 
action. Had we attempted to answer the question by 
using Newton’s law directly, the problem would have 
been much harder to solve. We would have found 
eventually that three types of orbits are possible: 
elliptical (including circular as a special case), para- 
bolic, and hyperbolic. (Straight line motion is a 
special case of parabolic or hyperbolic motion.) 
Elliptical orbits correspond to rockets that do not 
escape (satellites), parabolic orbits to rockets that 
just escape, and hyperbolic orbits to rockets that 
escape with energy to spare. The energy argument 
completely bypasses a fairly involved discussion. 
Naturally, we do not have quite as much information 
if we use conservation of energy alone; we know the 
speed of the satellite at large separation, but we know 
nothing about the actual orbit. [In the above discus- 
sion, as in the text, the escape velocities referred to 
are relative to the center of the earth, not relative to 
the surface of the earth. We can take advantage of 
the eastward motion of the rocket launching path 
(=0.5 km/sec at the equator) to save fuel. 

The escape energy calculated in the text gives the 
kinetic energy that a rocket must have (outside the 
atmosphere) to escape. The fuel requirements are of 
course, much larger; in a typical rocket most of the 
work done by the rocket engine ends up as kinetic 
energy of the exhaust. 


* * * 


The concept of binding energy is one which is 
often used in discussing atoms (Section 34-6). The 
example given here, in which we calculate the energy 
which has to be added to a bound satellite moving in 
a circular orbit around the sun has a very close 
counterpart in the hydrogen atom, in which an elec- 
tron moves in a circular orbit around a proton. 


xe * 


Appendix 9 of the Guide for this volume provides 
additional discussion of the escape velocities and bind- 
ing energies that are mentioned in Section 5 of the text. 


24-6 Total Mechanical Energy 


PURPOSE. To point out that the concepts of poten- 
tial and kinetic energy can be extended to more com- 
plex mechanical systems, including those in which we 
do not have detailed knowledge of the nature of the 


interaction forces. Furthermore, we believe that 
mechanical energy is always conserved for systems in 
which other forms of energy play no part. 

CONTENT. (a) Conservation of energy is discussed 
in terms of a simple toy that nevertheless is a more 
complex system than any previously considered. 

(b) The plausibility of the idea of conservation of 
mechanical energy is discussed and its limitations are 
pointed out. 

EMPHASIS. This section is a summary and extension 
of the ideas that have already been presented. A 
brief treatment will suffice. The energy concept will 
be extended further in the next chapter where heat 
will be considered. 

DEVELOPMENT. The first paragraph of this section 
defines the interaction force between two masses as 
Newtonian, provided: (1) that the masses can be 
regarded as points, (2) that the force on one mass is 
equal and opposite to the force on the other, and 
(3) that the direction of the force is along the line 
joining the two mass points. 

The question is then asked: Can the ideas of kinetic 
and potential energies be used in systems in which the 
mass cannot be regarded as being concentrated at a 
point and/or the forces of interaction are not New- 
tonian? An example of a complex system (the toy 
merry-go-round) is then presented. A plausibility 
argument shows that the conservation of mechanical 
energy (except for frictional effects) still seems to be 
a valid concept. 

You can point out to students that the descending 
mass exerts a Newtonian force on the string and that 
this force can be considered to be transmitted un- 
diminished around the pulley to the surface of the 
shaft. But the mass of the merry-go-round does not 
appear to be concentrated at the axis of rotation be- 
cause the inertial properties of a rotating mass depend 
markedly on where the mass is located relative to the 
axis. Students probably have had some experience 
with this effect (a whirling ice skater speeding up as 
he brings his arms in close to the axis of rotation, the 
heavy wheel in gyroscope and momentum toys) but 
they probably have not had an epportunity to compare 
the rotational inertial effects of two wheels of the 
same mass but with different mass distributions. 

To compare two wheels that have the same mass 
you can make the following simple calculation. Con- 
sider a bicycle wheel which is idealized as having all 
its mass at the rim. Replace the merry-go-round with 
this wheel, and now suppose it is turning N times a 
second at a certain instant. The mass M of the wheel 
is distributed uniformly around the rim at a distance 
of R meters from the axis of rotation. The speed of a 


point on the rim is then 2rR X N m/sec because in 
one second a point will have gone N times around the 
circumference, that is, 2rR meters in one turn or 
27RN meters each second. Now consider the mass of 
the rim to be made up of 1000 pieces (or any number 
you wish). Then the mass of each piece is M/1000, 
and each piece is so small that it is practically a point 
mass. Then the kinetic energy of each piece is 


1 (mass)(speed)® = i iw (2rRN)’. 
Since kinetic energy is a scalar quantity, the total 
kinetic energy of the wheel is the sum of the energy 
of each piece. These energies are all equal, and there 
are 1000 pieces so that the total kinetic energy of the 
wheel is 


4M(QmRN)? or 4MR2(2nN)?. 


This expression shows that two wheels each of the 
same mass M and each turning at M revolutions per 
second can have markedly different kinetic energies 
depending on whether the mass is close to or far from 
the axis of rotation. 

When the mass has descended a given distance, the 
gravitational interaction force has been allowed to do 
work on the system (the potential energy of the system 
has therefore decreased), and the kinetic energy has 
increased to a given value. This value is the same 
whenever the descending mass has fallen through the 
same vertical distance from rest. A given kinetic 
energy of rotation of the wheel can be realized in two 
contrasting ways. If R of the wheel is large, then N 
must be small; and if R is small, then X must be large. 
But N is the rate.that the wheel is turning, and so it 
is a direct measure (via the shaft radius 7) of the speed 
of the falling mass; the speed is 2rRN m/sec. This 
means that after the mass has fallen a given distance 
it will be moving more or less rapidly according to 
whether R is small or large. Thus a wheel of given 
mass will accelerate more slowly if R is large than it 
will if R is small. A wheel with large R is harder to 
start turning than one of the same mass with small R. 

DEMONSTRATION. An interesting experiment that 
you can do as a classroom demonstration shows 
nicely the conversion of potential energy into kinetic 
energy and involves some rather nice, simple tech- 
niques. This demonstration is a variation in tech- 
nique of Experiment I-12, 'The Energy of a Simple 
Pendulum. If students do this experiment, this demon- 
stration either should not be done, or done after the 
laboratory experiment as the basis for a review of the 
ideas of the chapter. 
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A measurable amount of potential energy is stored 
in a pendulum bob by swinging it a known distance 
up from its equilibrium position. The bob is released. 
At the bottom of its swing the original increment of 
potential energy will have been completely converted 
into kinetic energy, 4mv?. The motion is entirely 
horizontal. If we could measure this horizontal 
speed, we could calculate the kinetic energy and check 
the energy balance. In order to measure this speed, 
the bob can be hung from a light thread, and a razor 
blade can be carefully and tigidly mounted so as to 
cut the thread just when it reaches the vertical. Then 


U = mgAh ae 
Ne N2 p 
koa Ah 
v=Ž 
È 
ie ase 
h= set, 
sais Rata tae 
g 
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the speed can be calculated by measuring the hori- 
zontal distance traveled by the bob before hitting the 
floor. This distance must be divided by the time of 
flight which is determined, by calculation, from the 
known height of the bob above the floor when in the 
equilibrium position. 

It is advisable to try this out before doing it in 
class. The main source of error lies in the energy that 
is dissipated in cutting the thread. Be sure that the 
razor blade is rigidly mounted and use as heavy a bob 
as possible. In class you might make several measure- 
ments using different values of Ah. 


razor blade 


piece of 
paper on 
top of 


FOR HOME, DESK, AND LAB 
ANSWERS TO PROBLEMS 


SECTION STARRED EASY 
1 Kig 4 
2 9 12, 15 
3 17 18 
4 23 
5 24, 25, 26 29 
6 31 32 


The above table classifies problems according to 
their estimated level of difficulty and the sections 


to which they relate. 


Those which are especially 


suited to class discussion are indicated. Problems 
which are particularly recommended are marked with 
the symbol #. 


SHORT ANSWERS 


1s 
2s 
3 


In the middle picture where the force is greatest. 

The slope of the graph is k. 

(a) Yes. Force of interaction depends only on 
separation distance. 

(b) 18 joules. 

(c) 0.15 m. 

(d) Half as much. 

(a) See graph on page 24-10. 

(b) 0.5 joule; 5.5 joules. 

(c) See discussion on page 24-11. 

(a) 0.5 joule; (b) 0.5 joule; (c) 0.3 joule. 

See discussion on page 24-11. 

(a) 18.0 joules; (b) Probably heat is generated ; 

(c) Graph (a) is the best fit. See discussion on 

page 24-12. 

(a) 100 nt/m; (b) U = 50x? joules. 

Each would move in a straight line in the direc- 

tion of the force acting on it. 

See discussion on page 24-13. 

See discussion on page 24-14. 

The force exerted by the cage is just equal and 

opposite to the force exerted by the small ball. 

See discussion on page 24-14. 


(a) $kx?. 
(b) myvy = —M2V2. 

Pi p? 
(c) Ex, = Im,’ Ex, = Ima 


MEDIUM 


20 


19. 


20. 
21. 


22. 
23: 
24.* 
25:* 
26.* 
27. 


chapter 24 Potential Energy 


CLASS 
DISCUSSION 


3, SH, 7, 8 6 6 
10, 11, 14, 16 


10, 11, 16 
18, 197 
23 


32 


Ex, 
Ex, mı 

(a) 1.00 kg-m/sec; (b) 0.500 kg-m/sec, 2.00 
kg-m/sec, 4.00 kg-m/sec; (c) 1.00 joule. 

(a) 1.5joules; (b) 0.4joule; (c) 1.1 joules; 

(d) 1.1 joules; (e) 0.4 joule. 

3.4 X 10° joules. 

(a) Vertical height = 0.20 m; additional dis- 
tance along slope = 0.29m; moves as 
though rebounding from a collision. 

(b) Oscillatory; equal heights right and left; 
1.2 joules. 

(c) —0.5 joule. 

See discussion on page 24-18. 

(a) 0.15m above equilibrium position (0.3 m, 
above starting point). 

(b) 1.1 meters/sec. 

(c) No change. 

(a) 79.2 joules; (b) 79.2 joules; (c) 22.3 joules. 


(a) x TE Æ i veng? + 2kmgh; 


(b) 0.78 meter. 

See discussion on page 24-19. 

Increases. 

An additional Ex. 

GMm(10r,). 

They are equal. 

2.3 X 10718 joule. 

(a) 4.4 X 10° joules; (b) 3.9 X 1078 joules. 

No; only one part in 10°. 

(a) Ep = 6.24 X 107 joules; (b) Es = 4.43 X 
108 joules; (c) 8 times as much. 

F = 0.20 newton. 

See discussion on page 24-21. 

Xo = Vom/2 k. 
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As an object pushes in from the right, it first comes 
in contact with spring #1. It is subject to the force 
F, = k,x until it has compressed spring #1 a distance 
0.2 meter. From the graph, we see that when F; = 
2 newtons, x = 0.2 meter; therefore, kı = 10 nt/m. 
At the point x = 0.2 m, the object comes in contact 
with spring #2, From there on it is subject to the force 


i= Fy +F: = kyx + k(x — 0.2) 
= (ky + ke)(x — 0.2) + 0.2k, 
= 0.2k; + (kı + ke) Ax, 


where Ax represents the distance of compression 
beyond the point where x = 0.2 meter. From the 
graph, the slope of the straight line for x > 0.2 is 


AF/Ax = 4 — 2/0.3 — 0.2 
20 newtons/meter = kı + ko. 


Therefore, kz also has the value 10 newtons/meter. 


PROBLEM 7 


A 1.0-kg mass moving with a velocity of 10 m/sec 
strikes a spring, compressing it a distance of 0.20 m. 
The mass rebounds with a speed of 8.0 m/sec. 

(a) What is the loss in kinetic energy of the mass? 

(b) What happens to this lost energy? 

(c) Which of the force-compression curves in Fig. 
24-17 do you think is most likely correct for this 
spring? 


(a) 


(b) 


(c) 


(Ex); = 4mv;? = 4(1.0)(10)? 
= 50 newton-meters. 
(Ex) = mvs? = 4(1.0)(8.0)? 
= 32 newton-meters. 
AEx = 50 — 32 


18 newton-meters or joules. 


As the mass is brought to rest, it compresses 
the spring, doing work equal to its loss in 
kinetic energy (SO joules), On the way out, 
the spring transfers back to the mass only 
32 joules. While we cannot say definitely what 
happened to the “lost” energy, one possibility 
is that mechanical energy was transformed into 
thermal energy during the bending and un- 
bending of the spring. Another possibility is 
that heat is generated through friction of the 
mass sliding along some surface. 


Qualitatively, graph (a) can account for the 
data; the area under the upper curve (com- 
pression varying from 0 to 0.2 m) is greater 
than the area under the lower curve (compres- 
sion varying from 0.2 m to 0 m). The first area 
is equal to the work done on the spring in com- 
pressing it, the second area is equal to the 
work given back by the spring in expanding 
back to its normal length. The area under the 
upper curve should equal the work (50 joules) 
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required to stop the mass initially moving at 
10 m/sec; and the area under the lower curve 
should equal the work (32 joules) required to 
accelerate the mass from rest to 8.0 m/sec. In 
graph (a), the first area is about 50 joules and 
the second area is about 30 joules. Curve (b) 
represents a case in which work put in equals 
energy transferred out. Curve (c) represents a 
case for which more energy is taken out than 
is put in, Neither of these situations corre- 
sponds with the facts of the problem. 


PROBLEM 8 
A linear elastic spring is compressed 0.2 m by a force 
of 20 newtons. 
(a) What is the force constant k (or force- 
compression ratio) of the spring? 
(b) What is the equation for the potential energy 
stored by the spring as a function of its compression ? 


(a) The spring is linear and elastic. Therefore, 
F = kx relates the magnitude of the force to 
the amount of compression. Rewriting, we get 


~~ 
| 


= F/x; in particular, 


k = 20nt/0.2m = 100 nt/m. 


(b) If this relation is plotted, we see from F = 
(100 nt/m)x that the area of the triangle of 
base x, is 


A = 4x,(100 nt/m)x, = (50 nt/m)xo”. 


This is the work that must be done to com- 
press the spring to x = Xo and therefore is also 
the potential energy. Hence, in general, 


U = (50 nt/m)x?. 
If x is measured in meters, U will be in joules. 


PROBLEM 9* (See Short Answers.) 

PROBLEM 10 
Figure 24-18 shows a roller skate with a mass M 
mounted on it by four hacksaw blades attached to a 
base. The mass M is equal to the mass of the roller 
skate plus the mass of the base. If you hold the roller 


skate and pull the mass M out to the left, and then let 
the whole system go, the mass moves to the right 
and the skate to the left. Be prepared to describe the 
further motion, indicating the form of the energy at 
various stages. 


For the solution to this problem we shall assume 
that all of the motions are frictionless and that the 
entire system is at rest at the instant the displaced 
mass is released. 

Since no external forces act on the skate-mass sys- 
tem, conservation of momentum tells us that the center 
of mass must always remain at rest. The motion of 
the system will consist of back-and-forth oscillations 
of its top and bottom halves, one always moving in 
the opposite direction from the other. The initial 
potential energy stored in the distorted blades is trans- 
formed into kinetic energy of the motion of the parts. 
When the blades are vertical, the potential energy is 
zero and all of the energy resides in the equal speeds 
of the two masses, Ex = 2 X Amv”, When the 
blades are at the extremes of their distortion, the mo- 
tion of the masses is zero and all of the energy of the 
system is now in the form of potential energy- 

If we describe the motion more accurately we can 
take into account the vertical motion of the upper 
mass as the blades sweep it through an arc. This up- 
down motion “stretches” and “relaxes” the “spring” 
of the gravitational field. However, in the undistorted 
position of the hack-saw blades where the kinetic 
energy is a maximum, the gravitational potential 
energy is also a maximum. Thus the useful energy of 
the system is never entirely kinetic. There is always 
some available potential energy stored either in the 
spring or in the gravitational field. 

If we take friction into account, energy will grad- 
ually be transformed into heat, and the motion will 
stop. Insofar as the friction is rolling friction on a 
surface, an external force will act on the skate-mass 
system and its center of mass, also, will describe 
gradually diminishing back-and-forth oscillations in- 
stead of remaining stationary as described. 
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PROBLEM |1 


What will happen if the 3.0-kg mass in Problem 4 
hooks itself onto the spring and remains fastened 
to it? 


If the mass remains attached to the spring, it will 
oscillate back and forth in simple harmonic motion. 

We can obtain the amplitude of the oscillation by 
applying conservation of energy. Just as the mass 
reaches the spring (and hooks on), its energy is simply 
the kinetic energy 


bash 2 
im? = 40.020)? EM — 60 joules. 


At the maximum compression (or extension) of the 
spring, the energy is wholly potential, 


U = łkx? = 6.0 joules, 
With k = 100 newton/meter, we get: 


yaks 2U A 6.0 newton-meter 
k 100 newton/meter 


x = + V0.12 m? = +0.35 meter. 


PAESE = 0.12 m? 


The mass oscillates back and forth from 0.35 meter 
to the right, to 0.35 meter to the left of the equilibrium 
position. We can also obtain the period of the oscilla- 
tory motion. Using the result of Section 1: 


3.0kg _ 
100 nt/m = 1.1 seconds. 


T = 2nV/m/k = 2r 
PROBLEM 12 


In Fig. 24-7, why does the large ball not gain kinetic 
energy while the force of the cage acts on it? 


The force exerted on the large ball by the cage is 
just equal and opposite to the force exerted on the 
large ball by the small ball. Hence, the net force on 
the large ball is zero and it does not gain kinetic 
energy. 
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PROBLEM 13 


Suppose we have a spring-operated popgun something 
like the one in Fig. 24-19, It has a piston of mass m 
fastened to the end of a light spring whose force con- 
stant is k, and it shoots a ball of mass M. When the 
gun is loaded, the piston is pushed down the barrel 
until the spring is compressed through a distance d, 
and latched to the trigger. 

Leaving out friction for the sake of simplicity, work 
out an argument to decide whether all the potential 
energy of the spring will be transferred to the ball. 


While the shot is being fired, the total energy is the 
sum of the potential energy of the compression of the 
spring and the kinetic energy of the piston and the 
ball. The piston and ball will reach their maximum 
speed when the spring reaches its natural length. At 
this point the total energy is kinetic energy of the 
piston and the ball. Beyond this point, the spring 
stretches, increasing its potential energy and decreasing 
the kinetic energy and speed of the piston. The ball 
continues to move at a steady speed and draws away 
from the piston. 

At the separation point, 


kd? = 3(m + M)v?, 


where k is the force constant of the spring. Then the 
ball will carry off a kinetic energy 


sod A S| M 2 
Be 5 Mo = ifo) ka 


M 
m+ M Vers 


Properly we should take account of the mass of the 
spring, which is distributed along its entire length. In 
this problem we have made a simplifying approxima- 
tion by replacing the mass of the spring by the mass 
m at the end. This is a good approximation if m is 
one third the mass of the spring. 


PROBLEM 14 


A linear spring with constant k is compressed between 
two Dry Ice pucks of mass mı and mg. The spring 
is compressed a distance x and then tied with a 
thread. Both pucks are initially at rest. 

(a) If the thread is burned, what is the total kinetic 
energy of both pucks? 

(b) What are the momenta of the pucks, and how 
are they related? 

(c) What is the kinetic energy of each puck in 
terms of its momentum and its mass? 

(d) What fraction of the total energy does each 
puck acquire? What is their ratio? 


There are no numbers in this problem. We suggest 
that you discuss it in general terms and then consider 
the special cases mı = m2, Mı XK M2, Mı > Mp, 
rather than use numerical examples. 


(a) The total kinetic energy after the thread is 
burned is equal to the energy U = 3kx? 


stored in the spring initially. 


(b) If we call the velocities ¥, and V2, the momenta 
are related by 


mV; = —MoV2, OF Pi = —P2- 


(c) The kinetic energy of the first puck is 


2 2 
bx, = met = am (2) = fe 


Similarly, 


(d) After the thread is burned, the total energy is 
entirely kinetic, so 


2 2 
E = Ex, + By = $a. + Se 


2mım 
Therefore, 
Ex, i pi domin a 
E p?(m + m) m, + m 
2mımzə 
Similarly, 
Ex, mı 


E mFm 
The ratio of these two fractions is 


Ex,/E _ Ek, _ Ma, 
Ex,/E Ex, mi 


This ratio can also be obtained directly from 
(c). If the masses are equal, each puck takes 
half the energy. If one puck has a much 
smaller mass than the other, it will take almost 
all the energy. In all cases, the momenta are 
equal and opposite. 


PROBLEM 15 


A spring bumper with restoring force F = 200x, 
where F is in newtons and x in meters, is compressed 
0.100 meter. A 0.500-kg mass is placed next to the 
end of the spring and the whole thing let go. 

(a) With what momentum will the mass leave the 
spring ? 

(b) We do the same thing with masses 0.125 kg, 
2.00 kg, and 8.00 kg. What is the momentum of each 
as it leaves the spring? 

(c) What is the energy of each as it leaves the 
spring? 


(a) At the point of maximum compression, 
X = Xo all of the energy is potential, E = 
U = 4kx,”. When the spring is released the 
mass is accelerated until the spring reaches the 
equilibrium position. At this point all of the 
energy is kinetic, and the mass leaves the 
spring. Then E = Ex, = }mv,”. Since the 
total energy is constant, 


4mo? = kx, and vo = xov k/m. 


For this spring, k = 200 nt/m. The momen- 
tum of the 0.500-kg mass is then 


Mo = XoVkm 
0.100 m X +/200 nt/m X 0.500 kg 


= 1.00 kg-m/sec. 


Il 


(b) For a 0.125-kg mass, 


mv, = xov km = 0.100 X V200 X 0.125 
= 0.500 kg-m/sec. 


For a 2.00-kg mass, 


mva = xev km = 0.100 X V200 X 2.00 
= 2.00 kg-m/sec. 


For an 8.00-kg mass, 


mva = xov km = 0.100 X V/200 X 8.00 
= 4.00 kg-m/sec. 
(c) Since the original potential energy is the same 
no matter what mass is put in motion by the 


spring, the kinetic energy is the same for each 
mass: 
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Ex, = 3kx.” = 4 X 0.100? = 1.00 joule. tangent lines to the displacement vs. time curves and 
calculate the ratio Ad/At for the tangent line. 


Thus, when a fixed amount of energy is trans- 
ferred to objects of different mass, the resulting 
momenta are not the same, but vary in pro- 


(a) The initial velocity of m, is 


Ad (0.20 — 0.00) m 


ortion to the square root of the mass. = = 
P q vı = At ~ (0.20 — 0.00) sec 
= 1.0 m/sec at t = 0 seconds. 
PROBLEM 16 
Figure 24-20 is the graph of the displacements as a The initial kinetic energy of m; is then 
function of time of two interacting masses mı = 3 kg 
and m2 = 1 kg. 2 2 
(a) What is the initial kinetic energy of m1? Ex, = mw” = 4(3 kg)(1.0 m/sec) 
(b) What is the final kinetic energy of mı? soles 
(c) What is the final kinetic energy of m2? pesos 
(d) What is the minimum total kinetic energy? 
(e) What is the maximum potential energy? (b) The final velocity of m, is 
To find the various kinetic energies we can measure ,_ Ad _ (0.16 — 0.04)m 
velocities (slopes) of the appropriate displacement vs. ; At (0.23 — 0.00) sec 


time curve at the times of interest. To do this, draw 


0.52 m/sec at t > 0.17 sec. 
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The final kinetic energy of m, is The kinetic energy at this time is: 


Ex,’ = 4$m,1')? = 468 kg)(0.52 m/sec)? mu,” + Fngve” = 40m, + mayo? 
= 0.4 joule. = 43 + 190.75)? 
= 1.1 joules, 


(c) The final velocity of me is 


(e) The total energy equals the initial (or final) 


, _ Ad _ (0.23 — 0.04) m kinetic energy, if we take the potential energy 


D = SS Ae TaN 
At (0.17 — 0.04) sec to be zero at separation greater than the range 
= 1.5 m/sec at t > 0.17 sec. d of the interaction. The total energy is there- 
Fe a j fore 1.5joules. At ż = 0.085 second, the 
The final kinetic energy of ma is kinetic energy was 1.1 joules. Thus the poten- 


4(1 kg)(1.5 m/sec)? tial energy at this time must have been: 


1.1 joules. U = E — Ex 


Ex,! = }m2(v2')? 


li 


1.5 joules — 1.1 joules 


We note that energy is conserved in the inter- 


action. Before the interaction started, Note: Two curves similar to those in Figure 
24-20 can be obtained by using the soft spring 


E= =1. l . 
(Exh + Exe = 15 ie 09 bumpers with the carts in the arrangement 
= 1.5 joules. described in Experiment III-13. 
After the interaction is over, 
E = (Eb) + (Ek) = 044 11 PROBLEM 17* (See Short Answers.) 
= 1.5 joules. PROBLEM 18 


(a) A ball of mass 0.25 kg is thrown to the right 
at a speed of 2.0 meters per second. It starts along 


(d) ‘The kinetic energyis ee and the po- the frictionless surface at the left of Fig. 24-21. How 


tential energy a mammou at the distance of high up the slope at the right will it go before coming 
closest approach. Moving a piece of paper momentarily to rest? What kind of motion will it 
along the two curves shows that the distance perform? 

dy — d, is least at £ = 0.085 second. At this Eo r the ball ie omes at Pm P, y 
7 : avi A ind of motion will it perform? How high up the 
time the relative velocity is ZEEN matis, poti slope on the right will it rise? What is the binding 
masses have the same velocity. As a check, energy (the extra energy needed to make the ball 
the two slopes can be measured: escape from the well in the center of the figure)? 


(c) What is the binding energy in part (a)? 
„ = Ad _ 0.16 = 0.01 )m 
1 = Art (0.20 — 0.00) sec (a) The initial kinetic energy is 


= 0.75 m/sec at t = 0.085 sec. 
Ad (0.22 — 0.07)m 


dmv? = 4(0.25 kg)(2.0 m/sec)” = 0.50 joule. 


v= 


At — (0.20 — 0.00) sec The ball gains kinetic energy (and loses po- 
= 0.75 m/sec at t = 0.085 sec. tential) as it drops into the valley, but then 
45° 
0.5 m 
P Im 
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loses kinetic energy as it rises up the other side 
until at the instant it reaches the original ele- 
vation it will again have 0.50 joule kinetic 
energy. It continues to rise to an additional 
vertical height 4 such that mgh = 0.50 joule. 


Thus, 
È 0.50 joule 
h = Ex/mg = (0.25 kg)(0.8 nt/kg) 
= 0.20 meter. 


The additional distance it travels along the 
ane: 

slope is sin 45° > 0.29 m. 

The ball can be thought of as rebounding from 
an interaction; it comes in from the left, dips, 
rolls up the hill, and then reverses, retracing 
its path and going off to the left with the same 
speed it had initially. 

(b) The motion will be oscillatory. The ball will 
rise as high on the right as it was initially on 
the left. To escape from the valley it would 
need additional energy in the amount mgh, 
where h is the additional height it must rise, 
0.5 meter. The binding energy is then 0.25 X 
9.8 X 0.5 = 1.2 joules. 

(c) The binding energy in part (a) is negative be- 
cause the particle has kinetic energy to spare 
when it is free of the valley. One must take 
away 0.50 joule of energy to leave the ball just 
free of the well (with no kinetic energy on the 
horizontal surface). Thus the binding energy 
in (a) is —0.5 joule. 


PROBLEM 19 


A linear spring whose force-extension ratio k is 40 
newton/m hangs vertically, supporting a 0.80-kg 
mass at rest. The mass is then pulled down a distance 
of 0.15 m. 

(a) How high will it rise? 

(b) What will be its maximum velocity? 

(c) How would the answers to (a) and (b) differ 
if the experiment were done on the moon? 


This problem is straightforward if it is recognized 
that the constant force of gravity (mg downward) on 
the hanging mass has no effect beyond that of shifting 
the equilibrium position. This is easy to see if we 
consider first the forces acting on the mass when it is 
in the equilibrium position. The resultant force is 
zero; the downward pull of gravity is balanced by an 
upward pull by the spring of the same magnitude. 
What is the resultant force on the mass at other posi- 
tions? The gravitational force does not change, but 
the spring force changes. If the mass is above the 
equilibrium position, the spring extension is smaller, 
the spring force is smaller and the resultant force is 
down, back toward the equilibrium position. Sim- 
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ilarly, if the mass is below the equilibrium position, 
the extension of the spring is larger, the upward pull 
by the spring is larger and the resultant force is up, 
again back toward the equilibrium position. The re- 
sultant forces are just —kd (where d is the displace- 
ment from equilibrium). 

We can see this mathematically if we let x, be the 
amount the spring is stretched at equilibrium. Then 
if the spring is displaced from equilibrium by d, the 
total displacement of the spring relative to its un- 
stretched position is x = x, + d. Hence, the spring 
exerts a force —kx = —k(x, + d) on the mass. If 
we choose the positive direction as downward, the net 
force on the mass is F = mg — k(x, + d). 

Now, at equilibrium (d = 0), F = 0,somg = kx. 
From this equation we see that x, is positive; according 
to the sign convention we chose, the spring is displaced 
downward from its unstretched position when the 
mass is hanging on it. Hence, F = —kd. If we take 
the potential energy to be zero at equilibrium, then 
U = 4kd?, just as if we had ignored gravity from the 
beginning. 

This problem is similar to Experiment IHI-11. The 
Lab Notes for that experiment contain further com- 
mentary. After these preliminaries, the questions can 
be answered readily. 


(a) Since the force is linear we have simple har- 
monic motion, with the extreme points of the 
motion at equal distances below and above the 
equilibrium position. Therefore the mass will 
rise 0.15 meter above the equilibrium position 


(0.30 m above the release point). 


(b) As the mass passes through the equilibrium 
position (d = Q), the potential energy will be 
a minimum (U = 0) and the kinetic energy 
will equal the total energy: 


dmv? = E= 4kd,”, where d, = 0.15 meter 

v? = kd,?/m 
do k/m = (0.15 m)V(40 nt-m/0.80 kg) 
1.1 m/sec. 


G 
ll 


(c) Since both answers are independent of the 
gravitational field strength, the same answers 
are obtained on the earth, on the moon or any- 
where else. The only effect of changing g is to 
change the extension of the spring at equilib- 
rium, xo = mg/k. 


PROBLEM 20 
A 0.200-kg stone is thrown upward from a point 20.0 
meters above the earth’s surface at an angle of 60 
degrees with the horizontal and with a speed of 
20.0 m/sec. 
(a) What is its total energy? 


(b) What will be its total energy when it is 15.0 m 
above the earth’s surface? 
(c) What will be its speed 15.0 m above the earth? 


To compute the total energy of the stone we must 
first select a convenient zero of potential energy. For 


convenience we choose the surface of the earth. 


(a) The initial kinetic energy 
3mv* = (0.200)(20.0)? = 40.0 joules. 


The initial potential energy, mgh, is mgh = 
0.200 X 9.8 X 20.0 = 39.2 joules. The total 
energy is the sum of the kinetic and potential 
energies at any instant: 


39.2 + 40.0 = 79.2 joules total energy. 


(b) Since the total energy in this system is con- 
served (we neglect air resistance) the total 
„energy is 79.2 joules at all points on the path. 


(c) At 15.0m above the earth’s surface, the po- 
tential energy mgh = 0.200 X 9.8 X 15.0 = 
29.4 joules. Therefore using the conservation 
of energy, we find the kinetic energy, 4mo’, 
is given by: 


4mo? + 29.4 = 79.2, 


or 
hmv? = 49.8 joules, 
2 2X 498 _ nie 
OF ee a xX 49.8 
v = 22.3 m/sec. 


We take the positive sign because we are 
asked only for the speed. 

Note that the answers are completely inde- 
pendent of the angle which the velocity of the 
stone makes with the horizontal. Kinetic 
energy depends only on speed; it does not 
matter whether the body is moving up, down, 
or sideways. 


PROBLEM 21 


A ball of mass m drops from a height 4, as shown in 
Fig. 24-22, and compresses the spring, of force con- 
stant k, a distance x. The mass of the spring is negli- 
gible compared with the mass of the ball. 

(a) Express the maximum compression of the 
spring, x, in terms of m, h, and k. 

(b) Evaluate x if m = 4kg, h = 3 meters, and 
k = 500 newtons/meter. 


(a) When the spring is compressed a distance x, 
the energy stored is the work done in com- 
pressing the spring. The force F to compress 
the spring varies linearly from zero to kx. 
The energy stored in the spring is łkx?. This 


energy comes from the change of potential 
energy of the ball in the earth’s gravitational 
field, which is mg(h + x). 

The positive direction of x is taken as down- 
ward with the origin at the initial position of 
the top of the spring. At the point of maxi- 
mum compression, where the kinetic energy 
is zero: 


Akx? = mg(h + x), oF 
kx? — mgx — mgh = 0. 
So 
x= T + i Vine? + 2kmgh, 
al SOS aaa SF 
and the + sign gives the value of maximum 
compression. 

The first term mg/k is the distance the spring 
would compress to reach its equilibrium posi- 
tion when the ball is at rest on the spring. (See 
Problem 19.) The +1/kv 0ng)? + 2kmgh is 
the amplitude of oscillation about the equilib- 
rium position if the ball sticks to the end of the 


spring. (The — sign gives the maximum 
extension of the spring when the ball is 
attached.) 


(b) When the values are substituted, we obtain 


x= 
(49.8) + V.(16)9.8)? + 2(500)(4)9-8)G) 
500 


= 0.78 meter. 


PROBLEM 22 


When an object of mass m moves from r to r’ in the 
earth’s gravitational field, the potential energy changes 
by AU = —GM) E - n , where M is the mass 
of the earth. 
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Show that, if the object moves away from the earth 
a distance Ar = (r’ — r), which is very small com- 
pared with its distance from the earth’s center, the 
above expression reduces to 


AU = mgAr. 
1 LN ae GMm(r' — o 
AU = -Gmm (} — N= EEFE NA 
Substituting r’ = r + Ar, we get: 
GMm Ar GMm Ar 


“gine on 
Ge 


Then, since GM/r? = g, we have: 


Atm ES 


If Ar/r is very small compared to 1, this is the same 
as AU = mg Ar. 


PROBLEM 23 


The force field between a pair of protons is repulsive. 
Does the potential energy increase or decrease asa 
pair of protons are brought together ? 


Since the force between the protons is repulsive, 
they resist being pushed together, or fly apart if re- 
leased from rest. When accelerating apart, they are 
changing potential energy to kinetic energy. There is 
therefore more potential energy when they are com- 
pressed and less as they go apart. 

Another way to look at the situation is to note that 
we transfer energy to the protons in order to push the 
protons together. Consequently their potential energy 
is increased when they are brought closer together. 
The situation is analogous to that of a compressed 
Spring. 


PROBLEM 24* (See Short Answers.) 

PROBLEM 25* (See Short Answers.) 

PROBLEM 26* (See Short Answers.) 

PROBLEM 27 
What is the binding energy of the proton and electron 
in a hydrogen atom if the proton and electron are 


0.50 X 10-19 m apart and the force of attraction 
between them is given by 


_ 2.3 x 10-28 


F z newtons, 
r 


when r is in meters? 

Remember, the electron will not stand still long 
with a force on it, Assume it is moving in a circle 
around the proton. 


In Section 24—4 the potential energy corresponding 
to an attractive force GMm/r? was shown to be 
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U = —GMm/r, if the potential energy is taken to be 
zero at infinite separation. The force of attraction 
between an electron and a proton is k/r?. The corre- 
sponding potential energy is therefore U = —k/r. 
The total energy is then: 


E = —k/r + 4m’, 


where m is the mass of the electron and v its speed. 
Since the mass of the proton is much greater than 
that of an electron, we can (to a good approximation) 
neglect its motion just as we neglect the motion of the 
sun due to the force of the planets. For uniform 
circular motion, the acceleration toward the center 
(i.e., the acceleration of the electron toward the pro- 
ton) is v?/r. Equating mv to force then gives: 
m? k Se. 


OL TD a 
r r 


Thus the total energy is: 
E=- k + 1 x 
r 2 


If the electron were pulled just free of the proton 
the total energy of the system would be 0 (0 kinetic 
energy is infinite separation, where U = 0 also). 
Therefore to free the electron we would need to add 
an amount of energy: 


pee eo x 10-88 
B= 2 ~ 7X 050 X 10=10 
= 2.3 X 107! joule, 
PROBLEM 28 


Find the binding energy, to two significant figures, of: 
(a) a 70-kg man to the earth. 
(b) the moon to the earth. 


(a) If we assume the man is initially at rest, the 
binding energy is 


GMm _ (6.7 X 107")6.0 x 10?4)(70) 
em er 6.4 X 108 


= 4.4 X 10° joules. 


Some students may be concerned about the 
effect of the motion of a man on the equator 
due to the rotation of the earth. However, 
since the apparent force exerted by the earth 
on an object at the equator is only decreased 
by a factor of 0.997 because of this rotation 
(see Section 20-11), the binding energy will not 
be affected within the accuracy of two sig- 
nificant figures. For a quantitative calcula- 
tion, see Problem 29, 


(b) The moon is in a circular orbit around the 
earth. In the case of an object in a circular 
orbit, the binding energy is one half the mag- 
nitude of the potential energy: 


Eg = GMm/2r, 


as derived on page 436 of the text. From the 
table on page 365 we get values for m and r, so 


_ (6.7 x 10716.0 x 10°4)(7.3 X 10%) 
23.8 X 108) 


= 3.9 X 10°? joules. 


Eg 


PROBLEM 29 


Would the kinetic energy you would have at the 
equator due to the rotation of the earth make much 
difference in your binding energy to the earth? 


A person rotating with the earth at speed ve at the 
equator has a binding energy of GMm/r, — mv,”/2, 
where 


_ 2tTe 


v= > 
A quick calculation shows that 


2n(6 X 10° m) 2 

ve = -9 X 104 sec =4X 10 m/sec. 
Then a 70-kg person has a kinetic energy of mv,?/2 = 
(70)(4 X 10?)?/2 = 6 X 10° joules. This is only 
10-3 as great as the binding energy calculated in 
Problem 28(a), so this correction can be neglected in 
a two-significant-figure calculation. 


PROBLEM 30 

(a) How much work would be required to launch 
a 1-kg satellite from the earth and cause it to move 
in the earth’s orbit but on the opposite side of the 
sun, as shown in Fig. 24-23? 

(b) What work would be required for this satellite 
to leave the solar system from this point? 

(c) What is the ratio of the energy required to es- 
cape the solar system compared with the energy 
required to escape the earth, for a satellite launched 
from the earth? 


(a) The satellite is already in orbit around the sun 
and needs only to escape the earth. When the 
satellite is on the opposite side of the sun, it is 
5 X 104 of the earth’s radius away from the 
center of the earth and its potential energy due 
to the earth’s gravitational field is only 
2 X 107-5 of its value on the earth. 

This energy value is much smaller than our 
least accurate figure of the satellite energy at 
the surface of the earth. Therefore, we can 
approximate that the satellite has zero poten- 
tial energy at this point. Let re be the radius 
of the earth; then the work needed to get the 
satellite into the required orbit is 


Ex = GMm/r., 
Eg = 6.24 X 107 joules (see pages 435-6). 


(b) We use the sun’s mass and the radius of the 
earth’s orbit to calculate the work required for 
the satellite to escape from the solar system, 
starting at the earth’s orbit. Let ro = radius 
of the earth’s orbit = 1.49 X 1011 meters. 
Because the satellite is in a circular orbit 
around the sun, its binding energy to the sun is 


GMm m? 
AS ape 
GMm _ GMm _ GMm 
Br To Dru hers 


_ 6.67 X 107" )1.98 X 10°°)) 
a 2(1.49 X 101") 


4.43 X 108 joules. 


(c) To escape out of the solar system from the 
earth requires enough energy to escape from 
both earth and solar system: 


Er = Ep + Es, Er = 5.05 X 10° joules 
Ey _ Ee t+ Es = 8 


Eg Eg = 


To escape from the solar system requires 
~8 times as much energy as to escape from 
the earth. 


PROBLEM 31* (See Short Answers.) 

PROBLEM 32 
A drainpipe pointing slightly downhill sticks out from 
a retaining wall at the side of a road. A ball thrown 
up the pipe comes back with a speed greater than that 
with which it was thrown. If you observed this, 
would you be surprised? What would you suspect? 


Whether or not one would be surprised no doubt 
depends on whether he realized that the returning ball 
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Heat, Molecular Motion, and 
Conservation of Energy 


In any experiment involving 
a transfer of energy is almost always 
the conversion of some mechanical 
ternal energy. In developing the concept 
energy, the text accomplishes a second, 
portant objective, Chapter 25 provides a 
transition from the problems of 
ideas of atomic structure in Part IV, 
provided by treating internal energy 
of view of kinetic theory, 

sections | AND 2 discuss the motion 
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Technology. This film views energy conservation 
microscopically, relating random molecular kinetic 
energy to the macroscopically observed variables. 
Using models, this film shows the interconnection be- 
tween energy of bulk motion and thermal energy of 
random motion, how random motion can average out 
to a smooth effect, and how thermal conduction 
occurs. This film is best scheduled with Sections 3 
through 7. Running time: 22 minutes. 

“Conservation of Energy’ shows the kind of 
“energy accounting” that can be done at a power 
plant by tracing the gross energy changes from the 
chemical potential energy of coal, through thermal 
and mechanical energy to electrical output. This film 
can be scheduled with the latter parts of the chapter. 
Running time: 27 minutes, 


25-1 Gas Pressure 


25-2 Temperature and Molecular Kinetic Energy; 
Internal Energy 


PURPOSE. (1) To develop further the atomic model 
of matter through the study of the kinetic theory. 

(2) To introduce the idea that energy resides in the 
random motion of atoms, and to identify this as 
thermal energy (heat). 

CONTENT. (a) The force exerted by a gas on the 
walls of its container can be understood as the average 
effect of many very small impacts of the gas molecules, 

(b) The force exerted per unit area, the pressure, 
is related to the mean kinetic energy of the molecules 


by P = 3Ex x where P is the pressure, X is the num- 


ber of molecules in a volume, V, of gas, and Ex is the 
mean kinetic energy of center of mass motion of a 
single molecule. 

(c) £x is directly proportional to the absolute tem- 
perature of the gas: Ex = $kT; k = 1.37 X 107-73 
joules/molecule —°K. 

(d) Aone mole sample of any monatomic molecular 
gas (He, A, Ne, etc.) rises 1°K in temperature when 
12.4 joules of energy is fed into it. Gases constituted 
of more complicated molecules (Hə, Ov, No, etc.) 
may require more energy input to produce the same 
temperature change, since some energy may go into 
rotation and vibration. 

(e) This close relationship between random molec- 
ular kinetic energy and temperature (and therefore 
heat) supplies one more link in the chain of energy 
conservation arguments. 

EMPHASIS. While these sections contain many new 
ideas, some rather subtle, the time that you spend on 
this material can be adjusted to bring your overall 
schedule into line with your requirements for the re- 
mainder of the course. Minimally, students should get 
some feeling for the possibility of conversion) of 


j 
$ 
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“organized” kinetic energy into the kinetic energy of 
random molecular motion. 

COMMENTS. Some students may see that the deriva- 
tion given in the text is highly simplified. They may 
note that it implicitly assumes that all particles or 
molecules travel with the same speed. 

Even if all molecules have the same speed initially, 
they eventually collide with one another. Even if 
these collisions are elastic, they produce shifts in 
speed which would eventually lead to a broad spec- 
trum of speeds. When two such objects collide elas- 
tically while their center of mass is at rest with respect 
to the laboratory system, no change in speeds results 
in the laboratory system. When their center of mass 
is in motion (e.g., collisions at right angles) changes 
in speeds result. A molecule moving with speed 3v 
would have nine times the kinetic energy of one mov- 
ing with speed v, but would possess only three times 
the momentum of the slower molecule. Thus the 
relation between pressure and kinetic energy must 
somehow depend on the actual distribution of speeds 
of various molecules. A rigorous proof is possible 
(one which takes into account the actual distribution 
of velocities), and it gives the same result as has been 
simply derived in this section. The actual distribution 
of velocities can be shown to be simply the one that is 
statistically most probable. It is called Maxwell’s 


distribution. 
*** 


In these sections we are at the very heart of the 
kinetic theory of gases, one of the great achievements 
in physics. We show (or at least present plausibility 
arguments in lieu of more complicated but exact 
proofs) that the bulk thermal properties of matter 
can be described exactly in terms of the dynamics of 
the motion of the individual molecules comprising a 
substance. Yet some students may feel that, after all, 
we have defined the equivalence of temperature and 
kinetic energy by our theory — so why should it be 
surprising that they turn out to be equivalent! The 
answer is that there is no quantity in dynamics which 
corresponds explicitly to the temperature. The param- 
eters of mechanics are mass, force, speed, acceleration, 
momentum, energy, etc. The remarkable accomplish- 
ment of the kinetic theory is that it identifies such a 
complicated macroscopic property as temperature 
with so simple a microscopic dynamical property as 
the kinetic energy of motion of the centers of mass of 


the molecules. 
* * * 


Of course, the whole of kinetic theory would be 
purely formalistic if it were not possible to confirm the 
model by direct observation. There are several easily 
verifiable predictions which have been found to be 
true. Some of these have been discussed earlier, in 
Part I, Chapter 9, but might well be reviewed in the 
present context. For example, from the simple relation 


_ 2 (m)? 
bel = a9) 
(1) That the average speed of motion of molecules 


IKTA YE 
m 


, we can conclude: 


of mass m at absolute temperature Tis 5 = 


Typically, for hydrogen (Ho, m ~ 3 X 107?" kg) at 
room temperature (T = 300°K),v ~ 2 X 10° m/sec, 
a bulletlike speed which can easily be measured by 
letting molecules escape one by one into a vacuum 
system. 

(2) For a collection of molecules of different masses, 
all at the same temperature, the relative average speeds 
will be inversely proportional to the square roots of 
the masses — a fact which is verifiable by measuring 
the relative rates of diffusion through a porous mem- 
brane (this is the basis for the separation of uranium 
isotopes by the gaseous diffusion process used at the 
great plants at Oak Ridge). 

The words “ideal gas” recur frequently in discus- 
sions of the kinetic theory. An “ideal” gas is one in 
which the molecules are approximated to be geomet- 
rical points which interact only through very short- 
range forces, by colliding with one another in the 
manner of perfectly elastic spheres. This is our basic 
model for the kinetic theory, and is approximated by 
simple gases at low pressure. 

* k k 

The kinetic theory has quite broad applicability. 
Not only can we explain the thermal properties of 
simple gases, but we can also understand why “‘non- 
simple” substances like polyatomic gases and liquids 
and solids exhibit different thermal behavior. We can 
account for the differences quantitatively for the poly- 
atomic gases. However, for condensed systems, we 
are limited by the extent of our knowledge of the 
actual forces of interaction between the molecules. 

Of course, if molecules actually did not interact 
through long-range forces, we would never see matter 
in the condensed liquid and solid states. Thus we 
know that the “ideal” gas model is obviously only an 
approximation. One of the most striking pieces of 
evidence of the presence of long-range forces between 
molecules is the drop in temperature of a gas which is 
suddenly allowed to expand freely by passing through 
a nozzle into a large chamber. This phenomenon is 
usually called the Joule-Thompson effect, and is the 
basis for most refrigeration machines. In a free ex- 
pansion, no work is done by the gas, and there would 
be no energy transfer involved unless there were some 
potential energy associated with the average separation 
of the molecules. Thus if there were no long-range 
interactions between the molecules, their average 
kinetic energy would not be affected by the distance 
between them, and there would be no temperature 
changes associated with a free expansion. (See Ap- 
pendix 10 at the end of this volume for a discussion 
of the energy inherent in polyatomic molecular sys- 
tems. See also HDL Problem 31.) 


QUIZ PROBLEMS. (1) A box contains a mixture of 
one mole each of oxygen (molecular weight 32) and 
argon (molecular weight 40). What is the ratio of the 
average speed of the oxygen molecules to that of the 
argon? 


Amv.” = 4mav.7; therefore, 
Uo/Va = (m,/m)'!? = 33)? = 112. 


(2) If the box in Problem | is at a temperature of 
273°K and the gas is at a pressure of | atmosphere, 


(a) What is the volume of the box? 

(b) What is the average kinetic energy of the 
center of mass motion of the oxygen 
molecules? 

(c) What is the average kinetic energy of the 
center of mass motion of the argon motion? 


(a) One mole of any gas, if contained in a volume 
of 2.24 X 107? m® at a temperature of 273°K, will 
exert a pressure of 1 atmosphere. Inasmuch as this 
problem specifies 1 mole each of two gases, the pres- 
sure in a 2.24 X 107°? m? container at 273°K would 
be 2 atmospheres. To reduce it to one atmosphere, 
the volume would have to be doubled to 4.48 X 
1072m? 

(b) Ex = 12.4 X 273 = 3.39 X 10% joules. 

(c) Ex = 3.39 X 10° joules. The center of mass 
kinetic energy is the same for all molecules at the 
same temperature. Oxygen molecules could have, in 
addition, energy of rotation, vibration, etc. 

(3) A box contains a fixed volume of helium at 0°C 
at a pressure of 2 atmospheres. The box is dropped 
into boiling water (temperature 100°C). If the box 
does not change in volume, what is the average 
kinetic energy of the gas per unit volume? (Take 
1 atmosphere = 10° nt/m?.) 


P/P = T;/To, or 2/P2 = 333. 
P = $$ = 2.7 atmospheres; 
Ex = 373 X 12.4 = 4.62 X 10° joules/mole. 


ll 


Il 


The density of the gas does not change during the heat- 
ing since the volume of the box and the quantity of gas 
remain constant. Originally the pressure at 273°K. 
was 2 atmospheres. Thus there were 2 mole/2.24 X 


10-2 m*. Then the kinetic energy per unit volume 
would be 
iS ering A 
x^ volume ~ 2.24 X 10-2 


4.12 X 10° joules/m*. 


(4) 4 X 1074 gas molecules are in a box at a tem- 
perature of 50°K. They exert a pressure of 0.03 
atmospheres. What is the volume of the box? 


PEs} 


= 0.09 m°. 
25-3 Mechanical Energy of Bulk Motion and Internal Energy 


25-4 A Quantitative Study of the Conversion of 
Mechanical to internal Energy 


25-5 Heat Flow 


25-6 Quantitative Relation of Energy Dissipation 
and Temperature Rise 


25-7 Conservation of Energy 


PURPOSE. These sections amplify the principle of 
equivalence of mechanical and internal energy. 

EMPHASIS. These topics are all relevant and interest- 
ing, but the main points involved in energy conserva- 
tion have been made previously. Therefore the time 
spent on this material is strongly dependent on your 
overall progress through your schedule for the course. 

LABORATORY. Experiment III-13 is designed to give 
students a feel for situations in which some mechanical 
kinetic energy is converted into heat. 

FILMS. If it is not shown in conjunction with 
Chapter 23, the film on “Momentum, Energy, and 
Center of Mass” can be shown here. 

“Mechanical and Thermal Energy,” by Jerrold R, 
Zacharias of the Massachusetts Institute of Tech- 
nology. This film views energy conservation micro- 
scopically, relating random molecular kinetic energy 
to the macroscopically observed variables. Using 
models, this film shows the interconnection between 
energy of bulk motion and thermal energy of random 
motion, how random motion can average out to a 
smooth effect, and how thermal conduction accurs. 
This film is best scheduled with Sections 3 through 7. 
Running time: 22 minutes. 

“Conservation of Energy” shows the kind of 
“energy accounting” that can be done at a power plant 
by tracing the gross energy changes from the chemical 
potential energy of coal, through thermal and mechan- 
ical energy to electrical output. This film can be 
scheduled with the latter parts of the chapter. Run- 
ning time: 27 minutes. 

DEVELOPMENT. To help give students a good feeling 
for the magnitude of the conversion factor between 
mechanical and internal energy, you might ask them 
to work out a few simple energy balance problems. 
For example, “How far can a 50-kg man climb on one 
slice of bread?” Assume there are about 100 Calories 
or about 4.2 X 105 joules in the piece of bread. Then 
the man can increase his potential energy by an 
amount mgh = 4.2 X 10° joules “on one slice of 


25-4 


2 
newton-meter atm-m 


NkT 4 X 1074 molecules X 1.37 X 10-23 molecule- K X 50°K X 107° newton 


0.3 atm 


5 

bread.” Solving, A = paca z u = 850m, quite a 
fair climb! (Overweight students may see why it is 
better not to have eaten that “one slice of bread” than 
to try to exercise it off!) 

Students (at least those who do not exercise vio- 
lently) may wonder where all the food energy in the 
daily 2000-odd Calorie intake goes. Fortunately (for 
the lazy ones), most of it is consumed in just keeping 
us alive and warm, keeping our heart and lungs going 
and our brains clicking away. For an average person, 
this basic amount comes to about 100 watts (10? 
joules/sec or about 8.6 X 10° joules per day). Since 
this energy is just about that supplied by 2000 Calories 
per day, we can hold our weight without climbing ten 
mountains a day. 

comments. As shown in the film “Conservation of 
Energy,” many large industries keep a complete energy 
record. A power plant using river cooling usually 
knows the input and output temperatures of the cooling 
water, the temperatures of stack gases, the heating of 
generators and the energy rating of their fuels. Of 
course, they also keep a strict record of the electrical 
energy delivered to their customers. If students do 
not see the film, some of them might be interested in 
visiting a local power plant to see how such an “energy 
accounting” is carried out. 

* * 

To most professional physicists, there is no other 
concept in physics with a grandeur equal to that of the 
law of conservation of energy. All interactions in the 
universe are interrelated through this one quantitative 
framework. Yet even this law, like all physical laws, 
rests ultimately on experimental observations. It is 
possible that over the whole universe, of which we 
have accurately observed only a tiny fraction, energy 
is not conserved. While such a possibility cannot be 
excluded, it should be understood that a valid ob- 
servation of non-conservation of energy would be 
more than a ripple on the pond of physics. Our funda- 
mental ideas about space and time are intimately 
connected with our belief in energy conservation, and 
a change in this “iaw” would cause an enormous 
revolution in physics. (See Appendices 11, 12, and 13 
at the back of this volume of the Guide.) 


QUIZ PROBLEMS 


(1) If the energy content of a slice of bread (100 
Calories) is converted to heat and used to raise the 
temperature of 2 liters of water from an initial tem- 
perature of 10°C, what will be the final temperature 
of the water? 


1 Calorie will raise the temperature of 1 liter of 
water 1°C. Therefore 100 Calories will raise the 
temperature of 2 liters of water, 50°C. The final 
temperature will be 60°C. 


(2) A high school student consumes 2000 Calories 
of food in one day. If he needed no energy to sustain 
his body and could convert this entire amount to 
useful work, how high could he raise a 100-kg mass 
with this amount of energy? 


2 X 10° calories 

8.4 X 10° joules 

8.4 X 10° kg-m?/sec? 
100 X 9.8 X h. 

h = 8.6 X 10° meters. 


2000 Calories 


Il 


(3) How much energy is released when 100 grams 
of water cool from 90°C to 25°C? Express your answer 
in joules. 


90°C — 25°C = 65°C. 
100 gm X 65°C X 1 calorie/gm°C 
= 6.5 X 10° calories 
= 6.5 X 10% cal X 4.2 joules/cal 
= 2.73 X 10* joules. 


(4) 2.1 X 10° joules of work are done in heating 
500 grams of water. If the initial temperature of the 
water is 10°C, what is its final temperature? 


2.1 3 : 
42 xX 10° calories 


5 X 10? calories 


2.1 X 10° joules 


ll 


which will raise the temperature of 500 g of water 
°C. Te= TEG: 


(5) A 20-kg mass traveling at a speed of 10 m/sec 
strikes a 5-kg mass which was originally stationary. 
The two masses stick together after the collision. 

(a) What is the final speed of the combination? 

(b) What was the initial kinetic energy of the 
system? 

(c) What is the final zotal energy of the system? 

(d) How many calories of heat were produced 
in the collision? 

(a) pi = 20kg X 10m/sec = 200 kg-m/sec, 

p: = 200 kg-m/sec = 25kg X vs, 
vt = 8 m/sec. 

(b) (Ex); = 4 X 20 X (10)? = 10° joules. 

(c) (E); = 10° joules, by energy conservation. 

(d) (Ex); = 4(25) X (8)? = 800 joules. 


Heat = (E) — (Ex) 
= 200 joules = 200 


na 48 calories. 


(6) A hot water heater breaks. A man wishes to 
heat his bath water from 25°C to 35°C. The tub 
contains 30 kg of water. How long will it take him to 
heat the tub if he uses a canoe paddle which he moves 
through the water at a rate of one meter per second 
while exerting an average force of 30 newtons? As- 
sume all the work he does goes into heating the water. 


Work 
Heat 


30 nt X 1 m/sec X T(secs) = 30 T joules. 
(G5°C —-25°C)30 X 10° 
= 3 X 10° calories = 12.6 X 10° joules. 


12.6 X 10° joules = 30 T joules. 


T = 4.2 X 104 seconds 
(about 12 hours). 
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chapter 25 Heat, Molecular Motion, and Conservation of Energy 


FOR HOME, DESK, AND LAB 
ANSWERS TO PROBLEMS 


7 : CLASS 
SECTION STARRED EASY MEDIUM HARD RUSIAN 

1 1,3,4,5 6# 2# 2f, Of 

2 7, 8, 9, 10 114, 124 13 124 

3,4 14, 16 15517 

5 18, 19, 20 

6 21 23, 24 25 22 
7 26 27, 28 29 30#, 31 304 

A number of the problems for this chapter deal 7.* P increases by a factor of 342 = 1.25. 


qualitatively with energy transformations in systems 
such as gasoline engines or machine guns. Discussion 
of some of these problems will be an effective way of 
getting students to understand the concept of internal 
kinetic energy of molecular motion. Problems which 
are well suited to this purpose are numbers 2, 6, and 
30. Problems 13 and 22, involving the behavior of an 
ideal gas, and Problems 24 and 29, concerned with 
the mechanical equivalent of heat, are interesting if 
you have enough time. Students will find Problem 12 
easier if it is preceded by Problem 6. 

The table above classifies problems according to 
their estimated level of difficulty and the sections 
to which they relate. Those which are especially suited 
to class discussion are indicated. Problems which are 
particularly recommended are marked with the 
symbol #. 


SHORT ANSWERS 


1.* The impulse given to the wall ts 2 mv, by con- 
servation of momentum. 

2. (a) 20 newtons; (b) 1.8 X 10° joules: 
(c) joules/meter. Twice this is just the force 
found in part (a). 

3w PR = F/A. 

If N/V becomes twice as large, two molecules 

will hit an area where only one hit before (on the 

average). 

5.* The total kinetic energy of the center-of-mass 
motion is proportional to PV/N. 

6. See discussion on page 25-8. 


16.* 


I 
18.* 


ibe 
20.* 


PAG 
22s 


23. 
24. 


25, 


Ex increases by a factor of 333 = 1.25. 

45°C. 

No. 

(a) 6.15 X 107?" joule; (b) 20.6 joules. 

(a) 25.0 joules; (b) 275°K; (c) Increases by 
about 2%. 

(a) 4.8 X 10?m/sec; (b) 1.9 X 10° m/sec; 
(c) The same to within 10%; 

(d) 4.8 X 10? m/sec; (e) The same. 

Zero, if the container is not moving. 

(a) See discussion on page 25-10. 

(b) (i) 450 joules; (ii) 2.25 joules; (iii) 448 joules. 
(c) 99.5%. 

So that the kinetic energy of the masses can be 
ignored in comparison with the change in gravi- 
tational potential energy and the heat which 
flows into the water. 

0.38°C. 

The internal energy does increase: mechanical 
energy supplied by the hammer is converted into 
internal energy, but heat does not flow in from 
the outside. 

No. Energy is transferred through heat flow, 
not by doing mechanical work. 

The total internal energy remains constant in 
this closed system. 

1 X 10° joules. 

(a) 3.06 X 10-2 m*; (b) 3.12 X 10° joules; 
(c) 4.4 X 10* joules; (d) 0.071. 

3.0 gm. 

(a) 600 newtons; (b) See discussion on page 
25-12; (c) See discussion on page 25-12. 

(a) 35°C; (b) 35°C; (c) Lower than 35°; (d) 
See discussion on page 25-13. 
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26.* Gravitational potential energy is converted only 
into internal energy of the brake drum since the 


car does not speed up. 

27. See discussion on page 25-13. 

28. See discussion on page 25-13. 

29. (a) 2 X 10% joules; (b) 8 X 10° joules; 
(c) 4 X 10° calories; 
page 25-14. 

30. See discussion on page 25-14. 

31. See discussion on page 25-14. 


COMMENTS AND SOLUTIONS 


PROBLEM 1* (See Short Answers.) 
PROBLEM 2 


A machine gun fires a stream of 10-gram bullets at 
the rate of 400 rounds per minute. The bullets, mov- 
ing at velocity 300 m/sec, hit a wall of solid rock and 
stop dead. Calculate: 

(a) the force on the wall. 

(b) the kinetic energy of the bullets arriving at the 
wall in one minute. 

(c) the kinetic energy of the bullets in J-meter 
length of the stream as they approach the wall. Com- 


(d) See discussion on 


Since each bullet has a kinetic energy of 450 
joules, the kinetic energy per meter length of 
the stream is 


(2.22 X 107° bullet/meter)(450 joules/bullet) 
= 10 joules/meter. 


Twice this is 20 joules/meter = 20 newtons, 
since | newton-meter equals 1 joule. This 
illustrates the relationship given on page 445: 


F= mo?A ©. 


As we found in part (a), F = 20 newtons. 
The right-hand side of this equation can be 
written 
a4 NL (mp NA a CELA 
mv“ A y = (mw) 7G = Um") 5 

where L is the length of path in which N par- 
ticles are to be found. This expression repre- 
sents just twice the kinetic energy/meter of 


pare twice this answer with your answer to (a). 


(a) 


(b) 


(c) 
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Each bullet loses an amount of momentum 
mv = 10-*kg X 300 m/sec = 3 kg-m/sec. 
The change of momentum of the stream 
of bullets per second (remember that 400 
bullets/min = 6.67 bullets/second) is 


2 = 6.67/sec X 3 kg-m/sec = 20 kg-m/sec?, 


The average force is given directly by this rate 
of change of momentum: 


F= Sp = 20 kg-m/sec? = 20 newtons. 


The kinetic energy of each bullet is 


mv? = 4 X 107? X (300)? joules 
450 joules. 


Il 


In one minute 400 bullets hit the wall. Their 
total kinetic energy is 


400 X 450 joules = 1.8 X 10° joules. 


Traveling at a speed of 300 m/sec, each bullet 
could travel 300 m in one second. Hence, the 
6.67 bullets fired each second would be spread 
out over an interval of 300 meters, and the 
number of bullets per meter must be 


6.67 bullets 


9:07 bullets" —2 
300 meters 2.22 X 10~° bullet/meter. 


the stream. 


PROBLEM 3* (See Short Answers.) 

PROBLEM 4* (See Short Answers.) 

PROBLEM 5* (See Short Answers.) 

PROBLEM 6 
A gas in a cylinder pushes a piston out, increasing 
its volume by AV. The gas exerts a pressure P on the 
face of the piston, which has an area A. The force 
exerted by the gas moves the piston a distance Ax, 
transferring energy F Ax to some outside machinery. 
Show that the work F Ax is equal to PAV. 

(Note: This is a very useful expression for work 
whenever we deal with a gas or a liquid pushing a 
piston; work equals the pressure times the change in 
volume.) 


The force F on the piston is PA, where A is the area 
of the piston. When the piston moves outward through 
a distance Ax, the work done is F Ax (the force times 
the distance through which the force moves). Now 
FAx = PA Ax, and from the geometry of the piston 
A Ax is the volume swept out by the end of the piston; 
it is the increase in volume of the gas. Thus, 


W = FAx = PAV. 


(Note: Where did the energy come from? This depends 
on what else happened to the gas while the piston 
moved. If the cylinder was completely insulated from 
other sources of heat (i.e., energy) then the energy 
must have come from the gas itself, i.e., from the 
kinetic energy of the individual molecules. What was 
the exact mechanism of the energy transfer? When 
molecules collide with the walls of the cylinder, or 
with the piston when it is stationary, their perpendic- 


ular component of momentum is reversed, the other 
components are unchanged, and consequently their 
kinetic energy is unchanged. When molecules collide 
with the piston moving outward, their perpendicular 
component of momentum relative to the piston is re- 
versed, but their kinetic energy of motion in the cyl- 
inder is reduced on the average. (It is analogous to 
bouncing a rubber ball off the back of a truck. If the 
truck is not moving, a ball thrown at it with a speed 
of 5m/sec will bounce off with the same speed. 
However, if the truck is receding at 1 m/sec, then the 
ball, traveling with a speed of 5 m/sec, approaches 
the truck at only 4 m/sec. This speed is then reversed. 
The ball recedes from the truck at 4 m/sec, therefore 
having a final speed of only 3 m/sec relative to the 
ground. Measured from the ground, the ball’s kinetic 
energy has decreased considerably as a result of the 
collision.) 


PROBLEM 7* (See Short Answers.) 
PROBLEM 8* (See Short Answers.) 
PROBLEM 9* (See Short Answers.) 
PROBLEM 10* (See Short Answers.) 
PROBLEM 11 


In a certain gas 2 of the energy of the molecules is 
tied up in motion of the atoms around each other, 
and 2 in motion of the centers of mass. 

(a) On the average, what is the kinetic energy of 
the center-of-mass motion of one such molecule when 
the temperature is 300°K ? 

(b) If the temperature is raised 1°C, what energy 
must be supplied to a mole (0.6025 X 1024 molecules) 
of the gas? 


(a) The temperature measures only the average 
kinetic energy of the center of mass of the 
molecules. Numerically, 


3(1.38 X 10—?)(300) 
= 6.15 X 1077" joule. 


Ex = $kT 


(b) We are told that the answer found in (a) is 
only 2 of the actual kinetic energy. The other 
2 exists in the form of rotational kinetic 
energy. When we raise the temperature of the 
gas by 1°K, the kinetic energy of the center of 
mass and the energy of motion about the cen- 
ter of mass will increase together. For the 
center of mass, Ex = 3k7, and for a tem- 
perature rise of AT, AEK = $k AT. The total 
kinetic energy of one molecule will therefore 
be increased by: 


($k AT) = $k AT. 


To produce a 1°K temperature rise in the 


0.6025 X 1074 molecules in a mole of gas, the 
required increase of energy will be: 


(0.6025 X 1074)(1.38 X 107°? joule/°K)(1°K) 
= 20.6 joules. 


PROBLEM 12 


One mole of an ideal monatomic gas (in practice, he- 
lium or argon) is placed in a cylinder at temperature 
273°K. The gas is at atmospheric pressure, 1.02 X 
105 newtons/m?. At this pressure and temperature 
the gas occupies 2.24 X 107? më. 

A piston in the cylinder is then pushed in to de- 
crease the volume by 2.45 X 1074 më. 

(a) How much mechanical work must be done to 
push the piston in? (Neglect the change in pressure.) 

(b) What is the final temperature of the gas if the 
container is completely insulated? (Remember, 12.4 
joules of energy raise its temperature one degree.) 

(c) By what fraction of its original value does the 
pressure change? 


(a) The amount of work done in pushing the pis- 
ton in a small distance is P AV, where AV is 
the decrease in volume. (The argument is the 
same as that of Problem 6 except that the 
work must be done by some external agency.) 


PAV = 1.02 X 10° X 2.45 X 107+ (nt/m?)(m*) 
= 25.0 joules. 


(b) If the container is completely isolated, then 
all of the work done on the gas in compressing 
it (25.0 joules) must be transformed into 
kinetic energy of the gas molecules. The 
molecules are in fact single atoms, with no 
kinetic energy of rotation so the energy re- 
quired for a 1°K temperature rise of one mole 
of the gas is 12.4 joules. Our 25 joules will 
raise its temperature by 25.0°/12.4 K, i.e., a 
fraction over 2°K. The final temperature will 
be 273° + 2° = 275°K. 


(c) In part (b), we found that the temperature 
must have changed by 2°K. The equation of 
state for an ideal gas is PV = NkT. Since N 
is the same in the initial and final states, we 


can write: 
PiVi P2 Ra al eae ee 
Rie canbe vs > Ti 


Substituting the volume and temperature 
values, we get: 


Powe (22a KIEN (215 1.02 
Pi TOROA OE ee 


Hence, the pressure increases by about 2% of 
its original value. 
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ky (c) The mass of a mole of nitrogen is 28 gm. 


(a) Estimate the speed of oxygen molecules at Using the argument of part (b), | 
room temperature from the following data: 32 grams 
of oxygen at room temperature (20°C) at one at- DN _ (32/28)? = 1.07. 
mospheric pressure (1.02 X 10° newtons/m?) occupy vo 
2.4 x 10-? m3. 


(b) The same volume of hydrogen at the same 
temperature and pressure weighs only 2 grams. Esti- 
mate the average speed of hydrogen molecules at 


Thus to within ten percent they are the same. 


room temperature. (d) Air is composed predominantly of oxygen and 
(c) From your answer to (a), estimate the average nitrogen (in the ratio 20% : 80%). Since the 
speed of nitrogen molecules at room temperature, velocities of their molecules are the same to 


aa “a eae within 10%, the average speed for air mole- 
sa cep eee ene cules is, to this approximation, the same as 
(e) What is the speed of oxygen molecules at room that obtained in part (a): 

temperature and two atmospheres pressure ? 

(a) In Section 1, the following equation relating Pay = 48 X 10" m/sec. 

P, N, V and the molecular speeds was obtained: 

(e) In part (a) we found the speed of oxygen 

P= ym? N. molecules at room temperature and one at- | 

4 mosphere of pressure. The kinetic energy of 1 

the air molecules depends only on 7, so the 

average speed will be the same even though the 

pressure is doubled, provided T is the same 

(in this case it is). In the expression used in 

part (a), P is doubled, so that (because of the 

Hiss ar equation of state) V is halved, and PV stays 

Nm constant, 


In this problem we have 32 grams, or one mole, 
of oxygen; therefore N is Avogadro’s number. 
The above equation can be rearranged to give: 


We are given that P = l atmosphere = 
1.02 X 10° nt/m?, and V = 2.4 X 107? m3, | 
The other quantities in the expression can be PROBLEM 14* (See Short Answers.) 


obtained when we realize that Nm, the number PROBLEM 15 
of molecules in a mole of the gas multiplied A large bag of sand is hung from a tree by a long rope. 
by the mass of each molecule, is just the mass A boy shoots a bullet into the sandbag, and the 
of a mole of the gas. This is given as 32 gm = Dullet stays iin the bag. 
3.2 X 10-2k The av h (a) Describe the energy changes. 
; i 8g. erage speed is then (b) Suppose a 10-gram bullet is moving at 300 
given by: m/sec when it hits the bag, and the bag has a total 
mass of 1990 grams. Calculate the amount of kinetic 
3 X 1.02 X 10° X 2.4 x 107-?\!/2 energy: 
Bis 3.2 X 102 m/sec G) the bullet had originally, 
or (ii) the bullet and bag have after collision. 
= (2.3 X 10°)'/? m/sec (iii) that disappears. 
(c) What fraction of the original kinetic energy of 
= 48 X 10? m/sec. the bullet goes into heat? 


(b) For one mole of hydrogen under the same ; 
conditions, we could go through the same pro- (a) The main parts of the ener 8y chain are: 


cedure. However, it is a little simpler to use a G) Kinetic energy of the bullet: this is 
slightly different argument. At the same tem- changed to 

perature, the average kinetic energy of the (iia) Heat of the bullet and the sand surround- 
center-of-mass motion of hydrogen is the ing it after it comes to rest, and 

same as that of oxygen: (iib) Kinetic energy of the bag plus bullet. 
The bag swings, and we get the cyclic 


1 2 1 2 
a/v. = sMQvo . 4 ` = H 
2 BSH 2o70 process of kinetic energy becoming gravi- 


Therefore, tational potential energy, and vice versa. 
Very slowly, because of air friction, this 
vH/vo = Vmo/my = V32/2 = 4 will cease, and the energy will become 


(iii) Heat energy of the bag, its contents, and 


vy = 4vo = 1.9 X 10? m/sec. the surrounding air. 


(b) (Gi) Originally the kinetic energy of the bullet 
is: 


se 


mv? = 4 X 0.010 X (300)? = 450 joules. 


Gi) During the collision of the bullet with 
the bag, momentum is conserved. (So is 
energy, as long as we include heat energy, 
but mechanical energy of bulk motion is 
not.) If, after the collision, bullet and 
bag move with velocity v’, then 


mo = (m + My)’ 
pte 
—m+M 


The kinetic energy of the bag plus bullet 
is 


1 Jo mb S 
bon + My? = Hon + Mee) 
on e OTL, 
= (450 joules)(10/2000) 
= 2.25 joules. 


(iii) Before the collision, the bullet had a 
kinetic energy of translation of 450 
joules. After the collision, only 2.25 
joules remain in the form of kinetic 
energy of bulk motion. 448 joules have 


disappeared from view. This energy has 
gone mainly into heat of the bullet and 
the sand immediately surrounding it. 
A little goes into potential energy of 
separation of the sand particles disturbed 
by the passage of the bullet. A negligible 
quantity goes into sound which is quickly 
dissipated as heat. 


(c) If we assume that all of the “lost” energy goes 
into heat, we get for the fractional part of the 
initial energy that goes into heat: 


448 = 99.5%. 


PROBLEM 16* (See Short Answers.) 

PROBLEM 17 
In one of his most famous experiments, Joule churned 
water with a paddle wheel driven by two loads, each 
of mass 14 kg, each falling vertically about 2 meters. 
He had about 7 kg of water to be heated. After each 
churning he hauled his loads up and let them fall 
again. What temperature rise would you expect him 
to find after twenty falls? 

Note: This is a reversal of the logic of Joule’s great 
experiment. You know that 4.2 joules will always 
raise the temperature of a gram of water 1°C; Joule 
was trying to find this out. 


In each fall, the loss of potential energy of the two 
loads is 2mgh = 2 X 14 X 9.8 X 2 = 550 joules. 
The process is repeated twenty times, so the total loss 
in potential energy is 20 X 550 = 1.1 X 104 joules. 
Assume that this is all transformed into thermal energy 
of the water. The amount of energy required to raise 
the temperature of 7 kg of water by 1° is 7 X 108 x 
4.2 = 2,9 X 104 joules. Hence 1.1 X 10* joules 
supplied by the falling loads will raise the temperature 
by 1.1 X 104/2.9 X 10* X 1° = 0.38°C. 

(Where did the energy come from? It came from 


- the unfortunate laboratory attendant who had to keep 


lifting the loads after each fall.) 


PROBLEM 18* (See Short Answers.) 

PROBLEM 19* (See Short Answers.) 

PROBLEM 20* (See Short Answers.) 

PROBLEM 21* (See Short Answers.) 

PROBLEM 22 
Suppose we take 18 grams of water (one mole) at 
boiling point and turn it into vapor in a cylinder. 
The cylinder is closed by a frictionless piston, which 
is so light that the gas remains at atmospheric pressure 
at all times. 

(a) What volume will the water vapor occupy if it 
behaves as an ideal gas? (Water vapor is not an ideal 
gas, but the error due to the assumption will be less 
than 10 percent.) 

(b) What work must be done in pushing the piston 
out against atmospheric pressure as the whole of the 
water vaporizes ? 

(c) Given that each gram of water takes 540 cal- 
ories to tear its molecules apart into vapor, how 
much heat is needed to convert the water to vapor and 
push the piston out? 

(d) What fraction of the total heat needed is con- 
verted to work in pushing the piston out? 


(a) We assume that water vapor behaves like an 
ideal gas, i.e., that it satisfies the equation of 
state PV = NkT. Under standard conditions 
(atmospheric pressure and temperature of 
0°C), a mole of an ideal gas occupies 2.24 X 
10-2 më. Since 18 grams of water is equiva- 
lent to a mole of water molecules, the volume 
occupied by 18 grams of water vapor at at- 
mospheric pressure and a temperature of 
100°C is found from: 


Pi _ PVs 
T Ta 
Vo = Vy 72 = 2.24 x 107? x 328 
1 
Vo = 3.06 X 107? m°. 


(b) The work done in pushing the piston out 
through a smali volume AV was shown in 
Problem 6 to be PAV. Here P is constant 
throughout the expansion, so the total work 
done is just P X (total change in volume). 
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Sey RT as 


Since the initial volume is approximately 
18em* (there are 18 gm of water and its 
density is 1 gm/om®) or 1.8 X 107° m*, we 
can neglect the initial volume in comparison 
with the final volume. Thus the total work 
done is: 


is wasted through heat flow; the rest is dissipated by 
his hands and legs, by mechanical work, 

(a) In 30 seconds he swims 50 meters, Estimate 
the average force opposing his motion. 

(b) Describe the changes of form of energy in the 

(c) Where and in what form is the energy that has 


been released when he has finished the race? 
PAV = (1,02 X 10° nt/m*)\(3.06 X 107? m4) 


= 3.12 X 10° joules. 


(c) Each gram of water requires 540 calories or 


(a) If the average force opposing the swimmer's 
motion through the water is F thea in swim- 
ming 50 meters against this force he does work 
equal to Fx = (50 meters)F. He uses 120,000 

540 X 4.2 = 2.27 X 10° joules to become joules, of which only a quarter, i.e., 30,000 

vapor, The total energy needed to vaporize joules, goes into useful mechanical work. 

18 gm of water is Hence the average force opposing his motion 


is; 
18 X 2.27 X 10* joules = 4.1 X 10* joules, 


The total energy required, including the work 
done when the vapor expands, is thus (b) 


(4.1 X 10%) + (3.1 X 10°) = 4.4 x 104 joules, 


(d) The fraction of the total heat input which is 


F = 30,000 joules/50 m = 600 newtons. 


Chemical energy of food is turned into mechan- 
ical energy by the muscles. The swimmer’s 
kinetic and potential energies remain con- 
stant, of course, since his velocity is roughly 
constant, and he swims on the surface of the 


transformed to work is: water; but the energy wasted as heat flow in- 
3 0 creases. Hence all of the work he does is 
wax i = 0.071. transferred away by heat flow. Some energy 


first becomes kinetic energy of turbulent 
motion of the water through which he passes, 


and as this gradually dies down, the water is 
psa til samba a left at a slightly higher temperature, 
cules in the liquid state. (c) This has already been answered in (b): 
the energy expended causes the tempera- 
ture of the water in the pool to be slightly 
warmer, With a pool of usual dimensions 
QSm X 15m X 3m) containing about 10° 
kg of water, the temperature rise due to the 
addition of 120,000 joules would be 


The rest of the energy is required to tear the 


PROWLEM 23 


One mole of helium at 24°C is placed in contact 
water at 26°C insulated from the rest of the world, 
The final temperature of both is measured to 
25°C, How much water was there? 


z 


One mole of a monatomic gas such as helium re- 
quires 12.4 joules of energy to raise the temperature 
Apne Hence the helium must have absorbed PRonLEM 25 

4 joules of energy from the water. The water isi 
cooled one degree. Since 4.2 joules are given up in Bon A amaina or o arga hones of negligible mass. 
lowering the temperature of | gram of water one de- 
gree, the amount of water which will yield 12.4 joules 
when cooled one degree is 


A Oa -50 
E ERR = > X YK 


(a) The two boxes are placed side by side in con- 
tact with all their outer surfaces insulated, After 
some time, both gases are at the same temperature. 


The mass of the water was about § the mass of the out the : 
helium, (One mote of helium is 4 gm.) will be the final temperature of the mixture? 


hot helium and cold nitrogen are allowed to mix as 
promi 24 in (b) above, Will the final temperature be the same 
A high-speed swimmer uses 120,000 joules of energy äs in (b) or higher or lower? 
in a half-minute race. Three quarters of the energy (d) Give a clear reason for your answer to (c). 
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(b) Ia equilibrium, the double box will 
mixture of the two gases (they are 
gases, and do not combine 
anything), all at a uniform temperat 
means that all of the molecules 


i 
HUR 


$ 
2 
- 
! 
: 
E 


temperature, 7, must be exactly the same 
the kinetic energy lost by the helium in cooling 
down to T. As far as temperature changes are 
concerned, the situation is identical with that 
in (a), Therefore the final temperature in this 
case also will be 35°C, 

(c) More energy per mole is required for nitrogen 
than for helium or argon to raise the tem» 
perature of the gas by one degree (see 
450), Thus, when the helium cools to 
the temperature of the nitrogen 
than 35°C, and the temperature 
rium will be lower than in part (b) 


ri 
phi 


(4) 


3 
tja 
ii 
HF 
He 

H 


cules, and, hence, into raising the tempersture 
of the gas, The rest of the energy goes into 
increasing the vibrations and rotations of each 
molecule about its center of mass, 


prones 26° (See Short Answers.) 


Pron 27 
When you rub your hands together vigorously, they 
warm up but finally reach a maximum temperature 


The temperature of your hands will rise as long as 
the energy transferred into them per unit time by doing 
work on them (L.e., rubbing them) is greater than the 


temperature will rise no further. 


as heat as the blades increase the kinetic 


energy of the air molecules they strike and the fan 
itself warms up due to fretion. 
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In five hours, the increase in height of the 
climber is $ X 500m = 2.5 X 10° m, If his 
mass is, say 80 kg, his increase in gravitational 
potential energy is 


mgh = #0 X 98 X 25X 10° joules 
= 2 X 10" joules, 
‘The above energy is only a quarter of that ex- 


pemded by the climber, The chemical energy 
usod is therefore 


4% 2% 10° = & x 10* joules, 
In calories, this chemical energy is 


sx io 
~ gy = 2 X 10" small calories. 


This is about the same as his normal daily 
calorie requirement, w on his mountain chimi 


ing days he wouk noni approsimately 
4 X 10° calories, 
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(d) The only way that the human engine accepts 


energy is in chemical form. It is not possible 
to increase its energy content by doing work 
on it (as you can on a spring-driven toy by 
winding it up). It is just not that kind of 
machine. When you get up in the morning, 
and feel that you need energy to go through 
the day’s tasks, you can’t connect yourself to 
an electric outlet (as you would if you stored 
energy like an electric cell). You can’t connect 
yourself to some mechanical device with mov- 
ing parts in order to obtain energy from the 
work done on you by the machine. Instead, 
you have breakfast. Food contains chemical 
energy which your body, by complicated 
processes, can turn into work. 

The difference and similarities between the 
human engine and other kinds of engines can 
be brought out: even when “idling” the body 
must be rigidly temperature-controlled, blood 
must be pumped, etc. An electronic computer 
uses almost as much energy when idle as it 
does when solving long problems, and a human 
being has some of the same characteristics. 
When “working,” energy must be expended in 
all movements, and even when not doing 
“work” in the mechanical sense, the body ex- 
pends energy internally. (Try holding your 
arm outstretched, unsupported, for a few 
minutes!) 

Discussion of this topic can be overextended 
to the point where it is not too fruitful. As 
soon as the major points are made, it will be 
wise to move on. 


PROBLEM 30 


A rocket is equipped with insulated containers full of 
very hot gas instead of combustible fuel. The hot 
gas rushing out of a nozzle drives the rocket forward. 

(a) Where does the momentum that the rocket 
acquires come from? 

(b) Where does the rocket’s kinetic energy come 
from? 

(c) If the gas is ejected into a box standing on the 
ground as the rocket starts out, and the temperature 
of the gas collected in the box is measured after the 
rocket has left, do you expect that temperature to be 
higher, lower, or the same as the original temperature 


of the store of gas in the rocket? 


(a) 
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The total momentum of the whole system of 
rocket, fuel, and expelled gas is conserved. A 
rocket acquires a forward momentum by 
ejecting mass in the backward direction. This 
is true for any type of rocket. In the present 
gas-filled rocket, the “fuel” chamber contains 
many molecules traveling with high momen- 
tum in all directions, but the nozzle allows 
only those traveling in the backward direction 


(b) 


©) 


to leave the rocket. The momentum of an 
individual molecule inside the rocket is not 
constant (there is a continual exchange of 
momentum between molecules and between 
molecules and the rocket itself) so that al- 
though initially only certain molecules will be 
traveling in just the right direction to escape 
through the nozzle, other molecules will very 
quickly also acquire the correct momentum. 
This explains why there is a steady stream of 
gas from the nozzle. It also explains how, 
from an initial state in which the rocket is at 
rest and the momenta of the molecules are 
distributed randomly, it is possible to get to 
the final stage in which the rocket is traveling 
with a high speed in the forward direction, 
and the gas molecules are traveling, on the 
average, in the opposite direction. 


There has been no change in the total energy 
of the system. (We assume that the rocket is 
in outer space, where there will be no air fric- 
tion or gravitational attraction.) The kinetic 
energy of the rocket plus the kinetic energy of 
the backward-traveling molecules must be 
exactly equal to the initial thermal energy of 
the gas molecules. 

The kinetic energy gained by the rocket comes 
from the gas. In releasing this energy, the gas 
cools. 


To understand from the microscopic point 
of view how this happens, consider billiard 
balls bombarding a light, movable wall from 
both sides. Let five balls be incident toward 
the left, and six toward the right. Let all balls 
have exactly the same speed, and let them all 
strike at exactly the same instant. After the 
collision, the wall will recoil toward the right. 
Because of this, the group of five balls will re- 
bound with slightly increased speed toward 
the right, while the group of six balls will 
recoil with slightly increased speed toward the 
left. In the case of the rocket, the front and 
back walls of the gas cylinder play the parts 
of the right and left sides of the wall described 
above. The front and back walls of the gas 
cylinder are rigidly coupled. The hole in the 
back wall brings about the inequality in the 
numbers of collisions. The rocket accelerates 
forward; therefore, the molecules moving 
backward in the cylinder have, on the average, 


less energy. It is a sample of these that comes 
out of the hole. 


PROBLEM 31 


(a) A cylinder containing helium gas is closed 
with a movable piston which has negligible friction. 
A man pushes on the piston and drives it in quickly, 


compressing the helium. The helium warms up. Why 
does the helium warm up? Discuss the mechanism of 
the warming up in terms of molecular behavior. 

(b) A cylinder with a movable piston contains 
compressed helium. The piston is released and the 
helium pushes it out and cools. Explain in terms of 
molecular behavior how the helium cools. 

(c) A large box with a good vacuum in it contains 
a small bottle of compressed helium. A trigger is 
arranged to remove the stopper of the helium bottle. 
When the helium is let out of the bottle, no change 
of temperature is observed after the release is all 
over. Explain, from the point of view of molecular 
behavior, why the helium does not change tempera- 
ture when it expands into the big box. 

(d) Although compressed helium shows no final 
change of temperature, some other gases show a 
noticeable cooling after they have expanded into 
vacuum from high compression. What does that tell 
you about these other compressed gases? 


(a) Since work was done in pushing the piston 
into the cylinder against the pressure of the 
gas, the same amount of energy must appear 
somewhere else. The only place it can appear 
is as in an increase in internal energy of the 


gas, i.e., as a rise in temperature. 
In greater detail, when the piston is at rest, 
the gas atoms continually collide with it and 


bounce off with the same kinetic energy as 
they had before they hit. (The component of 
momentum perpendicular to the piston is re- 
versed, and the other components are un- 
changed.) When the piston is moving into the 
gas, the atoms hit a surface moving towards 
They recoil with increased kinetic 
energy (as does a baseball from a moving 
bat). That is, on the average, we are increasing 
the kinetic energy of the molecules, i.e., the 


them. 


temperature rises. 
(b) The argument is similar to that of part (a). 


Essentially, the atoms are colliding with a 
piston which is retreating from them. Since 


their momentum relative to the piston is re- 


(c) 


(d) 


versed on impact, their momentum relative to 
the container is decreased. Thus, the thermal 
energy of the gas molecules decreases. On the 
other hand, work is done by the gas on the 
mechanism connected to the piston. It can be 
shown that the decrease in internal energy is 
exactly the same as the work done by the ex- 
panding gas. 


This process is called “free expansion.” The 
very important difference between it and the 
changes in volume produced by movement of 
the piston is that now the atoms never collide 
with a moving wall which could produce a 
change in their kinetic energy. The atoms will 
rush out of the opening in the bottle and will 
continue to-travel until they meet the stationary 
wall of the box. Their kinetic energies will not 
change, and consequently the temperature 
will not change. 


In our previous arguments, we have neglected 
potential energy. For helium this is justified, 
since two helium atoms are very much like 
billiard balls; they only interact when they are 
almost touching. (They do not attract each 
other enough to form a molecule.) However, 
there are other gases in which, although the 
molecules repel each other very strongly when 
very close together, there is a weak attraction 
between the molecules when they are rela- 
tively far apart. For rarified gases, the “ideal” 
relationship is a good approximation. For 
denser gases, when the gas expands, the aver- 
age distance between the molecules is increased, 
and their potential energy is increased. This 
results in an accompanying drop in kinetic 
energy in addition to the changes produced by 
the means discussed in part (b). Thus, even 
in a “free expansion,” the potential energy of 
the molecules of some gases will increase and 
the kinetic energy will decrease, i.e., the gas 
will be cooled. 
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APPENDIX 1. KINEMATICS AND DYNAMICS 


OF CIRCULAR MOTION 


(Supplement to Teacher’s Guide for Chapter 20, 
Sections 5, 6, and 7) 


The main Guide for these sections suggested that 
there are three distinct levels of achievement to be 
attained in the understanding of the dynamics of 
circular motion. Briefly, these can be categorized: 

I. When an acceleration occurs in the direction 
perpendicular to the velocity, the speed remains 
constant. 

II. Derivation of centripetal acceleration for an 
object in uniform circular motion. 

III. Application of Newton’s law to uniform circu- 
lar motion. 

The plan of the text is that the student should digest 
the kinematics of circular motion in Chapter 6 of 
Part 1. With this well assimilated, the development 
of the dynamics can be treated as a verifiable predic- 
tion of Newton’s Law. 

This plan of attack has been proved in practice and 
it will be worth your while to try to follow it. One 
common problem, however, is that even for those 
students who clearly understood the kinematics of 
circular motion in Chapter 6, the associated facts and 
rationale may have become fuzzy by now. Therefore 
it is frequently advisable to spend a little time review- 
ing and redeveloping the purely kinematical factors; 
unless the kinematics is understood, the students’ 
understanding of dynamics will be shaky. 

Some detailed suggestions are given below for a 
review of the vector ideas involved in stages I and II, 
the kinematics of circular motion. 


I. An Acceleration Perpendicular to the Velocity 
Results in Constant Speed. 


One way to present this idea is to use a sequence of 
simple numerical examples. You can do this semi- 
quantitatively as indicated in the examples given 
below. Rough computations will accomplish the 
purpose. 

Consider an initial velocity vector, Vi, of magnitude 
10 m/sec. Add a perpendicular vector of magnitude 
Av thus forming a resultant vector, ¥1, which will 
differ both in magnitude and direction from vi. Now 
add again a vector of magnitude, Av, but this time 


make it perpendicular to the new velocity v,; and so 
forth. Let us follow a concrete example using an 
acceleration, a = Av/At = 10 m/sec. 

(1) First use 1 second intervals so that Av 
10 m/sec. Add Av perpendicular to ¥; so as to create 
Vi, as indicated in the sketch. Then apply Av to Yı, 
etc. This sequence of additions may be indicated 
graphically on the board in class. An exact treatment 
is not difficult but it would consume too much class 
time. 


Vy x 
Av 
/\ I 
Y 
v? = v;i? + (Av)? = 100 + 100 = 200 
v2? = v1? + (Av)? = 200 + 100 = 300 
v3? = 400, v4? = 500, v5? = 600, etc. 


The angle between V; and V, which we can call 6, is 
given by 


tan 0; = a = ie 
PAO 10. 
tan 02 = (200)12 = TAL 
10 10 
tan 63 = G00) = 173 e 


A table of these @ values and the accumulated rotation 
is given below: 


bı 02 03 04 65 6 07 08 69 
45° 35° 30° Pa ke 25° Pie 2 19° 18° 
Total Rotation 45° 80° 110° 137° 162° 185° 206° 225 243 
8 0 O12 613 O14 O15 O16 017 
17° 16° 15° 15° 14° 14° 14° 1 3 
Total Rotation 260° 276° 291° 306° 320° 334° 348 361 


You need give the class only a few values; then 
cite the result that in 17 steps the velocity vector 
rotated 360° but it grew from 10 m/sec to more than 
40 m/sec, i.e., v 1800. 

(2) Now reduce Az from one second to 0.1 second. 
Then: Av = i, and pa? = 101, v2? = 102, V3" = 
103, ete. Tan 6, = zo 6, = SFin tan 8,00 = 


1 I z 3 
(200)? era Ts 8100 = 4°. Using about 5° as an 
360° 


average per step would give at Jie 72 steps to go 


360°. v2? = 172 and vzs = 13 m/sec. Thus, while 
rotating 360°, the velocity vector in this case has in- 
creased from 10 m/sec to only 13 m/sec. 
(3) As a final case, use At = 0.01 second. Then 
-for the same a = 10 m/sec?, Av = 0.1, Av? = 0.01, 
vı? = 100.02, v3? = 100.03, etc. The first angle of 


rotation would be given by tan 0 = ae = 0.01. 


This gives @ = 0.57 degrees. (Recall that for such 
small angles, tan @ = @ in radians, and | radian = 
57.3 degrees.) This angular increment does not change 
significantly. The number of steps for a 360° rotation 
would then be about 630. The magnitude of the ve- 
locity vector after these 630 steps would be veso = 
10.3 m/sec. 

Whether or not you choose to use some form of 
this method of successive approximations to the truly 
perpendicular acceleration case, it is important for 
Students to realize that an acceleration perpendicular 
to the motion tends to rotate the velocity vector, but 
does not change the magnitude. 


Il. The Kinematics of Circular Motion. 


Considerable classroom time may be required to 
get students to understand fully the derivation given 
in Section 20-5. The following series of exercises is 
indicative of the background the students need before 
they can understand Figure 20-8 and the formulas 
derived from it (pages 342-343). 

The time required now depends on how well the 
class understands the material in Chapter 6, Sections 
5-7. You may have used the exercises Suggested in 
Appendix 1 to Part 1 when you first covered vectors 
while doing Chapter 6. You may wish to use or repeat 
some of that work here. 

Six distinct steps are outlined in the development 
which follows. Each step should be discussed with 
illustrations at the board or in home exercises. These 
six steps involve finding the answers to the following 
questions, It is desirable to answer all of these 
graphically. 


1. What is the difference between two vectors? 
On a vector diagram, how can you most easily manip- 
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ulate the vectors to get the solution to a subtraction 
problem? : 

2. How can an average velocity be obtained from 
a consideration of radius vectors corresponding to the 
positions of an object at two different times? 

3. What is the instantaneous velocity for circular 

2r R 


motion? (Derive v= -7 ) 


4, What is the average acceleration for different 
intervals in circular motion? Give its direction and 
its magnitude as intervals get smaller. 


5. What is the direction of the instantaneous 
acceleration? 


6. What is the acceleration? (Derive a= = ‘ 


Students will learn best if they are led to the answers 
to these questions through their own graphical work. 
There is no substitute for the insight gained by manip- 
ulating a pencil, ruler, and protractor (or compass). 


l. The Difference Between Two Vectors. 


The problem is to construct Ay = ¥2 — ¥;. Some 
students are not sure which vector to subtract from 
which; they have a tendency to take the smaller vector 
from the large vector. 

There are two ways of remembering how to find Av: 

(a) To find Av = Vz — ¥,, rewrite this as Ay = 
V2 + (—¥,). Form the vector —¥; and add it to Vo. 

(b) To find AV = ¥2 — ¥;, ask what Av must be 
added to ¥, to get Vo. 

(Note: The second technique shown below as Solution 
(b) is more convenient in analyzing circular motion.) 

Here are some samples that you can distribute on 

ditto or mimeograph. 


EXAMPLE 1.1 


horizontal direction 


0 10 20 30 m/sec 
velocity scale 


PROBLEM: Find ¥2 — V, graphically; find its magni- SOLUTION (b); 
tude in meters/sec, and give the direction in terms of 
an angle clockwise or counterclockwise from the 
horizontal directed to the right. 


SOLUTION (a): 
magnitude of (və — ¥1): 37 m/sec 
direction: 8° counterclockwise from the horizontal. 


EXAMPLE 1.3. Same as 1.1 or 1.2 except two vectors 
of the same length. 


0 10 20 30 m/sec 
| 


velocity scale 


magnitude of Yọ — V, = 22 m/sec 
direction: 51° clockwise from the horizontal to right. 


SOLUTION (a): 


EXAMPLE 1.2 
Find the same things as in 1.1. (Here since V2 is 
shorter than Yı, students may be tempted to subtract 
the wrong way.) SOLUTION (b): 


horizontal 


0 10 20 30 m/sec 
EA ers se 


velocity scale - 


SOLUTION (a): 


answer: (f, ~ ¥) 


2, Finding an Average Velocity. 


The location of an object may be designated by a 
vector, R, drawn from some arbitrary fixed point in 
space to the position of the object. If the object is 
moving, its s position at time 7, might be indicated by 
the vector R, and its position at a later time fy, by the 
vector Ra Then by definition, the average vector 
velocity during that time interval will be: 


> R: — R, 
A E TEAN 


LS ese | 


(Note, for instance, that for circular motion the mag- 
nitude of the Yay will be less than the speed at any 
instant of the interval. This is not of the essence. The 
definition is still a useful one.) 


3. Finding the Instantaneous Velocity for Uniform 
Circular Motion. 


Consider the motion of the tip of a rotating pointer. 


If, at r;, the hand points up, and at f» it points down, 
we will have: 


1 | Ro and RI - R,= 
G tz 
Thus Vay = RoR which has a magnitude 
2- 
2R 2R R 4 5 
a= hi = a 4 y meters/min, where T is the 


time required for one complete revolution. 

If, instead of examining the average velocity vector 
over the half revolution as above, we now examine 
only the first quarter revolution (time interval T/4), 
we get: 


la, Rs and R, - R, = Ro 


= K Gales 
th, ty R RNI z 


Thus vay = cone which now has a magnitude 
oks] 

V2R _V2R = À 

os a 4\/2 R/T meters/min, a larger 


value than obtained before. 
If we now shorten the interval until R} and Ro are 
separated by a very small angle, A9, then in the limit 
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of very small A6’s, the vector AR = R, — R, will 
have a magnitude R A0. Then 

j R A0 A9 2r 2r R 
(Pav) magnitude = i€ Ri = oR T r 


The significance of this equation is simply that the 
tip of the pointer, traveling in a circular path, truly 
covers a distance 2rR (one revolution) in a time, T, 
the period of one revolution. 


4. Finding an Average Acceleration. 


The problem here is completely analogous to the 
one discussed above. The new idea is related to the 
use of velocity vectors rather than position vectors. 
Average acceleration is defined as: 


A Vo — V1 
Stn ti 
Consider the tip of the pointer that we have used 
above. When the tip is in the “up” position, for 
clockwise motion, the velocity vector points toward 
the right. Thus for the four radius vectors shown at 
the left, below, we have four corresponding velocity 
vectors drawn at the right. 


wt 
< 
Ga 


Wi 
Poki 
<i 
<i 
pa 


R, i, 


The velocity vectors have the dimensions 
length/time, and therefore are represented in “velocity 
space” rather than the “configuration space” of the 
radius vectors. Whereas the magnitude of each R 
vector is simply the length of the rotating pointer, 
each velocity vector is the constant instantaneous 
speed, v, of the tip of the pointer. 


5. The Direction of the Instantaneous Acceleration. 


We see from the vector diagram in velocity space 
that the velocity vector itself rotates in a clockwise 
direction as the pointer rotates clockwise. Thus in a 
vanishingly small time interval At following ¢,, a 
vector velocity increment AV which is in the down 
direction has been added to v;. But the direction of 
Av is the direction of the acceleration, so when the 
pointer is in position R,, up, the acceleration of the 
tip is down. Thus an object in uniform circular motion 
is subject to a constant radial acceleration directed 
inward toward the center of the circle of rotation. 
This is called a centripetal (seeking the center) 
acceleration. 


6. The Magnitude of the Instantaneous Accelera- 
tion, 

Arguments entirely analogous to those used in (3) 
on page A-4 now lead to the conclusion that the 
magnitude of the instantaneous acceleration is: 


wz! Sai 
WE 


This is because the tip of the velocity vector travels a 
distance 27v in velocity space in the time interval of 
one revolution, T. 


Using v = oes , we can also get 


re T T T; 
or, conversely, since T = oak $ 
1 v v? 
a = 2w = p= WX RTR 


II. Newton's Law Applied to Circular Motion. 


The rather detailed derivation of centripetal accel- 
eration presented above makes it clear that this is 
purely a kinematical fact. The argument has been 
carefully developed without leaning on the fact that 
“the centripetal force required to maintain circular 
motion must result in a centripetal acceleration.” 

Newton’s Law therefore predicts that a force must 
be exerted in order to maintain an object in uniform 
circular motion. This force should have a magnitude 
F = ma = mv?/R. It must be directed in the direc- 
tion of the acceleration, radially inward. The fact that 
such a predicted force is actually required to produce 
uniform circular motion can be verified experimentally 
in the laboratory. 

Review the logic of the text’s development in 
Section 20-5. Using the example given at the end of 
that section, ask the students what forces would have 
been expected (instead of 2.4 newtons) 


if R had been 0.88 meter 
if T had been 10.4 sec 

if T had been 2.6 sec 

if m had been 7.8 kg 


(answer: 4.8 nt) 
(answer: 0.6 nt) 
(answer: 9.6 nt) 
(answer: 4.8 nt). 
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APPENDIX 2. STEPWISE SOLUTION FOR THE 
MOTION WHERE F = —kx 


A completely general approach to solving for the 
motion when the force is —kx is to calculate the mo- 
tion numerically in many steps. For each step, a i$ 
treated as a constant. If the time intervals are chosen 
small enough, a very accurate picture of the motion 
can be obtained. Of course, we shall not use so many 
steps in this example. 

Let us consider F = —kx, where k = 1 nt/meter. 
Let m = 5kg. Choose an initial displacement of 
10 meters and an initial velocity of zero. Now try to 
find the motion, by determining x as a function of 
time. 


vA aE SMOG 
l 
pe— 10m 
l | 


a2 AO OO0800808088880 


x=0 5kg 


(a) Choosing the time interval of the step. 


Initially, at x = 10m, F = —10nt. Since m = 
5kg,a = F/m = —2 m/sec?. 


We shall choose a time interval that will give some 
small fraction of the total distance to the equilibrium 
point as the distance of the motion during the first 
time interval. Let us call the displacement in the first 
interval d}; we shall choose it equal to }5Xinitial, OF 
dı = —l meter, Using d = łat’, —1 = 4(—2)’, 
and ż is found to be 1 second. We shall therefore per- 
form the calculation as though the acceleration re- 
mained constant for 1 second intervals. 


(b) Detailed calculations. 

The detailed calculations are straightforward, but a 
bit tedious. 

For example in interval #1, a = —2 m/sec”, vi; = 
0, At = 1 sec. Thereforev;; = —2 m/sec. The aver- 
age velocity is —1 m/sec, so the displacement in the 
first interval, d}, isd, = Vay At = (—1 m/sec)(1 sec) 
= — | meter. The approximate position after 1 second 
is x; = x +d=10—1=9m._ This implies 
F = 9nt or a = — = —1.8 m/sec? which is not 
so different from the original value of —2 m/sec?. 


(c) Tabulation of resulis. 


Interval No. 1 5 6 7 
x at start (m) 10 —3.5 —8.5 —12.1 
a at start (m/sec?) —2 +0.7 +1.9 +2.4 
v at start (m/sec) 0 -5.3 —4.6 —2.7 
v at end =2 —4.6 —2.7 —0.3 
Diras -1 —5.0 —3.6 <15 
d(m) = —5.0 —3.6 —1.5 
x at end 9 —8.5 —12.1 —13.6 
a at end —1.8 +1.9 +2.4 +2.7 
Interval No. 8 9 10 11 12 13 14 
x at start —13.6 —12.6 —9.1 —3.3 3.7 
a at start PET A ee ANE Ppa ee RT e E eee eee 
v at start —0.3 42.4 +49 +6.7 +7.4 +6.7 +4.6 
v at end +2.4 +4.9 +6.7 +7.4 +6.7 +4.6 +1.3 
average +1.0 $3.5 +5.8 +7.0 +7.0 +5.6 +3.0 
+1.0 +3.5 +5.8 +7.0 +7.0 +5.6 +3.0 
x at end —12.6 —9.1 —3.3 +3.7 +10.7 +16.3 +19.3 
datend 425 | 418 | +07 | <07 Er (es ae eS 
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(d) Graph of first approximation. 


16 
12 
N 
8 
! 


(e) Better approximations. 


This type of calculation tends to overshoot the 
motion because a is not readjusted enough. Taking 
smaller time intervals would give a better approxima- 
tion, but it is not worth the effort. 

For the actual motion, the object oscillates from 
x = +10 to x = —10. Its maximum speed would 
be only about 4.5 m/sec, whereas the approximate 
values for the coarse time intervals used above were 
5.3 m/sec on the first half swing and 7.4 m/sec on the 
second half swing. 

The exact solution of the problem requires the use 
of the calculus: 


a = do/dt = d*x/dt? = F/m = —kx/m. 


12 14 


t — 
(seconds) 


Thus, we have a simple differential equation in x and 
its second derivative: 
Pe kx, 
d? m 
Familiarity with solutions to differential equations 
enables us to propose the trial function x = a cos bt. 
Then 
dx/dt = ab sin bt, 
d?x/dt? = ab? cos bt = —b?x. 


So we see that b = V/k/m = ¥/1/5. 
To find a, we see that x = aatt = 0;thusa = 10m. 
The solution is then 


x = 10cosvV1/5 tm. 


APPENDIX 3. SOLUTION OF DIFFERENTIAL 
EQUATION FOR SIMPLE 
HARMONIC MOTION 


(For those teachers whose calculus is fresh and for 
whom a review of the differential equation treatment 
will be helpful.) We can represent the conditions 
imposed by the restoring force by noting that 


dx 
F = —kx = ma m TE 
Then x 
dx 
m aa t kx = 0. (1) 


x 

ll 

àa 

Q 

2 
ae 
lz 

+ 

6 
Nee 


Then, 


d. 2rA . (2 

a= "pain + 4), 

g 4n°A 2 

Ga ~ ~ oh o). 
Substituting into equation (1), 


4n°A 2rt 
-m A cos (28! + 6) = -kA cos (2t + $): 


Thus 


and 


T? = 4r?m/k 
T = 2nV/m/k. 


The amplitude of motion A, and phase factor 
$ can only be determined if the initial conditions 
are specified. For example, if at time t = 0, x is 
at its maximum displacement of 5 cm, we could set 
$ = O[cos (0 + ¢) is a maximum for ¢ = 0], and 
A = 5cm. Then, 


x = Scos al cm. 
mt 


The mathematical treatment of the motion of a 
simple pendulum is somewhat more complicated, but 
is given below for completeness. 

A massless string of length L supports a point 
mass, m. It is deflected from the vertical by a small 
angle 6, as shown. The displacement of m from its 
equilibrium position is D = L6. 


Due to the weight of the bob, there is a force mg 
acting downward on the mass. This force can be 
resolved into components mg cos 8 in the direction of 
the string and mg sin ð perpendicular to the string. 
The force along the string is merely a constraining 
force and does not enter the problem. The per- 
pendicular force is the restoring force. 


We can write 


or 
d?o ; 
mL z + mg sin = 0. 
This equation does not describe a simple harmonic 
motion if @ is a large angle. However, if @ is very 


small, we may write sin@ ~ 0, and the equation 
becomes 


do 
mL JE + mgé = 0. 
Simplifying, 
do 
L qe + g6 = 0. (2) 
Equation (2) is identical with our previous equation 


(1), except for relabeling the variables, and has a 
similar solution. It should be apparent that a solution 


is @ = an cos (22 + 6), with T = 2rV/L/g. 


APPENDIX 4. GENERAL RELATIVITY 


According to the basic ideas of the dynamics of 
Galileo and Newton, the laws of motion are valid 
only in an “‘inertial frame,” that is, a system which is 
at rest or moving with constant velocity. These two 
possible states are indistinguishable, because forces 
are detected only when a body is accelerated. New- 
tonian dynamics begins to break down for bodies 
moving with speeds near that of light, but Einstein’s 
theory of special relativity has satisfactorily extended 
the basic notions of classical dynamics to the range of 
all possible speeds. 

The existence of gravity, however, complicates mat- 
ters considerably. We know that the surface of the 
earth is not an inertial frame in the Newtonian sense. 
If we project a body upward, it does not continue to 
move up but reverses direction and falls back to the 
floor. We generally describe the situation by saying 
that we are in an inertial frame, but that there is a 
force — the “‘force of gravity” — also acting on the 
body. Indeed, it is impossible to isolate any body 
from the gravitational forces exerted by the mass of 
the rest of the universe. Thus, the definition of an 
inertial frame in terms of a state of “rest” or “uniform 
motion” is only an approximation in a universe which 
contains mass, since all bodies in the universe interact 
with one another to a certain extent. 

Einstein, in his theory of general relativity, attempts 
to restate the laws of physics in a manner which takes 
into account the equivalence of gravitation and accel- 
eration. This theory is, as is well known, of enormous 
mathematical complexity, and it is hardly to be recom- 
mended as an exercise for high school students. 
However, the basic concepts of the theory are simple 
enough to be illustrated by a few examples. 

Suppose we were drifting along in space in a rocket 
ship in the “weightless” condition which every modern 
student understands. In this state we could perform 
dynamical experiments on ourselves and the surround- 
ing objects floating in our room and quickly decide 
that we were in a true inertial frame, since the laws 
of motion would be obeyed exactly. If we jumped up 
from the floor, we would most certainly hit the ceiling, 
no matter how gently we jumped. Now imagine, 
during the course of these experiments, that this 
“weightless” interlude suddenly comes to an end. We 
would find ourselves standing on the floor, feeling our 
own weight. All of the surrounding objects which a 


moment earlier had been floating around the room 
would suddenly fall to the floor. What could we con- 
clude had happened? 

Without looking out the window of the rocket ship 
(this, incidentally, wouldn’t really help), we could 
conclude that one of two things must have happened. 
Either our rocket ship had suddenly accelerated up- 
ward or we have just come to rest (with the floor 
“down”) on the surface of some planet. In either 
event, it would be obvious that the laws of physics 
had suddenly changed and we were no longer in an 
“inertial frame.” We would be hard put to devise an 
experiment to tell whether we had in fact been accel- 
erated or had entered a gravitational field, since either 
occurrence would have had the same effect on our 
observations. This is precisely what is meant when 
we say that the “inertial mass” of a body and its 
“gravitational mass” are inextricably interrelated. It 
is this “principle of equivalence” which lies at the 
heart of general relativity — that is, that the effects 
of an acceleration are in principle indistinguishable 
from the effects of a gravitational field. But what 
about our inertial frame? We had a perfectly good 
way of measuring this earlier, simply by observing 
the validity of the laws of motion. Evidently, during 
this time interval, when our rocket ship was an 
“inertial frame,” we must have been in uniform mo- 
tion in the absence of a gravitational field (impossible 
in our universe), or in “free fall” in a gravitational 
field. Thus, the true inertial frame is not one which 
is in uniform motion in our space, but rather one 
which is in free fall. 

General relativity, then, is simply the description 
of nature as viewed by an observer in a true inertial 
frame — patiently doing experiments in a freely falling 
box. To this observer, the laws of dynamics would be 
exact within his box, but he would quickly conclude 
that the space outside his box had some very peculiar 
properties. To illustrate, imagine that we are in free 
fall in such a box, moving at a fairly high speed 
through space. Through our window we observe 
another person moving along parallel to us at the 
same speed and also doing dynamical experiments. 
We could compare results by flashing messages back 
and forth and agree that our results were identical 
and both of us were in inertial frames. If we then 
arrived in the vicinity of a large planet (in such a 


Cc 
On 


manner that we didn’t conclude the experiment by 
hitting the planet), both boxes would be deflected by 
the gravitational field, as shown above. 

Our box, labeled B in the figure, would be deflected 
somewhat, and the other box, labeled C, would be 
deflected rather more since it is closer to the planet. 
Since both we and the observer in C are in free fall, 
within the confines of our own boxes neither of us 
would feel or be able directly to measure any effects 
due to the acceleration. We are both still in inertial 
frames as far as our internal measurements can tell 
us. However, since we are now obviously drifting 
apart, we would have to conclude that the distance 
between us suddenly started to increase without either 
of us apparently having accelerated. Instead of describ- 
ing what has happened in terms of some “force” 
which we could not detect, we might rather describe 
the occurrence in terms of a distortion in space and 
time which we could observe. 

This is the essence of the theory of general rela- 
tivity. The gravitational field, according to this view- 
point, causes a “warping” of Space and time in the 
vicinity of a mass. Gravity then enters not as a “force” 
but as a property of space and time. 

This whole procedure would be rather fruitless if it 
did not permit the extension of the laws of physics 
and the prediction of certain observable events. In 
fact, general relativity predicts certain facts which are 
not correctly explained either by Newtonian dynamics 
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or special relativity. One of these involves the curva- 
ture of light in a gravitational field. In general rela- 
tivity, the “shortest distance between two points” is 
not a straight line but is a “geodesic,” the path which 
light would follow in traveling between the two points, 
bent by the gravitational field. According to special 
relativity, light has energy, and since mass and energy 
are equivalent, light will be deflected by a gravita- 
tional field. However, the amount of deflection is not 
given correctly by this simple argument because the 
force of gravity on a moving object depends on its 
speed. We can actually observe the bending of light 
which travels from distant stars and passes very close 
to the sun during a solar eclipse. The effect is very 
small, about two seconds of arc, but it is accurately 
measurable, and agrees precisely with the predictions 
of general relativity. 

The theory of general relativity is of considerable 
importance in physics, but is more the working tool 
of the cosmologist in his study of the universe. The 
cosmologist is concerned with such questions as “Is 
the universe finite?” — that is, would a geodesic 
directed outward from the known universe go on 
forever; or traveling always out, return to its starting 
point? Much of the effort of modern astronomers is 
directed toward answering this question. At present, 
we do not know whether the space we know is finite 
or infinite, but it is certainly “warped,” in the rela- 
tivistic sense. 


APPENDIX 5. 


(Supplement to Chapter 22, End-of-Chapter Box— 
Derivation of Equation Relating m, Mo, v, and ve 
for Rockets.) 


This relationship can be easily derived by using 
integral calculus. Consider a rocket of mass, m, and 
velocity, v. The rocket ejects a bit of mass in the 
backward direction. Let dm symbolize the small mass 
ejected, and let ve be the velocity of ejection of dm. 
The small mass will be ejected with momentum 
p = (dm)ve. Then, since momentum must be con- 
served, the change in the rocket’s momentum will be 
—(dm)v.. The remainder of the rocket, mass m, must 
speed up by an amount, dv, and then we have the 
relationship; 


—(dm)o. = m dv 
or 
daiam 
Ve om 


Note that v, is the constant velocity (relative to the 
rocket) with which mass is ejected, m and v are 
variables. 


This equation can be integrated, giving (remember 
Ve is a constant): 


5 = —In(m) + c 


where In stands for the logarithm to the base e. 
An alternate form is: 


To evaluate either constant, we must insert the initial 
values. When the rocket was fired, its mass was 
m = m, and its speed was v = 0. This gives either 
cy = ln(m) or c2 = Mo. 

Thus, we get the equivalent forms of the final 


equation 
( 2) 
m 


v 
Ve 


or 
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APPENDIX 6. THE PRODUCT OF TWO 
VECTORS 


Work involves the product of a force and a dis- 
placement. These are both vector quantities, but 
work itself is a scalar. This particular kind of prod- 
uct of two vectors is called a scalar product, or “dot 
product,” and is written: 


a a 


W=F-d 


The scalar product is the product of the magnitudes 
of two vectors times the cosine of the angle between 
them. This may also be expressed as the magnitude 
of one vector times the component of the second 
vector along the first. 

In Figure (a), we see that in general the component 
of F which is along the direction of d has the magni- 
tude F cos 0, where @ is the angle between F and D., 


Ks 
(a) 
bn. 
oe Eg 
F cos / eae 
a 
9 F 
W = (F cos 8)d 
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Therefore, W = F-d= (F cos 6)d. Note also that 
we could group the factors differently writing: 


W = F(dcos 9). 


We see in Figure (b) that d cos @ is simply the com- 
ponent of the displacement which lies along the 
direction of the force. Thus we can say, equally well 


Work = total displacement X component of force 
acting along direction of displacement, 


or 


Work = total force acting X component of dis- 
placement along direction of this force. 


(b) 
d /\ 
— 


d cos 0 


W = F (d cos 0) 


APPENDIX 7. PROOF OF THE 90° 
TRAJECTORY ANGLE IN AN 
ELASTIC COLLISION 


In an elastic collision between equal masses, one 
initially at rest, the final trajectories are at an angle 
of 90°, one with the other. 

If pı is the momentum of the moving ball before 
the collision and p4 and p, are the momenta after the 
collision, the conservation of momentum gives Pı = 
Pi + po. Thus in the most general case, the three 
vector momenta must form a triangle as shown in (a). 
The energy before the collision is 

2 


2 Pi 
2m 


> 


mvr 


and if kinetic energy is conserved during the collision, 


2 7 A 
Pi ea ee 
PRG sel ge ns m 


But this just says: 


pi’ = pi + pe 


ft 
ot 
Y 


which is simply the Pythagorean theorem for the 
triangle shown at (a). The triangle must then be a 
right triangle as at (b) and the two balls go off at 90°. 

In Figures 22-9 and 22-10 the angle between 
pi and p, is about 85.5° rather than 90°. This is due 
to the fact that the collision is not truly elastic. 
Momentum must be completely conserved in the 
collision, and the fact that Ap, and Ap, are not on a 
straight line in Figure 22-10b (by about 1°) is an ex- 
perimental error probably due to friction in the system 
(an external force). 

The angle between final trajectories should be less 
than 90° if energy is lost in the collision. This can be 
seen by considering the case in which the balls stick 
together. In this case, the angle is 0° which is certainly 
less than 90°. 

When the collision is head-on, the incident ball 
stops dead and the struck ball goes straight ahead 
with the speed of the incident ball. In this case, the 
angle between p} and p; is not defined. 


(b) Pe + 
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APPENDIX 8. THE RELATIONSHIP BETWEEN 
POTENTIAL ENERGY AND 
FORCE 


When a mass moves under the action of a linear 
restoring force F = —kx, we know that its potential 
energy is U = }kx?, and since the change of kinetic 
energy is minus the change of potential energy and is 
measured by the work done transferring energy from 
one form to the other, we obtain 


W = AEk = 4k(x? — x), 


Now let us suppose that somebody gave us this ex- 
pression and we wanted to know if it was correct, 
just as somebody gave us an expression for the change 
of potential energy or kinetic energy in a gravitational 
interaction. The procedure we use to test whether 
our expression for the change of potential energy is 
correct is to put it into a form where it is a product 
of some expression times the small change in distance 
from x to x’. Since we are dealing with the work, this 
expression must be the force times the small change 
in distance and we can check whether the force is 
what it should be. For the example of the potential 
energy for a linear restoring force we therefore proceed 
as follows: 
We factor the above expression as, 


W = 4k(x — x)(x + x’), 


we recognize that the change in distance is Ax = 
x’ — x. Therefore 


W = 3k(—Ax)Qx — x + x’) 
= =—k Get a) Ax. 


For a small change in distance Ax, the Ax inside the 
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parentheses may be neglected compared to 2x, the 
distance, and the result is 


W = —kx Ax. 


This result agrees with our expectation, for it says 
that the force must be F = —kx. 

Suppose, on the other hand, we were given a wrong 
expression for the potential energy, one which really 
belongs to a different force. By going through the 
same procedure, we would then find the force to 
which it belongs. For example, suppose that someone 
asserted that the potential energy associated with a 
linear restoring force is really U = kx, From this we 
would conclude that the work, W, which changes the 
kinetic energy by a small amount when the mass goes 
from x to x’, is 


W = AE = k(x — x’) = =k Ax. 


We see immediately that the force corresponding to 
this potential energy is just a constant F = —k. We 
should have known that we would get the constant 
force because our expression U = kx is of the same 
form as the potential energy in a constant gravitational 
field. 

In other words, any expression for a potential 
energy or for the work in moving from one place to 
another implies a definite pattern of force, and the 
potential energy belongs to that pattern of force and 
to no other. A possible method of finding the poten- 
tial energy associated with any force pattern is to 
investigate all possible expressions that might be 
chosen to represent the potential energy and then pick 
out the one which reproduces the actual force, 


APPENDIX 9. CALCULATIONS FOR ESCAPE 
VELOCITIES AND BINDING 
ENERGIES 


1. The escape velocity is derived in the text to be: 
Ve = V2GM/r.. 


Ve can then be evaluated by substituting in this ex- 
pression, or the computation can be simplified by 
noting that GM/r? is the gravitational force at the 
earth’s surface. Therefore, 


GM/r = gr, 
and 
Ve = V2gr 
V2 X 9.8 m/sec? X 6.4 X 105m 
= 11.2 X 10° m/sec. 


2. To compute the binding energy of the earth to 
the sun we need some of the pertinent constants of 
the solar system (text, pages 365 and 374): 


G = 6.670 X 1071! nt m?/kg? 
(gravitational constant) 


M = 2.0 X 10% kg 
(mass of sun) 
m = 6.0 X 10°* kg 
(mass of earth) 
R = 1.5 X 10m 
(radius of earth’s orbit) 
l yr = 3.2 X 10’ sec 


(number of seconds in a year) 


v = 2rR/l year = 3.0 X 10* m/sec 
(speed of earth in orbit). 


Then, the kinetic energy of earth relative to the sun is 


mv? 6.0 X 10°+ kg (3.0 X _10* m/sec)? 
Die 2 
= 2.7 X 10° joules. 


The potential energy of earth relative to the sun is 


6.67 X 1071! nt-m?/kg” X 2.0 
_ GMm _ X 10°? kg X 6.0 X 10°“ kg 
eo 1.5 X 10% m 


—5.3 X 10° joules. 


Thus, the binding energy of earth to the sun is 


€ = 2.6 X 1033 joules. 


3. In computing your binding energy to the earth, 
we shall first neglect your motion due to the rotation 
of the earth. Then, 


v= 0, 

r= 6.4 X 10°m, (radius of earth) 

m = your mass, say, 50 to 90 kg 

g = 9.8 m/sec”, (acceleration due to gravity). 
Since 

oe = mg = YOUR weight, 
then 
ai GMm a 


mgr = 3.1 to 5.6 X 10° joules 


€ 
r 


which covers the range given in the text for the binding 
energy of you to the earth — the exact value depend- 
ing on whether you are a mere slip of a girl or a great 
hulk of a man. 

The effect of the earth’s rotation on your binding 
energy can be evaluated as follows: 


Ex = įm? = 100 (728) 


6\ 2 
- po (22X64 x 10°) = 6.5 X 10° joules. 
24 X 60 X 60 


This is only a ṣẹ percent correction to the binding 
energy calculated above. 

4. We can find a quantitative. answer to the ques- 
tion raised in the first paragraph of Section 24-4 about 
the gravitational potential energy of a satellite. Let 
us consider a 1-ton satellite that has a 2-hour period 
of revolution around the earth, and assume a circular 
orbit (as has been done in the earth-sun example 
above). Eliminating v between 


v? GMm 


AE (Newton’s law) 
and 
T= Zer ’ (period of rotation) 


(since the earth is now the center of motion, we let 
M stand for its mass, and m for the mass of the 
satellite) we have 


GMT? 


(ee as era i (Kepler’s third law) 


AIS 


For 


T = 2 X 60 X 60sec, (period of Satellite) 
M = 6.0 X 10% kg, (mass of earth) 
G = 6.670 X 107"! nt-m?/kg?, 

then 


r= 8.1 X 10°m. 
(radius of orbit of satellite about Earth) 


Substituting this value of r into the equation for T we 
have, solving for v, 


2ar 


v= T = 7.1 x 10° m/sec. 


(speed of satellite in its orbit) 


Taking m = 9 X 10” kg for the mass of the satellite, 


its kinetic energy is 
m = 2.3 X 10'° joules, 

(kinetic energy of satellite in orbit relative to earth) 
—GMm 


r 


‘potential energy of satellitein orbit relative to earth) 


= —4.4 X 10!° joules. 


Hence, 


€ = 2.1 X 10!° joules. 
(binding energy of satellite in orbit) 
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It would take this much energy to remove the Satellite 
from the influence of the earth. 

Now let us find the energy Tequired to put the satel- 
lite into this orbit in two ways, first in an indirect 
way and then in a more direct way. 

We note that the binding energy of the satellite to 
the earth, when it is at rest before launching, is found 
in the same way as the binding energy of you to the 
earth. It is (again neglecting the very small initial 
kinetic energy) 


€ground = gun = 5.6 X 10! joules, 


The difference between this binding energy and the 
binding energy in orbit must be the total energy re- 
quired to put the satellite into the orbit from the 
ground, 


Energy required = €ground — €orbit 
= 3.5 X 10!° joules. 


[It is oom ( l . ) = 1.2 X 10! joules 
Tearth Yorbit. 


plus the kinetic energy that it must have in this orbit 
in order to keep from falling to the earth. We have 
seen before that this kinetic energy is 2.3 x 102° 
joules, and therefore the total energy required is 
(1.2 + 2.3) X 10! joules, as above. | 


APPENDIX 10. ENERGY OF MOTION OF 
POLYATOMIC GAS 
MOLECULES 


The extension of the theory to polyatomic gases is 
reasonably simple. We note from the equation, 


that a thermal energy, $kT, is associated with each of 
the three degrees of freedom of motion of the center 
of mass of the molecule. If we consider the case of 
any molecule which is more complicated than a single 
atom, there are more degrees of freedom available. 
For instance, a diatomic molecule is a dumbbell- 
shaped unit. Consider the two atoms to lie on the 
x axis. Their center of mass can move independently 
in the x, y, and z directions. In addition to these 
motions, the dumbbell can rotate independently about 
both its center of mass and about axes parallel to the 
y and z directions. It could also spin about the x axis 
in the same way that a regular dumbbell can spin 
about its own axis. However the dynamics for this 
mode of rotation is clearly very different from the 
other two. For point atoms, no energy could reside 
in this spinning motion. There is one more indepen- 
dent mode of motion for a diatomic molecule. This 
involves vibration of the two atoms toward and away 
from each other. This motion, unlike the others, in- 
volves both potential and kinetic energy and this fact 
turns out to introduce (in effect) two degrees of free- 
dom associated with vibration instead of only one. 


Classical physics tells us that the energy of such a 
system will, on the average, be equally distributed 
among all the degrees of freedom. Thus if 8 joules of 
heat energy are transferred to a monatomic gas, the 
energy will all go into the 3 translational degrees of 
freedom. If the same quantity of energy is transferred 
to a diatomic gas, the Law of Equipartition states 
that it will be equally divided among the seven degrees 
of freedom specified above (neglecting spin). Thus 
only $ of the energy goes into temperature-determining 
motions of translation. The specific heat of such a gas 
would be ł that of the monatomic gas previously 
discussed. 

Actually, quantum mechanics changes this picture 
in that it specifies a minimum energy of excitation 
that can reside in any one of the degrees of freedom. 
In general, it is lowest in the translational degrees, 
higher in the rotational degrees, and highest in the 
vibrational degrees. The result is that at low tempera- 
tures, only the translational motions are excited. At 
higher temperatures, rotations may be excited. At 
still higher temperatures, vibrations will set in. 

At room temperature for most diatomic gases, 
molecular rotation has set in but vibration has 
not. Therefore there are only five effective degrees 
of freedom, and the specific heat will be $ that of a 
monatomic gas. Thus, in general, specific heats are 
dependent both on the structures of the molecules and 
on the temperature. 


For 
T = 2 X 60 X 60sec, (period of satellite) 
M = 6.0 X 10% kg, (mass of earth) 
G = 6.670 X 107"! nt-m?/kg’, 

then 


8.1 X 10° m. 
(radius of orbit of satellite about Earth) 


~ 
Il 


Substituting this value of r into the equation for T we 
have, solving for v, 


2rr 


v= TX 10° m/sec. 


(speed of satellite in its orbit) 


Taking m = 9 X 10° kg for the mass of the satellite, 
its kinetic energy is 


m? 
7 = 
(kinetic energy of satellite in orbit relative to earth) 


—GMm 
a 


2.3 X 10'° joules, 


= —4.4 X 10*™° joules. 
(potential energy of satellite in orbit relative to earth) 


Hence, 


e = 2.1 X 10° joules. 
(binding energy of satellite in orbit) 
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It would take this much energy to remove the satellite 
from the influence of the earth. 

Now let us find the energy required to put the satel- 
lite into this orbit in two ways, first in an indirect 
way and then in a more direct way. 

We note that the binding energy of the satellite to 
the earth, when it is at rest before launching, is found 
in the same way as the binding energy of you to the 
earth. It is (again neglecting the very small initial 
kinetic energy) 


= 5.6 X 10'° joules. 


The difference between this binding energy and the 
binding energy in orbit must be the total energy re- 
quired to put the satellite into the orbit from the 


ground. 


Energy required = €ground — €orbit 
= 3.5 X 10!° joules. 
A 1 1 ane 
{It is GMm = = 1.2 X 10" joules 
Tearth Torbit. 


plus the kinetic energy that it must have in this orbit 
in order to keep from falling to the earth. We have 
seen before that this kinetic energy is 2.3 X 101° 
joules, and therefore the total energy required is 
(1.2 + 2.3) X 10!° joules, as above. ] 


APPENDIX 10. ENERGY OF MOTION OF 
POLYATOMIC GAS 
MOLECULES 


The extension of the theory to polyatomic gases is 
reasonably simple. We note from the equation, 


8kT = 4mv?, 


that a thermal energy, $kT, is associated with each of 
the three degrees of freedom of motion of the center 
of mass of the molecule. If we consider the case of 
any molecule which is more complicated than a single 
atom, there are more degrees of freedom available. 
For instance, a diatomic molecule is a dumbbell- 
shaped unit. Consider the two atoms to lie on the 
x axis. Their center of mass can move independently 
in the x, y, and z directions. In addition to these 
motions, the dumbbell can rotate independently about 
both its center of mass and about axes parallel to the 
y and z directions. It could also spin about the x axis 
in the same way that a regular dumbbell can spin 
about its own axis. However the dynamics for this 
mode of rotation is clearly very different from the 
other two. For point atoms, no energy could reside 
in this spinning motion. There is one more indepen- 
dent mode of motion for a diatomic molecule. This 
involves vibration of the two atoms toward and away 
from each other. This motion, unlike the others, in- 
volves both potential and kinetic energy and this fact 
turns out to introduce (in effect) two degrees of free- 
dom associated with vibration instead of only one. 


Classical physics tells us that the energy of such a 
system will, on the average, be equally distributed 
among all the degrees of freedom. Thus if 8 joules of 
heat energy are transferred to a monatomic gas, the 
energy will all go into the 3 translational degrees of 
freedom. If the same quantity of energy is transferred 
to a diatomic gas, the Law of Equipartition states 
that it will be equally divided among the seven degrees 
of freedom specified above (neglecting spin). Thus 
only # of the energy goes into temperature-determining 
motions of translation. The specific heat of such a gas 
would be 3 that of the monatomic gas previously 
discussed. 

Actually, quantum mechanics changes this picture 
in that it specifies a minimum energy of excitation 
that can reside in any one of the degrees of freedom. 
In general, it is lowest in the translational degrees, 
higher in the rotational degrees, and highest in the 
vibrational degrees. The result is that at low tempera- 
tures, only the translational motions are excited. At 
higher temperatures, rotations may be excited. At 
still higher temperatures, vibrations will set in. 

At room temperature for most diatomic gases, 
molecular rotation has set in but vibration has 
not. Therefore there are only five effective degrees 
of freedom, and the specific heat will be 2 that of a 
monatomic gas. Thus, in general, specific heats are 
dependent both on the structures of the molecules and 
on the temperature. 
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APPENDIX 11. HISTORICAL SUPPLEMENT 
ON HEAT 


The story of man’s quest for an understanding of 
the nature of heat is a fascinating one. Of course, 
people knew about heat long before concepts about 
energy were formulated. Early speculations concern- 
ing the nature of heat rested on two rival hypotheses: 
first, that heat is somehow connected with motion 
(fire by friction, etc.), and second, that heat is a 
material substance, 

In 1620 Francis Bacon stated in his Novum Organum 
that “Heat itself...is motion and nothing else.” 
Later in the seventeenth century both Robert Boyle 
and Robert Hooke expressed similar ideas, but the 
theory held little weight with most scientists of the 
following century mainly because no one was able to 
explain why, if heat were motion, it would be con- 
served in experiments where two bodies, initially at 
different temperatures, reach thermal equilibrium 
when placed in contact. 

In general, during the eighteenth century, a theory 
of heat came into use which assumed heat to be a 
subtle, elastic fluid present within any “hot” body. 
The particles of the “fluid” supposedly repelled each 
other, but were attracted to the particles of ordinary 
matter. This “fluid” heat came to be known as 
“caloric,” and the concept of heat as a material sub- 
stance was accordingly called “the caloric theory.” 

The foundation of the caloric theory was the notion 
that heat is conserved, Most of the observations and 
experiments of the calorists were performed under 
limited conditions which allowed the total quantity of 
heat to remain invariable, and which suggested that 
heat is a conserved quantity. It was thus convenient 
to think of heat as a substance which could neither 
be created nor destroyed, but which could flow from 
one material to another. 

It is interesting to examine explanations for heat 
phenomena offered by the calorists. They assumed, 
as was customary at that time, that the basic units of 
matter were impenetrable. Despite the mutual at- 
tractions of the particles of a substance, they argued 
that these particles could not be in actual contact; 
otherwise contraction could not occur when a body 
was compressed. Therefore, there must be some 
counter-balancing repulsive force, and this force was 
attributed to the caloric present between the particles, 
Because of the self-repulsion of the caloric substance, 
heat would flow from a hot material to a cold one, 
Whether a substance existed in the solid, liquid, or 
gaseous state depended upon the quantity of caloric 
whieh entered into its composition. When it con- 
tained large amounts of caloric, the substance would 
assume the form of a gas; solids and liquids would 
contain less caloric and thus occupy less volume. As 
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a substance was cooled, it was thought to be drained 
of caloric; the removal of caloric (which supplied the 
repulsive force) explained the fact that most sub- 
stances contract upon cooling. 

Although the caloric theory of heat is no longer 
used, some of its language has been carried over into 
the modern description of heat. This is particularly 
convenient when one discusses heat “flow” and 
“transfer” of heat. We still speak of an object “soak- 
ing up heat.” And, of course, our unit of heat, the 
calorie, was originally used as a measure of caloric 
substance, 

Count Rumford’s (1753-1814) experiments, begun 
about 1787, were designed to attack the caloric theory 
at its very foundations. Rumford set about, at first, 
to show that heating a body did not increase its mass. 
One might argue that if caloric were matter, then it 
must possess the fundamental property of all matter: 
it must have mass. By a series of extremely careful 
experiments, he showed that the weight of a body did 
not depend on its temperature. However, this offered 
no serious challenge to the calorists. They merely 
answered that caloric was not ordinary matter, and 
therefore was not necessarily subject to gravitational 
forces, 

Rumford then turned to experiments with the heat 
produced by friction. While supervising the cannon- 
boring operation at the Munich arsenal, he noticed 
the very high temperatures attained by a cannon while 
it was being bored. On the basis of the caloric theory, 
the attractive force that was supposed to exist between 
caloric and the molecules of the metal must have been 
diminished when the metal was broken into chips 
releasing caloric which appeared as heat, However, 
the heat released in these experiments seemed to be 
inexhaustible. From this Rumford concluded: “It 
appears to me to be extremely difficult, if not quite 
impossible, to form any distinct idea of anything 
capable of being excited and communicated in the 
manner in which heat was excited and communicated 
in these experiments, except it be MOTION.” 

The physical basis upon which the caloric theory 
was founded was the notion that heat is a conserved 
quantity. It was just at this point that critics of the 
theory attacked. They showed that in friction experi- 
ments, such as Rumford’s cannon, heat could be 
produced in seemingly endless quantity. 

Apparently Julius Robert Mayer, who lived from 
1814 to 1878, was the first to realize the importance 
of an identification of heat as energy. Mayer had the 
idea that energy could not be destroyed and that one 
form of energy was in some sense equivalent to an- 
other. He pointed out: 


“In numberless cases we see motion cease without 
having caused another motion or the lifting of a 
weight; but an energy once in existence cannot 
be annihilated, it can only change its form; and 
the question therefore arises, what other forms 
is energy ... capable of assuming?” 


He argued that since work can be converted to heat, 
heat must be a form of energy. 


“If potential energy and kinetic energy are 
equivalent to heat, heat must also naturally be 
equivalent to kinetic energy and potential 
energy.” 


Here, Mayer made his most penetrating observa- 
tion. If heat was simply a converted form of kinetic 
or potential energy, and if energy as a whole is con- 
served, then a given quantity of heat must be the 
result of a proportional amount of mechanical energy. 
Work done on an object must produce a proportional 
amount of heat in the object, if its kinetic and poten- 
tial energy is unchanged. From experiments already 
done on gases, Mayer was able to derive a quantitative 
relation between mechanical work and heat, which is 
in fairly good agreement with the best values that have 
been obtained since. The definitive work of James 
Prescott Joule (1818-1898) came a bit later and 
spelled the end of the caloric theory. 
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APPENDIX 12. SUPPLEMENT ON THE 
THREE LAWS OF 
THERMODYNAMICS 


The text refers briefly to the first and second of the 
three laws of thermodynamics. The first law derives 
from the kinetic theory and is concerned with the 
energy of the molecules which comprise any substance. 
This law is usually expressed in the form 


8Q = dU + ôW, 


which states that the increment in heat which flows 
into a body, 6Q, is equal to the sum of the increase 
in the internal (thermal) energy of the body, dU, and 
the increment of work, ôW, done by the body against 
an external force. If work is done on the body by an 
external force (e.g, by compressing a gas with a 
piston), then ôW is negative. Similarly, 6Q is negative 
for heat which flows out of the body. The first law is 
simply a formal statement of the conservation of 
energy, where we have explicitly defined heat as a 
form of energy. 

The first law tells us a great deal about the thermal 
behavior of matter, For example, it says that if we 
thermally isolate a system so that no heat can flow 
in or out, so that 6Q = 0, the work done on the 
system (e.g, by compressing a gas) will raise the 
thermal energy of the system, and conversely if the 
system does work (e.g., by expanding against a piston), 
its thermal energy will be reduced. We can see readily 
that it takes more heat to raise the thermal energy of a 
system at constant pressure (since the system can 
expand and do work) than of a system at constant 
volume (if the displacement is zero, 5W is zero). 

The first law, however, does not tell us everything 
we know about heat. Consider the following situation. 
Suppose that we could cause a large group of molecules 
to enter an evacuated box, with all molecules moving 
in the same direction and at the same speed. If we 
looked inside the box a day later (or even a second 
later, for that matter), we should expect to find that 
the occurrence of random collisions would have com- 
pletely disorganized the molecular motions. The 
molecules would be traveling every which way with a 
Maxwellian distribution of speeds. At no later time 
would we expect to be able to look into the box and 
find that all the molecules were traveling in the same 
direction with the same speed. The expectation of a 
trend from order toward disorder is dictated by ex- 
perience. That is the way systems tend to evolve. 
This direction of evolution is not dictated by the first 
law of thermodynamics. Energy could be conserved 
in a trend from disorder to order just as well as in a 
trend of the reverse direction. 
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If we dip a hot piece of metal into a bucket of cold 
water, we expect the metal to become cooler and the 
water to become warmer. We would be surprised to 
find the metal getting still hotter, while the water 
froze. Yet the latter transformation would not violate 
energy conservation. 

The direction in which reactions like the above tend 
to go is defined by the second law of thermodynamics. 
The parameter that is introduced to serve as a measure 
of this trend is called entropy. 

The second law of thermodynamics may be stated 
in many forms. All with essentially the same meaning. 
One such statement is, “In thermal equilibrium, the 
entropy of a system is a maximum.” In other words, 
there is a “direction” to nature, from order to dis- 
order. If we start with a roomful of air but with one 
mole of gas in a bottle in one corner of the room (a 
highly ordered state) and remove the stopper from 
the bottle, the “direction of nature” is such that we 
shall eventually have a random distribution of mole- 
cules throughout the entire room (a highly disordered 
state). But if we start with the disordered state, the 
mole of gas molecules randomly distributed through- 
out the room, there is not much chance that they will 
eventually all come together and go back into the 
bottle from which they came. 

Similarly, if we start with two separated bodies, 
one hot and one cold, and bring them into thermal 
contact with one another, the entropy of the com- 
bination will increase if heat flows from the hot body 
to the cold body so that they both reach the same 
final temperature. If heat flowed from the cold body 
to the hot body, so that the cold one cooled and the 
hot one grew warmer, the entropy of the combination 
would decrease. According to the second law, the 
“direction of nature” is such that we can exclude this 
second possibility for bodies of reasonable size. In- 
deed, we must do work to make heat flow from a cold 
body to a hot body (e.g., a refrigerator). 

The second law has far reaching consequences, and 
tells us much more than just that heat flows from hot 
bodies to cold bodies. It explains why we find “noise” 
in radio resistors, why all measurements are subject 
to random errors, and much more. 

The third law of thermodynamics is concerned with 
the absolute zero of temperature. In effect it tells us 
that we can bring the temperature of an object arbi- 
trarily close to this absolute zero, but that we can 
never quite reach the limit. 


APPENDIX 13. SUPPLEMENT ON MACHINES 


Machines such as simple levers, pulleys, wedges, 
screws, and gears, or their almost infinite number of 
permutations and combinations, are frequently treated 
at some length in elementary physics courses. They 
are omitted from the PSSC course partly because of 
space limits, and also because they are aside from the 
main ideas of physics. All machines can be simply 
understood on the basis of the laws of thermodynam- 
ics. We often ignore thermal effects, in which case the 
only constraint is that imposed by the first law. When 
we put a certain amount of work, Fisi, into a machine, 
we can expect to get, at most, the same amount of 
work out. If we let FaSo, the product of the output 
force and displacement, be the work out, then for all 
such machines, Fisi > Foso. The equality sign holds 
only for an “ideal” machine where there are no fric- 
tional losses. This “machine equation” is simply a 
statement of the conservation of energy. The usual 
definition of the “mechanical advantage” of the ma- 
chine, F,/F;, while frequently a useful concept, is 
hardly a fundamental one. It i$ obvious that for an 
ideal machine, Fy/F; = Si/So, and we may determine 


the mechanical advantage of any machine simply by 
noting the ratio of the distances through which the 
input and output forces act. 

Over the centuries, many men have sought to 
devise “perpetual motion” machines, devices which 
will produce useful work while consuming less than 
an equivalent amount of energy. These have usually 
served only to transfer money from the pockets of 
gullible people to those of the inventor or promoter. 
Perpetual motion machines which operate by the ex- 
pedient of violating the law of conservation of energy 
are generally referred to as perpetual motion machines 
of the first kind, since they are incompatible with the 
first law of thermodynamics. Some perpetual motion 
machines are more subtle. They work without violat- 
ing energy conservation, usually by having heat flow 
the wrong way. These devices, which violate the 
second law, are called perpetual motion machines of 
the second kind. All perpetual motion machines, no 
matter how cunningly contrived or ingeniously built, 
have one main feature in common: They don’t work! 
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TEACHER'S GUIDE FOR EXPERIMENTS, PART III 


As in Part II, it is very important to schedule the 
experiments in conjunction with specific sections of 


the text. 

NUMBER EXPERIMENT BEST TIME PRIORITY 
IM-1 Changes in Velocity with a Constant Force Before Section 19-3 erw 
ItI-2 The Dependence of Acceleration on Force Before Section 19-3 +e 

and Mass 
H-3 Inertial and Gravitational Mass After Sections 19-5 kg 
and 19-6 
Iti-4 Forces on a Ball in Flight After Section 20-4 sed 
Til-5 Centripetal Force Before Section 20-5 oP 
III-6 Law of Equal Areas During middle of be 
Chapter 21 
IlI-7 Momentum Changes in an Explosion During Section 22-2 +e 
I-8 The Cart and the Brick During Section 22-4 aed 
III-9 A Collision in Two Dimensions After Section 22-4 wee 
I-10 Simulated Nuclear Collisions During Section 23-8 as 
I-11 Changes in Potential Energy After Section 24-3 TIe 
I-12 The Energy of a Simple Pendulum After Section 24-3 4 
I-13 A Head-on Collision During Chapter 25 x 
*** essential 
** desirable 
* optional 


lll-1 Changes in Velocity with a 
Constant Force 


This experiment and the following one (III-2, The 
Dependence of Acceleration on Force and Mass) are 
very important and should not be omitted. Since they 
lead the student to discover Newton’s law, they should 
be done before Section 19-3. 

As a result of this experiment the student will dis- 
cover that, within his experimental error, a constant 
force acting on an object changes its velocity at a 
constant rate — that is, its acceleration is constant. 
The unit of force in this experiment is that produced 
by a rubber loop stretched a constant amount, and 
the velocity is expressed in meters per “tick.” Notice 
that the units used are not important in discovering 
or expressing the fundamental law. 

We do not use gravity as a pulling force on the cart 
because it raises too many questions that cannot be 
answered at this stage of the course. The student has 
no real way of knowing that gravity supplies a steady 
force to a moving object; and, in the next experiment, 
where masses must be measured, it is hard for him to 
see that the mass of the falling weight must be in- 
cluded as part of the total mass being accelerated. 
Furthermore, the rubber loop gives the student a 
feeling for what a constant force really is. 


The experiment is best done on a smooth, level 
table about 2 meters long. If the table is not level, 
this will show up when the tapes made by a coasting 
cart are examined. The distance covered between two 
successive ticks of the timer at the beginning and end 
of the tape can be compared by holding the two ends 
of the tape side by side. There is no need here for 
accurate quantitative measurements. It is sufficient 
to see that a rapidly coasting cart moves at a reason- 
ably constant velocity on a horizontal surface. 

The timing tape should pass smoothly through a 
timer fastened to the table with a C clamp. The total 
frictional drag on the cart will be about 0.3 newton, 
a small force compared with the force applied through 
the rubber loop. The tapes should be labeled for 
future identification as soon as they are made. If the 
laboratory period is short, the analysis of the tapes 
can be done as homework. 

Practice in using the apparatus is necessary before 
making any quantitative runs. It is not easy to keep 
the rubber loops stretched to the same length at the 
start and while the cart is accelerating at high veloci- 
ties near the end of the run. In starting the cart, it is 
important to synchronize the towing with the release. 

A final word of warning: The rubber loops are ideal 
for shooting paper clips and miscellaneous missiles 
about the lab! 


IlI-1(1) 


ANSWERS TO QUESTIONS 


The velocity of a coasting cart is more uniform at 
high than at low speed. The reason for this can be 
explained as follows: a gentle depression in the middle 
of the table, only 1 mm below the surface and many 
centimeters long, not detectable to the eye and scarcely 
detectable with a good spirit level, will change the 
velocity of a cart starting from rest by 14 cm/sec! 
(v = V2gd = V2 X 9.8 X 10-3 = 0.14 m/sec). If 
the cart has an initial velocity vo, 


v? — v = 2gd 
@ T vo) — v) = 2gd 


a — 2gd_ 
E E Te owes 
if vo > 2gd 
then v = vs 
Ae 
Vo 


and the fractional change in velocity will be 


Av gd 


Uo Vo? 


which decreases rapidly as vo increases. 

Be sure, however, that the student does not analyze 
the end of the tapes representing the highest velocities, 
where he probably was unable to keep the applied 
force constant. 

Within experimental error, the data when plotted 


on the graph will show that a constant force produces 
a constant acceleration [Fig. (a)]. The deviations 
from a straight line result primarily from the difficulty 
of keeping the rubber loops stretched a constant 
amount. 

The force exerted by the rubber loops is not the 
only force acting on the cart. The drag of the timing 
tape and the friction between the wheels and the table 
exert forces opposite to the motion. These forces 
produce negligible velocity changes compared with 
those produced by the applied force, as we can con- 
clude from the coasting run. 

The acceleration of the larger mass is Jess than that 
of the smaller one with the same force acting on the 
cart. Quantitative measurements of the effect of mass 
on acceleration will be done in the next experiment. 


APPARATUS 


1 Dynamics cart 

1 Rubber loop 

4 Bricks 

1 Timer 
Paper tape 
Carbon-paper discs 

2-3 C clamps 

1 1}-volt dry cell 

1 Sheet graph paper 
Meter stick 
Table step 


Cellulose or masking tape 


t in 10 "ticks" 


Figure (a) 
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lil-2 The Dependence of Acceleration on 
Force and Mass 


The purpose of this experiment is to discover the 
relation between force, acceleration, and mass (New- 
tons law). It is most appropriately done before 
studying Section 19-3. 

The technique is the same as in the previous experi- 
ment, and the same precautions should be taken. 
Extra care is needed in the first part, where large 
forces are exerted. (The meter stick should not be 
used for archery practice, since it easily covers the 
length of the classroom and curves erratically in its 
flight! Be sure students slow the cart gently at the 
end of the run to prevent damage to it, and to their 
toes from falling bricks.) If it is necessary to improvise 
rubber loops to replace the standard ones supplied, 


five No. 19 rubber bands chained together are approxi- 
mately the equivalent of one loop of the supplied 
strand. 

In analyzing the motion the student may assume, 
after doing Experiment III-1, that the acceleration is 
constant throughout each run. He can pick a timer 
mark in the central portion of the run, count an equal 
number of time intervals (say 10 or 20) in both direc- 
tions, and mark the end points. Let the distances from 
the center mark to the two end points be d, and d3 
respectively. [See Fig. (a).] Then the average veloci- 


ties in these two equal time intervals will be vı = di 


d 
and vs = 7- 


Figure (a) 


The change in average velocity Av = vz — vı 
occurs in a time interval of ¢. So the acceleration 
a = 22 — u Time 1 may be expressed in intervals 

t 


of ticks or multiples of ticks. 


ANSWERS TO QUESTIONS 


The plot of the acceleration as a function of force 
comes close to a straight line and shows that force 


and acceleration are proportional (Fig. (b)]. From 
the plot, we can say that the ratio of force to accelera- 
tion is constant in this part of the experiment. With 
no friction, the curve will pass through the origin. 
With friction, the graph will show zero acceleration 
for a positive value of force because the applied force 
is equal and opposite to the friction force, and the net 
force is zero. In this experiment, the friction is so 
small compared to the pull of the rubber loops that 
failure to maintain a constant pull may obscure the 
force of friction. As a result, the curve may cross the 
force axis slightly to the right or left of the origin and 
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cannot be depended upon to measure the force of 
friction [Fig. (b)]. 


ets er 
acceleration in m/ "tick" 


(0) | 2 


force in loops 


Figure (b) 


The plot of the ratio of force to acceleration as a 
function of the number of bricks comes close to a 
straight line. If only three points are plotted on the 
graph, the results will not be convincing [Fig. (c)]. 

The intercept of this straight line with the “number 
of bricks” axis gives the mass of the cart in units of 
bricks. This is only approximately true, since the 
wheels of the cart are given rotational motion, and 
their rotational inertia may show up on the graph as 
equivalent to a mass of about 0.2kg. The experi- 
mental data will not be accurate enough to show this. 

Notice that at this point we have not yet discussed 
the relation of inertial and gravitational mass. If you 
do not plan to assign Experiment HI-3, you can use 
this experiment to introduce the discussion of inertial 
vs. gravitational mass by asking the students to com- 
pare the ratio of the gravitational masses of the cart 
and a brick with the ratio of their inertial masses 
found from the graph [Fig. (c)]. 

To find the inertial mass of a chunk of lead or a 
heavy stone, pull the unknown mass on the cart with 
one rubber loop. From the ratio of the force to 
acceleration, the mass can be found by interpolation 
(or extrapolation) from the “f/a vs. m” plot. 

The two experiments lead to the conclusion that 
the equation relating force, mass, and acceleration is 
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Figure (c) 


F = kma. The value of k depends upon the choice 
of units. The answer F = ma is correct only if the 
student uses correctly related units like kilograms for 
mass, meters/(n ticks)? for acceleration, and conse- 
quently kilogram-meiers/(n ticks)? for the force. 
(We use to represent the number of ticks for a fixed 
time interval in making the analyses and drawing the 
graphs.) 

The timer may be calibrated in seconds per tick 
and the acceleration expressed in m/sec”. If there are 
0.02 second per tick of the timer and 80 ticks were 
taken as the time interval, then an acceleration of 
0.4 meter per (80 ticks)? is equal to 


0.4m 


= @ XK 002s} = 0.16 m/sec? 


a 


The accelerating force in newtons would be this accel- 
eration times the accelerated mass in kilograms. 


APPARATUS 


1 Dynamics cart 

1 Timer 
Paper tape 

1 Meter stick 

4 Rubber loops 
Graph paper 
C clamps 

1 14-volt dry cell 
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Wil-3 Inertial and Gravitational Mass 


This experiment gives quite accurate results and 
will help clarify the relation between inertial and 
gravitational mass. It is best done after the discussion 
of Sections 19-5 and 19-6. 

The experiment shows that gravitational and iner- 
tial mass are conceptually two different things. This 
is seen from the ways in which they are measured. 
Nevertheless, given two objects, the ratio of their 
inertial masses equals that of their gravitational 
masses. 

The apparatus used in this experiment gives results 
accurate to about 1 percent. Such a small error war- 
rants careful consideration of the sources of error and 
their magnitude, expressed as fractions or percents. 

Two-inch C clamps are convenient units of mass 
and can easily be attached to the platform of the bal- 
ance. This gives acceptable results, since the clamps 
are reasonably uniform. If time permits, you may want 
to adjust the clamps to weigh the same to about 
l percent. To do this, take the lightest clamp as a 
standard and file or grind the others to match. 

Other objects of similar size, shape, and composi- 
tion can be used as standard masses. A piece of sand- 
paper glued to the platform of the inertial balance 
prevents these masses from sliding when the balance 
vibrates. If they slide, the balance will come to a 
stop before an adequate count can be made. 

One of the things for the student to learn from this 
experiment is that the standard unit for inertial mass 
can be completely independent of the gravitational 
unit of mass. Therefore, it is advisable not to adjust 
the units of inertial mass to exactly 100 grams. 

Any object of different material from the standard 
can be used as the unknown mass. But, to allow for 
accurate interpolation, it should have a mass that 
does not fall too near either end of the range for 
which the balance has been calibrated (100 to 600 
grams). The unknown mass can be clamped to the 
balance with a unit C clamp. 

In finding the period of the unloaded balance, it 
may not be possible for the student to count enough 
vibrations to get the period with an error of only 
about 2 percent. This less accurate value is still worth 
plotting on the graph, but it should not be given too 
much importance when the curve is drawn. 

When the load on the balance is too large (above 
about 750 grams) there is a visible up-and-down 
motion as well as horizontal motion. This makes the 
plotted relationship between T and m diverge from 


T = 2r Vz the relationship that holds for simple 


harmonic motion. (Do not discuss this relation in 
class at this time, as it will come up later in Chapter 
20 of the text.) The more complicated graph [Fig. (a)] 


that one actually gets is still perfectly good as a cali- 
bration curve. 


Unlike a simple pendulum, the frequency is inde- 
pendent of amplitude over a very wide range of 
amplitudes. 

0.6 
0.5 
0.4 


0.3 


0.2 


period (T) in seconds 


0.1 


C clamps 


Figure (a) 


ANSWERS TO QUESTIONS 


The qualitative examination of the acceleration for 
a given amplitude and different masses shows that, 
even though the acceleration is not constant for a 
given mass, it is greater at each point in the swing for 
smaller masses. That is, it is the inertial effect of the 
mass, the same effect that occurs in Newton’s law, 
that changes the period of the balance. 

If the vibrations of the balance are measured for 100 
seconds, the error in timing, assuming the time can 
be determined to the nearest second, will be yọ = 
1 percent. If 100 whole vibrations are timed, the 
error in counting will also be 1 percent, because the 
number of vibrations can be determined to within one 
cycle. Now, if in 100 seconds the balance completes 
no. vib. 

100 sec 
accurate to within 2 percent. If, on the other hand, 
it completes 100 vibrations in less than 100 sec, it is 
necessary to count 100 vibrations to get a ratio 
accurate to within 2 percent. 

The gravitational mass of the “unknown” is found 
from its inertial mass 7;: 


more than 100 vibrations, the ratio of will be 


(m,) unknown _ (img) standard 
(mi) unknown (m;) standard 


In our experiment (m;) standard = 1 by choice. 
Inertial and gravitational mass are proportional 
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within the experimental error. They are not equal, 
since different units (C clamps and grams) have been 
used. They are, of course, equal in most physical 
work since the same standard piece of matter, the 
standard kilogram, is used for both scales. 

On the moon we would get the same results. 
Neither gravitational nor inertial mass changes in 
going from earth to moon. 


If the apparatus is used as shown in Fig. 4, it will 
have a shorter period for a given mass, since the force 
of gravity now acts as a restoring force in addition to 
the restoring force of the bent blades when the balance 
is pushed to one side. This part of the experiment is 
optional. 


This apparatus can be used as an accelerometer by 
fastening a straw or other indicator to the movable 
platform and marking a force scale on the base [Fig. 
(b)]. The balance can then be clamped to a table and 
pulled by a calibrated spring balance to give a force 
scale in newtons. With a known mass (mass of object 
plus mass of platform) in place, the device can be 
calibrated in acceleration units from Newton’s law 


(+ 7) 

M 
the actual calibration and use of the apparatus as an 
accelerometer, should be considered only as a project 
for particularly interested students. It is not meant 
to be answered by all. 

The accelerometer can be held or mounted in an 
automobile so it is horizontal with the hacksaw 
blades at right angles to the direction of motion. 
Upon acceleration of the car, the accelerometer will 
show a deflection, but there may be some oscillation 


- The answer to this question, as well as 
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back and forth if the acceleration is rapid. The balance 
should be damped by attaching several C clamps to 
prevent this. (The driver’s attention should be focused 
on the road and not on the accelerometer!) 

* * * 


APPARATUS 


1 Inertial balance 
6 Cclamps, 2” (can be shared to some extent) 
1 Cclamp, 3’ 
1 Metal slug 
Cord 
Ringstand with clamp or crossbar 
1 Sheet graph paper 
Stop watch or clock with sweep-second hand 


Pan balance 
Several unknown masses (mass of 2 to 4 units) 


lll-4 Forces on a Ball in Flight 


Students are so often instructed to “neglect friction” 
or “neglect air resistance” that they may think only 
simple, idealized motion can be analyzed. In this ex- 
periment the student can see how an application of 
what he has learned about simple projectile motion 
is the starting point which leads to an understanding 
of more complex motion. That is the most important 
thing for him to learn from this experiment. He also 
makes a discovery for himself; by analyzing Fig. 1 
he learns that air resistance acts in a direction opposite 
to the motion and that it increases as the speed 
increases. 

This experiment, although important, involves no 
experimental equipment and can be done as a home- 
work assignment after projectile motion has been 
studied in the text. 

Centimeter graph paper provides a convenient 
scale, although any tracing paper will suffice. Fig. 
(a) is a sample analysis of Fig. 1. Students may have 
trouble reducing the change in velocity resulting from 
Ay, to a vector they can subtract on their diagram. 


The first step is Avg = g At = 9.8(0.1) = 0.98 m/sec. 
This must then be converted to meters per tenth of a 
second. This will be 0.98(0.1) = 0.098 m/0.1 sec. 
This is equivalent to converting the acceleration of 
gravity from meters per second squared to meters per 
(tenth of a second)?, 


9.8 
9.8 m/sec? = 10 = 0.098 m/(0.1 sec)”. 


This value is then reduced to the scale of Fig. 1. Since 
the photograph is #5 actual size, the length of the 
velocity change vector due to gravity Av, that must be 
subtracted will be ome = 0.0098 m. This change is, 
of course, in the vertical direction and is subtracted 
from the velocity change Av by adding its negative as 
shown in Fig. 2(b). 

If a student is interested in analyzing Fig. 3 and 4, 
he.should check the scale reduction by measuring the 
meter stick in the photographs. 
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air resistance 


Figure (b) 


ANSWERS TO QUESTIONS 


A qualitative examination of the photograph shows 
that the horizontal velocity decreases from left to 
right. One concludes from this that in addition to 
the force of gravity there is a force that has a hori- 
zontal component. 

The total velocity changes found by subtracting 
velocity vectors on the diagram vary from interval to 
interval in both direction and magnitude. The magni- 
tude of the Ay decreases during the motion and the 
direction slowly becomes more horizontal. Since 
velocity changes are in the direction of the forces 
which produced them, there is at least a horizontal 
component of the net force acting on the sphere. 
Without further analysis it is impossible to tell how 
the unknown force changes. 

The change in velocity of the ball in 0.1 sec caused 
by gravity is 0.98 m/sec and it acts vertically down- 
ward. In meters per tenth of a second it is 0.098 
m/0.1 sec, 
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When the effect of gravity is subtracted, the residual 
velocity changes due to the remaining force have both 
a vertical and a horizontal component and are oppo- 
site to the direction of motion. The larger the velocity, 
the larger is the opposing force. The retarding force 
is the result of air resistance. This force is propor- 
tional to the square of the velocity under the condi- 
tions of our experiment. The total variation of the 
velocity, however, is not great enough to show this 
proportionality by a graph of the force as a fi unction 
of v?, particularly with the limited accuracy with 
which one can measure the force in the analysis of 
the data. 

The ball must have a very large area-to-mass ratio 
(a very low density) to show such large effects of air 
resistance at relatively low velocities, If the ball had 
been the same size but much heavier, it would have 
followed a path more like the parabolas illustrated in 
the text. The ball used in all three photographs 
was a 0.05-gm sphere 1.5cm in diameter cut from 
Styrofoam. 


Figure (c) 


If gravity had been the only force acting on the 
sphere, its trajectory would have looked like Fig. (b) 
where the average velocity in the first interval was 
taken as the initial velocity. 

The ball in Fig. 1 was thrown by hand with little 
or no spin. Fig. 3 and 4 were made with the same 
flash rate as Fig. 1, but the ball was given a spin, In 
Fig. 3 the ball was given a counterclockwise spin about 
an axis perpendicular to the page. In Fig. 4 the spin 
was clockwise. The analyses of Fig. 3 and 4 are shown 
in Fig. (c) and (d). 

The analyses of the spin photographs and the plot- 
ting of the trajectory with no air resistance should be 
considered supplementary to the main experiment 
and done only by particularly interested students. In 
Fig. (c) the force which remains after subtracting the 
effect of gravity is no longer opposite to the direction 
of motion but has a component at right angles to the 
path. This component becomes smaller as the rate of 
spin decreases during the motion. Fig. (d) shows a 
similar component perpendicular to the path but in 
the opposite direction. 

A complete mathematical treatment of this spin 
motion (or even of the motion with air resistance and 
no spin) is a formidable task not even to be attempted. 


In all three photographs, the velocity of the ball 
near the end of its trajectory is nearly constant. The 
ball is close to its terminal velocity. When the ball 
reaches its terminal velocity, the force of gravity on 
the ball equals the air resistance, the net force is zero, 
and it moves at constant velocity. 

Students may wish to fire Ping-Pong balls with a 
spin. A cardboard mailing tube makes a good gun. 
Put the ball in the tube and swing it in an overhand 
arc or an underhand arc, depending on the desired 
direction of spin. This method was used in making 
Fig, 3 and 4. 


APPARATUS 
Translucent centimeter graph paper, Or tracing 
paper 
Ruler 

HINTS ON STROBE PHOTOGRAPHY 


The camera in Fig. 6, Experiment I-1, records on 
film the position of an object each time a slot in the 
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Figure (d) 


motor-driven strobe disk moves past the lens. This 
technique makes it possible to analyze two-dimensional 
motion which cannot be measured with a tape timer. 

In most instances, exposure rates of 5 to 30 per 
second will suffice. A low-speed motor such as a 
300-rpm synchronous clock or instrument motor is 
the most versatile, since higher exposure rates can be 
obtained by having several equally spaced slots in the 
disc. A synchronous motor is best for driving the 
disc, since its rate of rotation, and therefore the ex- 
posure rate, is known. However, in many cases the 
unit of time is arbitrary and therefore a cheaper motor 
will be adequate. 

The speed of a non-synchronous motor can be 
measured and checked for constant speed by photo- 
graphing, through the rotating disc, a 78-rpm_ or 
333-rpm phonograph disc marked with a white spot. 
If a synchronous motor is overloaded, it will not run 
at its rated speed. One should be sure, therefore, that 
the disc is not so large that air resistance against its 
surface will slow it down. When a synchronous motor 
is overloaded, a neon or fluorescent lamp operating on 
60-cycle A.C. will flicker when observed through the 
rotating slotted disc. 

The rotating disc should be as close as possible to 
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the camera lens without touching it. Both the camera 
and the stroboscope should be held rigidly. 

The individual exposure of a moving object can be 
varied by adjusting the disc-slot and lens apertures. 
Open the basic lens aperture as wide as possible. The 
lens should then be taped so that its aperture has the 
same shape as the slot and has a width equal to or 
smaller than that of a slot in the disc. Sharper images 
are obtained by decreasing the slot widths. 

The total exposure time can be controlled better by 
using the bulb setting rather than the time-release set- 
ting of the camera. If a cable release, instead of the 
hand, is used to operate the shutter, there will be less 
chance of the camera vibrating. 

A film with an A.S.A. emulsion speed of 160 or 
higher is adequate. In some cases, a better image can 
be obtained by overdevelopment and/or printing on 
high-contrast paper. 

The plane of the film in the camera should be 
parallel to the plane of the motion, to prevent unequal 
magnifications of the different areas of view. If a 
scale is used to give absolute measurements, it should 
be placed in the same plane as the motion, so that 
there is a minimum error due to parallax. 

For best results, erect a dark-colored backdrop of 


cloth, paper, or other material approximately 2 meters 
square. If it is necessary to paint the surface, a flat 
paint is best to prevent glare and reflection. The object 
to be photographed should be mounted to move 
parallel to and about a meter in front of the backdrop. 
The camera and stroboscope are then placed approxi- 
mately 14 meters in front of the object. 

The moving object can carry its own light source (a 
flashlight bulb powered by two AA dry cells) or be 
illuminated with two ripple-tank light bulbs (150-watt, 
clear glass, with shields). For objects moving horizon- 
tally, mount the two bulbs on either side of the camera, 
about a meter apart and pointing inward at an angle 
of approximately 40° to the plane of the object. To 
photograph objects moving vertically, mount one 
bulb on the floor pointing upward at an angle of 80° 
to the object plane, and the other bulb about two 
meters directly above pointing downward at an angle 
of 80°. 

If it is desired to show a scale on the finished print, 
place a meter stick in the plane of the object. 
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Satisfactory prints using a Polaroid camera have 
been made with the arrangement described above and 
with the following specifications: 


Lens aperture 4.7 

Shutter setting B 

Strobe wheel 2, 3, or 6 slits open 

Film Polaroid, No. 47 (3000 ASA) 


PARTS AND MATERIALS 


Any camera with a bulb or time exposure 

Motor (preferably synchronous): 300 to 1800 rpm 
(mounted) 

Disc (6” to 10”) of heavy paper, thin metal, plastic, 
or similar material 

Several high-wattage lamps with sockets, cords, and 
supports 
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lll-5 Centripetal Force 


The purpose of this experiment is to find the de- 
pendence of the centripetal force on the frequency of 
revolution, mass, and radius of an object moving in a 
circle. The experiment is best done before the relation 
is derived in the text (Section 20-5), 

As a result of doing the first part of the experiment, 
the student will conclude that the centripetal force is 
proportional to the square of the frequency. If time 
permits and some of the students wish to go further, 
they will conclude from experimental evidence that 
the centripetal force is proportional to the mass and 
to the radius of the circle. 

As in many of the experiments in this volume, it 
should be emphasized that the discovery of funda- 
mental laws does not require the use of standard units 
of measure. Here we use arbitrary units of force and 
mass: the unit for measuring centripetal force is the 
force of gravity on a steel washer; the mass unit is the 
mass of a No. 4 rubber stopper. 

The experiment can be done by students separately 
in the laboratory or at home, but it is best done by 
two or three together — one to swing the stopper in a 
circle, another to count the number of revolutions, 
and a third to do the timing. If the laboratory is too 
small for swinging many stoppers in a circle of one 
meter radius, it is advisable to do the experiment 
out-of-doors or in the school gymnasium. 

The size of the glass tube is not critical, but the 
bearing surface for the string at the top end must be 
carefully fire-polished so it is smooth and free from 
bumps to keep friction at a minimum. The forces are 


Figure (a) 


such that the tube will not break unless it has a flaw. 
To prevent injury, wrap the tube with tape so there 
will be no danger from jagged pieces of glass if it 
should break. 

The cord used is critical if friction is to be kept low. 
Fisherman’s hard nylon braided casting line, 12-lb 
test, works well. 

The stopper size, radius of the circle, and size and 
minimum number of washers have been carefully 
chosen to give good results, Large variations from 
the recommended values may make the graph of force 
as a function of velocity look like a straight line. 

To keep the stopper moving at constant frequency, 
the top of the tube must be moved in a small circle, 
This provides a small component of force along the 
path to counteract friction. However, this circle 
should be less than a centimeter or two in diameter or 
the circle described by the stopper cannot be accurately 
measured by the length of the cord. The radius of the 
circle described by the stopper should be measured 
from the middle of the stopper near its center of mass. 
Since the dimensions of the stopper are small com- 
pared to the radius of the circle, measurement from 
this point will give a value for the radius which is 
close to the correct value. 

The Laboratory Guide specifies a minimum number 
of washers so the cord will be horizontal enough to 
permit the use of its length as a reasonably accurate 
measure of the radius of the circle. Actually, using 
the “slant” radius given by the length of the cord 
leads to correct results no matter how large the angle 


between cord and the horizontal. This can be verified 
by analyzing Fig. (a). The force of gravity mg acting 
on the washers is transmitted along the cord and acts 
on the stopper along L. The horizontal component of 
this force provides the centripetal force F, along R. 
We see that R = Lcos@ and F, = Myg cos 6. Writ- 
ing the equation for the centripetal force in the form 


4r°m,R 
Be 4r°m, f?R = ares 2 
we have by substitution 
2 
oe COBB = Artal 08 8 
_ 4x? mL 
Mag = a 
Figure (b) 


F (number of 


ANSWERS TO QUESTIONS 


The faster the stopper rotates, the harder one must 
pull down on the string. If one lets go, the stopper 
ceases to move in a circle and pulls the string up the 
tube behind it. By exerting the force himself, the stu- 
dent becomes aware that a force at right angles to the 
motion is necessary to make an object move in a 
circle, 

A graph of the frequency of the stopper as a func- 
tion of the number of washers looks like Fig. (b). It 
is, of course, not clear what function this graph repre- 
sents, although one might suspect that it is a parabola. 
The student may think, if his points are somewhat 
scattered, that the curve is a straight line which does 
not pass through the origin, but if he is asked what the 
frequency should be with zero force, he should see 
that it would have to be zero, that is, the stopper must 
be stationary. Hence the curve must pass through the 
origin, curving down from his assumed straight line. 
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This means that the force exerted by the washers is 
inversely proportional to the period squared for a 
constant length of cord L. Since the student assumes 
that R stays very nearly equal to L, he measures the 
period of rotation and assumes this to be inversely 
proportional to the speed v. There is no error due to 
the changes in the angle 8, because 8 drops out of the 
calculation. You will note from Fig. (a) that @ is 
determined only by the weight of the washers, since 


sing = Z£. 
Mwg 


number of washers with a No. 4 stopper will therefore 
make ô larger. 


Using less than the recommended 


washers) 


A plot of f? as a function of the number of washers 
will be a straight line passing through the origin, 
showing that the centripetal force varies as MA 

The student can conclude, from Newton’s law 
F = ma, that doubling the mass whirling in a given 
circle with a given centripetal acceleration should re- 
quire twice the force to keep it moving at the same 
speed in the circle. If he has time, he can try this. 

** * 

It is difficult to find out how the force depends upon 
the radius, because it is hard to whirl the stopper at 
the same frequency each time the radius is changed. 
A better way of getting the relation between force and 
radius is to repeat the first part of the experiment 
several times, using different radii and only one value 
of centripetal force for each tadius. Then a family of 
curves of f? as a function of F can be drawn (Fig. (c)]. 
Since we know from the first part of the experiment 
that these curves are Straight lines, the single value of 
the centripetal force for each radius suffices to estab- 
lish the straight line through the origin. 


f? in sec 2 


F in washers 


Figure (c) 


For a constant value of:f?, represented by the line 
AB, the various values of the force (Fi, Fo, F3, F4) 
lie on curves corresponding to different values of R. 
When these values of F and R are plotted, they give 
curves which resemble Fig. (d). [Note that Fig. (c) 
and (d) do not represent actual data taken with the 
apparatus. They are merely approximate sketches of 


F in washers 


y o 0.5 


the results that would be obtained.] Students who are 
well versed in “ham” radio may recognize this method 
of analyzing a family of curves as similar to the method 
of finding the amplification factor of a vacuum tube 
from a plot of the plate current as a function of the 
plate voltage. 


R in meters 


Figure (d) 
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LAB 


If there is not enough time to investigate experi- 
mentally the effect of mass and radius on the centrip- 
etal force, it may be worthwhile to do this part of the 
experiment as a class demonstration. 

* * * 

Figure (e) shows all the forces that act on the ap- 
paratus. F is the resultant force that the operator 
exerts on the apparatus (neglecting the weight of the 
tube). Note that the gravitational component of this 
force (mwg + msg) is constant in direction while the 
horizontal component F, the centripetal force, is con- 
stantly changing direction in the horizontal plane. 


Figure (e) 
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APPARATUS 

1 Glass tube, fire-polished and wrapped with tape 
Cord, 1.5m (fisherman’s hard nylon braided 
casting line) 

20 Washers 

1 Alligator clip, or other suitable marker 

1 Rubber stopper 

1 Paper clip 

2 Sheets graph paper 

1 3” dowel or pencil 
Meter stick 
Stop watch or clock with sweep-second hand 


forces exerted 
by hand 


lil-6 Law of Equal Areas 


Whenever a central force operates, an object will 
move in orbit such that it sweeps out equal areas in 
equal times, regardless of how the force varies with 
the distance from the central point. The law of equal 
areas expresses the conservation of angular momen- 
tum, but since angular momentum has not been cov- 
ered in this course, it is probably unwise to discuss it 
in relation to this experiment. This experiment serves 
only to illustrate the law of equal areas and is not 
among the most important experiments. It is most 
appropriately done during the study of Chapter 21. 

For both the pendulum and the planets, the force 
is a central force acting toward a single point regard- 
less of the position of the object. The force on the 
planet varies inversely as the square of the distance 
between it and the sun. The force on the pendulum 
is directly proportional to the distance of the bob 
from the center of the ellipse as long as the angle of 
the suspension string with the vertical is small. 

An inverse-square force causes a planet to move in 
an ellipse with the center of force at one focus, whereas 
the linear force on the pendulum causes it to move in 
an ellipse with the center force at the center of the 
ellipse. 


ANSWERS TO QUESTIONS 


Careful work will show that equal areas are swept 
out to an accuracy of about 5 to 10 percent, even for 
a narrow elliptical orbit where the variation in 
velocity is large. 

* Oe * 

Figure 2 was taken by the method described in the 
Laboratory Guide. (See the suggestions given at the 
end of Experiment III-7.) The plane of the film was 
parallel to the plane of the ellipse. 


APPARATUS 


1 Camera 

1 Motor-driven stroboscope 

2 150-watt bulbs, sockets, cords, and shields (or 
floor lamps) 

1 White ball 

5 Ringstands with cross bars and clamps 
String or thread 

3 C clamps 
Large sheet black paper 
Meter stick 

1 Sheet translucent graph paper 
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ill-7 Momentum Changes in an Explosion 


This experiment is most appropriately done as soon 
as impulse and momentum have been studied in the 
text, and preferably before taking up momentum 
changes when two bodies interact (Section 22-3). 
The experiment will introduce the law of conservation 
of momentum. 

The spring exploder can be dangerous if it is re- 
leased indiscriminately. It should not be cocked 
without the spring safely anchored to the cart. You 
may want to caution your students not to release the 
spring when the cart is pointed in the direction of 
others, 

Springs may differ in their strength. A weak spring 
acting on a heavy cart may not give it enough velocity 
to reduce the effect of slight variations in the table top. 

The optimum distance between the two bumpers is 
about 1.5 m. If the distance the cart must travel is too 
great, the cart may, because of friction, come to a 
stop before reaching the bumper. On the other hand, 
if the distance traveled is too short and the velocities 
are reasonably high, the coincident timing method 
will not be accurate. 

Both carts should be loaded with at least one brick, 
since some of the force of the exploder applies torque 
to the wheels, making them rotate. This appears as a 
loss of linear momentum. As long as the mass of the 
wheels is small compared to the total mass, this 
effect is insignificant. 

The starting positions of the carts can be marked 
on the table with chalk. Make sure the student places 
the starting mark for each cart at the end closest to 
the bumper, as shown in Fig, 2. 

If both carts have the same load, friction tends to 
cancel out, since the force of friction acts for the same 
time on both carts, giving equal and opposite impulses 
to the two carts and decreasing their momentum 
equally. There will, of course, be different forces of 
friction on two carts loaded with different masses, but 
the effect of friction is small and can be neglected in 
this experiment. 

If the table is not level, one cart will gain momen- 
tum during its run, and the other will lose momentum. 
If the table cannot be made level, it may be necessary 
to run two trials for each loading of the carts, reversing 
their positions for the second trial and comparing the 
average momentum change of each cart. 


ANSWERS TO QUESTIONS 


If the spring is released with the cart at rest on the 
table, the cart does not appear to move. The student 
will conclude that the momentum of the cart before 


and after the explosion is zero. Changing the load 
on the cart will not change this result. 

With various loads on the carts, it can be observed 
qualitatively that the lighter cart moves faster as a 
result of the interaction, Some students may guess 
that the momenta of the carts have the same magni- 
tude but are in opposite directions. 

In calculating the ratio of momenta, there is no 
need for a standard unit of momentum. The momenta 
can be expressed in kilogram-meters per ‘‘clank.” (A 
“clank” is the unit time interval, the time taken by 
both carts to reach the bumpers in a given run.) Of 
course, changing the loads on the carts will result in 
different speeds and hence different time and momen- 
tum units, but the time unit will be the same for both 
carts. Without trying to find a specific unit, the stu- 
dent can answer that the change in momentum of one 
cart is equal in magnitude and opposite in direction 
to the change in momentum of the other cart. (The 
ratio of the momenta is minus one to about 5 percent.) 

The total momentum before and after the explosion 
is zero, and hence momentum is conserved. 

If a stick of dynamite were exploded between the 
carts, the pieces would fly in many different directions 
at different speeds, but we would expect the vector sum 
of their momenta to be zero. This is a hard question 
for the student to answer before he has become 
thoroughly familiar with momentum changes in two 
dimensions, studied later in Chapter 22 and in Experi- 
ment III-9. 


Another way of doing this experiment eliminates the 


_ need for listening for simultaneous collisions of carts 


and bumpers. It requires more elaborate apparatus 
and raises more questions in the student's mind, but 
some students may be interested in trying it. 

Place the carts on a smooth board about 1.5 meters 
long which has bumpers at its ends [Fig. (a)]. The 
board should rest on I-foot pieces of 4” or 3” dowel. 
Use three pieces of dowel, one near each end and one 
in the middle. Make an index mark on the board and 
a corresponding reference mark on the table. When 
the exploder sends the carts toward the ends of the 
board, one will strike its bumper first and move the 
board in the direction in which it is traveling. A 
moment later, the second cart strikes its bumper and 
stops the board, The movement of the index mark is a 
sensitive indicator of the relative order in which the 
carts strike. When the correct starting position of the 
carts has been found, the carts will strike the bumpers 
simultaneously and the board will not move at all. 
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chalk marks 


Figure (a) 


APPARATUS 


2 Dynamics carts 

4-5 Bricks 

4 C clamps 

2 Table stops (wood bars) 
Meter stick 


1 Smooth board, 1.5 m long 
3 Wood dowels, 4” or $” by 1’ 


Pan balance 
Wedges 
Chalk or masking tape 
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lll-8 The Cart and the Brick 


Since this experiment comes after the student has 
discovered conservation of momentum in the explo- 
sion experiment (III-7), it is not important whether 
it is done before or after momentum conservation is 
taken up in the text. A more complex experiment than 
“Momentum Changes in an Explosion,” it gives the 
student a deeper insight into momentum conservation. 

The experiment is not difficult to perform, but there 


are several techniques to be noted. Heavy cord should 


be used to support the brick, because it is much easier 
to pinch a thick string to the support bar as shown in 
Fig. 1. Several practice runs should be made before 
recording the motion of the cart. 

Since some friction will always be present, the cart 
will slow down throughout the run. To analyze the 
interaction properly, the velocity of the cart should 
be measured just before and just after the interaction. 
At least one brick should be on the cart when measure- 
ments are made, to prevent the final velocity from 
being so low that table irregularities will cause it to 
fluctuate too much. Good judgment is needed in 
finding the velocities before and after the interaction, 
to choose an interval long enough to be meaningful 
and short enough to have fairly constant velocity. 

To prevent damage to table tops from falling bricks 
that miss the cart, wrap the bricks in paper. 


An alternate analysis of the data can be made by 
plotting velocity as a function of time. By extrapolat- 
ing the two lines which represent the slowly changing 
velocities before and after impact, the actual velocities 
can be determined at the time of impact [Fig. (a)]. 
On smooth tables, practically no extrapolation is 
necessary. In any case, only the better students should 
be encouraged to use this method of analysis. 


ANSWERS TO QUESTIONS 


The cart will slow down when the brick is dropped 
onit, If the mass of the cart is increased, it will appear 
to slow down less. 

The decrease in the momentum of the cart equals 
the increase in the horizontal momentum of the brick, 
but the changes are in opposite directions. 

The total horizontal momentum of the system of 
the cart and suspended brick before interaction is 
just that of the cart. Since, as a result of the collision, 
the cart loses the same momentum that the brick 
gains, the total momentum of the system of cart and 
brick after the interaction is the same as before the 
interaction. Momentum is conserved within experi- 
mental error (about 2 percent). 
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The horizontal impulse applied to the falling brick 
is equal to its change in horizontal momentum. The 
length of time of the interaction can be estimated by 
carefully examining the tapes and estimating how 
many intervals show a rapidly changing velocity, In 
general, the whole interaction will occur in one or two 
ticks. 

To estimate the horizontal force (in newtons) ap- 
plied to the brick, “ticks” must be calibrated in sec- 
onds. This is best done by pulling a tape through the 
timer for a known time (4 or 5 sec) and counting the 
dots. Accuracy in calibrating the timer this way-is 
not important, since the inspection of the tape will 
only give, to an order of magnitude, the number of 
intervals during which the interaction took place. 

Using the known impulse applied to the brick, the 
average force of the interaction can be found to an 


order of magnitude from F = A where J is the im- 


pulse and At is the interaction time. This is a very 
rough determination, and it is worth pointing out 
that this is an average force; in actuality, the force 
probably varies widely over the interaction time in 
some unknown manner. 

The force applied to the cart is equai but opposite 
to the force applied to the brick. 

The vertical momentum of the falling brick is trans- 
ferred to the earth via the cart and the table. Momen- 
tum is a vector, and none of the vertical momentum 
is transferred to horizontal motion. Theoretically the 
magnitude of the verticai velocity is of little importance 
in this experiment. 

If the experiment is done by dropping sand slowly 
into a box on the cart, the cart slows down but the 
duration of the collision is greater than when the brick 
is dropped. If the sand was allowed to run out of the 
cart, however, the velocity of the cart would not 
change. It must be kept clearly in mind that our sys- 
tem consists of cart and sand at all times. Only the 
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sum of momenta of both remains unchanged. When 
we drop the brick on the cart there is a friction force 
acting between them until they both move with the 
same velocity. 

When we let the brick or sand fall off the cart, both 
cart and sand have the same horizontal velocity and 
will continue to have the same velocity until the sand 
touches the table, which is not part of our system. 
One may not include or exclude any object from the 
system during the interaction, because this will lead 
to errors. Dropping the brick on the cart is misleading 
in this respect. Only because the brick has no horizon- 
tal momentum at the beginning can we say that the 
mass of the cart increased and hence its speed had to 
decrease. 

The reverse of the experiment of dropping the 
brick on the cart is to shoot the brick off the rear of 
the moving cart so that its velocity relative to the 
table is zero; the cart then speeds up and the brick 
drops vertically. 


APPARATUS 


1 Dynamics cart 
1 Timer 
Paper tape 
Carbon-paper discs 
1 14-volt dry cell 
3-4 Bricks 
1 Ringstand with crossbar and clamps 
3 C clamps 
Heavy cord 
Sheet of masonite or other protective cover for 
tables 


Pan balance 
Wedges 
Cellulose or masking tape 


HI-9 A Collision in Two Dimensions 


The purpose of this experiment is twofold. The first 
objective is to impress upon the student that momen- 
tum is a vector quantity and that it is the vector sum 
of the momenta, not the arithmetical sum, that is 
conserved. Only by analyzing a two-dimensional 
collision can this be made really clear. The second 
objective is to let the student discover that another 
quantity, mv?, which is not a vector, appears to be 
conserved. The discovery of conservation of mv? in 
this experiment is meant only to stimulate the curiosity 
of the abler student, and one should not go into a deep 
study of energy at this time. This experiment is im- 
portant and should not be omitted. It is best done 
after Section 22-4. 


scale: icm=3cm 


Tape timers can be used to measure velocities and 
momenta only in collisions octurring along a straight 
line. Collisions in two dimensions on a table can be 
analyzed by studying stroboscopic photographs, and 
it is done this way in the textbook. Without this 
equipment, some other method must be used to time 
the motions. The constant horizontal velocity of a 
projectile provides a simple way of measuring veloci- 
ties in any horizontal direction. 

When a ball rolls slowly over the edge of a table, 
the table gives it a small horizontal impulse; the 
faster the ball moves, the smaller the impulse, and 
above a certain speed the impulse is zero. For this 
teason the target ball is mounted on a screw away 


| . 
incident sphere —- 2 steel ball bearing 


l ` 
target sphere — 2 steel ball bearing 


Figure (a) 
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from the table edge, so that the incident ball will not 
be in contact with the table when the collision occurs. 

Some students may feel this is really a collision in 
three dimensions, since the spheres not only move in 
different directions in the horizontal plane but also 
fall vertically. You may remind students that they 
are finding the velocities just before and just after the 
collision, when the objects are moving in the horizon- 
tal plane, and that the following vertical motion is 
used merely as a means of measuring the velocities in 
the horizontal plane. 


ANSWERS TO QUESTIONS 


When the incident sphere is rolled down the incline 
ten or fifteen times with the target removed, the points 
where it lands on the paper will be scattered over a 
small area that can be enclosed by a circle whose 
diameter is about 3 percent of the distance traveled 
by the ball. Therefore, the initial velocities in the dif- 
ferent trials vary from the average by about 1.5 percent. 

The momenta in the case of the spheres of equal 
mass are represented by the displacement vectors on 
the paper. If the experiment is carefully done, the 
vector sum of the two final momenta will be equal in 
both magnitude and direction to the initial momentum 
of the incident sphere, within the experimental ac- 
curacy as determined by the scattering of the points. 
A sample set of data and vector diagrams is shown in 
Fig. (a) and (b). Momentum is conserved within 
experimental error. Notice that the target sphere has 
to be lifted out of the slight depression that holds it 
in place. In the process a small fraction of the mo- 
mentum given to the target sphere in the collision is 
transferred to the support. Thus, with the incident 
sphere hitting the target sphere on the right, the vector 
sum of the momenta also tends to the right, as seen 
in Fig. (b). 

Though the vector sum of the momenta is constant, 
the arithmetic sum of the momenta magnitudes is not. 

When the experiment is repeated with unequal 
masses, the heavier ball should be used as the incident 
ball. Otherwise, with head-on or near head-on colli- 
sions, the lighter incident ball will rebound and 
bounce off the table edge. 

When unequal masses are used, the displacements 
on the paper representing velocities no longer repre- 
sent momenta. The vector sum of the final velocities 
will not equal the initial velocity. 

To convert the velocity vectors to momentum vec- 
tors when unequal masses are used, the velocity 
vector of each ball must be multiplied by the ball’s 
mass. For simplicity we may choose the mass of the 
incident ball as our unit of mass. The momentum 
vector of the incident ball then becomes identical 
with its velocity vector, and the momentum vector of 
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the target sphere is shorter than the corresponding 


m. A 
t. Momentum is found 


velocity vector by the ratio re 
i 


to be conserved. 

The vector components of the final momenta of the 
two balls in a direction at right angles to the initial 
momentum are equal in magnitude and opposite in 
direction. 

*** 

When the student compares the square of the initial 
and final velocities for the case of equal masses, he 
will see that the square of the initial velocity of the 
incident ball is very nearly equal to the arithmetic 
sum of the squares of the two final velocities. This 
suggests that some quantity involving the square of 
the velocity is conserved. 

In the case of the unequal masses, one finds that 
the square of the velocities is not conserved, but 
when the squares of the velocities are multiplied by 
the appropriate masses, the sum of the final mv? equals 
the initial mv?. 

k++ 

Once the apparatus is set up, a large amount of 
data can be taken quickly, but the analysis is long and 
will probably have to be done as homework. Don’t 
require too many collisions to be analyzed. (The 
calculations of the vector components of the final 
momenta in a direction at right angles to the initial 
momenta is interesting, but not an essential part of 
the experiment.) 

The last part of the experiment, the calculations 
showing the conservation of kinetic energy, may be 
left as optional. There is very little loss of kinetic 
energy in these collisions, and a quick way of checking 
this in the case of equal masses is to examine the angle 
between the directions of motion of the two spheres 
after collision. If there is no loss in kinetic energy, 
this will be a right angle; the greater the loss, the 
smaller the angle will be. 

To see why this angle is 90° when kinetic energy 
is conserved and the masses are equal, note that since 
velocity is a vector ¥, the sum of the velocities ¥, and 
V» of the two equal masses is 


Y bas Ya T Vp 
and the magnitudes are related by 


2 


V? = Va? + Vb? — 2V,Vp cosa 


where æ is the angle between y, and Vp. If energy is 
conserved and the masses are equal, the squares of 
the velocities are conserved and 


Vo = vas hy, 2. 


Hence, —2y,v, cosa = 0 and therefore a = 90°. 


I 


Figure (b) 


scale: 1cm =3cm 
ea dlp ; 
i=incident sphere — 2 steel ball bearing 8.4 9m 


l 
t=target sphere — 2 glass marble 2.5 gm 


APPARATUS 2 Steel balls, 4” 
1 Glass ball, 4” 
1 Collision-in-two-dimensions apparatus; 1 C clamp 
this consists of: 4 Sheets carbon paper 
Frame 8 Sheets tracing paper (onion skin) 
Plastic ruler with center groove 2 Weights 
Movable arm (with clamp and target-ball 1 Protractor or large pair of dividers 
support) Meter stick 
Thread 
Plumb bob (screw eye) Cellulose tape 
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lli-10 Simulated Nuclear Collisions 


This analogue experiment lends itself to a variety 
of extensions, such as collisions between atomic par- 
ticles of different masses (coins) and collisions with 
more complicated systems formed by adding more 
particles to a target “nucleus.” Only students with a 
special interest are expected to go beyond establishing 
the range-energy relation and finding the momentum 
of the “neutral” particle in a collision between two 
particles of equal mass. 

The incline shown in Fig. 1 must be steep enough 
(about 70°) to justify neglecting friction on it. To ob- 
tain a reasonably sharp definition of the beginning of 
the range, the radius of the curvature at the bottom 
of the incline must be fairly small. 

Heavy graph paper may be used on the masonite 
instead of cardboard. It already has lines on it to 
identify the initial heights. Use worn nickels; they 
slide better. 

A range-energy relation obtained in an actual ex- 
periment is shown in Fig. (a). The analysis of a col- 
lision is shown in Fig. (b). The range-energy relation 


is very nearly a straight line. Hence, by proper choice 
of energy units we can have the energy numerically 
equal to the range and measure itin cm. Furthermore, 
E = 4mv? = p?/2m; by choosing a unit of mass 
equal to twice the mass of the nickel we obtain nu- 
merically E = p° or p = VE = VR. Notice that 
in this collision experiment the incoming nickel has 
lost energy along its horizontal path before hitting the 
target. Its energy just before collision corresponds to 
its residual range, i.e., the range it would have without 
a collision minus the distance from the bottom of the 
incline to the target. This is analogous to the situation 
in a cloud chamber when the incoming particle loses 
some of its initial energy by traveling a considerable 
distance before a collision. 

In a cloud chamber, the visible tracks give the 
directions of motions directly. This is not the case 
in our experiment; here we have to find the relative 
positions of the nickels at the instant they collide to 
determine their direction of motion and momentum. 
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computed position 
we 
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/ a 
N = ¥25.1 = 5.0 


initial momentum 
A residual range, R= 25.1 cm. 


Momentum of target particle 
Computed by conservation of momentum 


yo 5 


Ri momentum of incoming particle . 
o after collision = V6.0 = 2.45 units The collision is nearly elastic. The sum 
ʻO of the ranges (energies) after collision equals 
% 6.0 + 16.8 = 22.8% 25.1, the residual range 
i of the incoming particle. 
Figure (b) 
APPARATUS 
1 Ringstand, 24” 1 Sheet rectilinear graph paper 
1 Masonite or wood ramp, 15” X 10” 1 Ruler 
l Sheet smooth cardboard 9” X 12” (manila 1 Protractor 
folder) C clamp or brick 


Several sheets mimeograph paper 11” X 14” F 
3 Nickels Masking or cellulose tape 


ill-11 Changes in Potential Energy 


This experiment, like III-12, “The Energy of a Sim- 
ple Pendulum,” presents a situation in which energy 
is transformed from one form to another with little 
loss. It is desirable to do both experiments, but if 
time is short do at least one of them (preferably this 
one) after Section 24-3. Here gravitational potential 
energy is converted into the potential energy of a 
stretched spring. This is an extremely valuable ex- 
periment requiring some care. 

A rigid ringstand about a meter high is needed to 
support the spring and masses. If a shorter ringstand 
is used, it will be necessary to arrange it so the spring 
and weights will hang freely over the side of the table. 

If the laboratory period is short, the plotting of the 
extension of the spring as a function of the applied 
force may be deterred until all the data are obtained. 


ANSWERS TO QUESTIONS 


The graph of the spring extension x as a function 
of the force F will be so close to a straight line passing 
through the origin (over the range investigated) that 
one may infer that x is proportional to F within this 


range. The slope k = F of the line can be substituted 


in the potential energy function of a linear spring, 
U, = }kx?, to give the potential energy stored in the 
spring for any extension x. 

One can think up situations 
spring-extension graph would not be a straight line. 
In that case, the energy stored in the spring can be 
found by graphical integration — Le., finding the 
area under the force-extension curve from zero to 
different values of x. A table or graph can then be 
made of U, as a function of x for use later in the 
experiment. 

The loss in gravitational poten 
the two extreme points — AU, 
equals the gain in potential energy 
spring between the same points AU, = 
within 1 or 2 percent. 


in which the force vs. 


tial energy between 
= —mg(x2 — *1) 
of the stretched 
k(x? — x1”) 


Notice that from — AU, = AU, or 


—mg(x2 — X1) = $k(x2” — x1”) 
= Hk(x2 + x1)(x2 — x1) 


follows 


me = k (x2 t xı) 


That is, the weight of the mass is equal in magnitude 
to the force exerted by the spring when it is stretched 
to the midpoint between xı and x2. This is the point 
where the mass was originally at rest before it was 
lifted to start the oscillations. It is the center of the 
oscillation. 


++ 


Setting the arbitrary zero point for the gravitational 
potential energy atx = 0 (i.e., at the lower end of the 
unstretched spring), we have for the total potential 


energy: 
U = Us + Us = +mgx + 4kx” 


x + %1 


a = 


Moving the zero point of the x axis to 


A thereby defining a new coordinate x’ 


2,2 
x+ A yields U = — 5 TE + : kx'?. Finally, 
setting the zero of the total potential energy at the 
midpoint of the oscillation reduces U to U' = bkx!? 
[Fig. (a)]. Thus, the spring in the gravitational field 
of the earth behaves like a spring free of gravitational 
effects in a displaced coordinate system. 

The sum of the potential energies when the mass is 
halfway down is less than the potential energy at the 
start and finish of the fall. The difference equals the 
kinetic energy of the falling mass. 

The change in kinetic energy may be investigated 
experimentally by taking stroboscope photographs of 
the falling mass or by having the heavy mass (1 kg) 


pull a timing tape as it falls. 
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Figure (a) 


APPARATUS 


1 Steel coil spring (2cm diameter by 15cm; k 
approx. 4 nt/m) 
2 Weights (0.5 kg, 1.0 kg) 
Ringstand with crossbar and clamps 
1 C clamp (to support ringstand) 
2 Sheets graph paper 
3 Clothespins 
Meter stick 
Pan balance 


Il-12 The Energy of a Simple Pendulum 


This somewhat lengthy experiment shows how po- 
tential energy is transformed into kinetic energy. Like 
Experiment III-11, it is best done after the study of 
Section 24-3 in the text. 

A sturdy pendulum support with three guys is 
needed. If it is possible to set up an overhead suspen- 
sion, this will be more stable, 

Let the student practice releasing the brick until he 
can give it a relatively smooth swing. The line of 
force of the release thread should extend through the 
center of mass of the brick so the brick will not 
oscillate as it swings. Have the timing tape attached 
to the center of the bottom of the brick to minimize 
errors caused by the slow turning of the brick during 
the swing. It will aid the student in analyzing the 
tape if he marks the rest position of the brick on the 
tape before the run. When he does this, he must make 
sure that he does not move the timer after he has 
made the mark on the tape. The timer should be held 
or taped in place while the measurements are being 
recorded. 

The velocity of the bob at different positions can be 
obtained from the graph of position as a function of 
time or, if the laboratory period is short, the velocities 
can be determined directly from the tape and the 
graph of position as a function of time can be omitted. 

The velocity of the bob must be found in meters per 


Figure (a) 


energy in joules 


second if the kinetic energy is to be calculated in 
joules, The timer can be calibrated by pulling the 
tape through for 5 or 10 seconds and counting the dots. 


ANSWERS TO QUESTIONS 


A comparison of the graphs for potential and kinetic 
energy clearly shows that, if both are expressed in the 
same units, one decreases by the same amount that 
the other increases [Fig. (a)]. Their sum is constant 
within experimental error, A systematic error may be 
introduced by a small inaccuracy in the calibration of 
the timer. In Fig. (a) this shows as a small rise in the 
total energy in the middle of the swing. 

The kinetic energy is at a minimum at the start and 
finish of the swing of the brick through the arc; it is 
greatest when the brick is directly below its point of 
suspension. 

We limit the swing of the pendulum to 15° so we 
can use the approximate relation A = x?/2L instead 
of the exact relation A(2L — h) = x°. For larger 
swings, the second formula must be used. Also, cor- 
rections must be made because the tape follows only 
the horizontal projection of the motion of the bob, 
even if the timer is on the floor far from the bob, The 
height A can also be measured directly instead of using 


LO kinetic energy 


potential energy 
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the formula A(2L — h) = x?. The sum of the two 
energies for large swings will remain constant if the 
above geometric corrections are made. 

xe * 

Students who have had a course in trigonometry 
may also investigate simple harmonic motion by 
analyzing the graph of position as a function of time. 
To show that the motion for small angles is simple 
harmonic, the graph should be drawn with new scales 
as follows: 

Set the origin for distance measurements at the rest 
position of the bob and measure the distances as posi- 
tive and negative in opposite directions from this 
point. Call the maximum horizontal displacement 
Xmax from this point +1. Then the distances x in this 
new unit will be d = = 

The time of the swing fmax is half a period and is 
therefore equivalent to 180°. The times can then be 
converted to an angular scale by calculating 0 = 
_ X 180°. Ifd is now plotted as a function of 6, 


max 
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the graph will coincide very closely with that of 
d = cos 6. This result holds only for small angles of 
swing. 

The ambitious student may investigate the more 
complicated, nonsinusoidal motion by releasing the 
bob from an angle much larger than 15°, making the 
necessary geometric corrections in analyzing his data. 


APPARATUS 


1 Timer 
Tape 
Carbon-paper disc 
1 1}-volt dry cell 
Ringstand, 3’ or 4’, with 12” or 24” rod and 
clamp holder 
4 C clamps 
String, 25’ to 30’ 
1 Brick 
Meter stick 
2 Sheets graph paper 


energy in joules 


lil-13 A Head-on Collision 


The best time to do this experiment is at the end of 
Chapter 24 or during Chapter 25. 

The kinetic energy of the cart is determined from 
its velocity just before the collision, and its mass. The 
potential energy stored in the spring is determined 
from the area under the “Force versus Compression” 
graph obtained by loading the spring. 

If centimeter tape is not available, the maximum of 
each compression can be marked on a strip of paper 
fastened along the top side of the dowel and measured 
with a centimeter ruler. Make sure that the zero 
point on the scale corresponds to zero compression 
of the spring. 

When the apparatus is set up as in Fig. 1, a distance 
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spring compression in meters 


of about 40cm is required to give the cart an ade- 
quate push and leave sufficient length for measuring 
the coasting speed. 

A good method of calibrating the timer is to pull a 
long piece of tape through the timer, which is turned 
on for a known time of at least ten seconds. This 
time divided by the number of dots on the tape will 
give the time interval per tick. 


ANSWERS TO QUESTIONS 


The kinetic energy as a function of the compression 
of the spring is shown in the top curve of Fig. (a). 


+ kinetic energy of cart 


x potential energy of spring 


® kinetic energy given to cart 
by compressed spring 
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Figure (a) 
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spring compression in meters 
Figure (b) 


The results of loading the spring with the cart on end 
as in Fig. 2 are shown in Fig. (b). The area under this 
curve to any given compression distance is the energy 
stored in the spring. This stored energy versus the 
compression distance is shown in the lower curve of 
Fig. (a). 

The difference between these two curves is the loss 
in energy during the collision. Owing to experimental 
errors and differences in friction, this difference in 
energy will vary from nothing to two or three times 
the amount shown here. 

Ask the students what they would do to check 
whether a large part of the loss in energy is the fric- 
tion of the spring. This can be done by holding the 
cart against the compressed spring, then releasing the 
cart and determining its speed as it leaves the spring. 
The timer will need to be remounted so that the tape 
pulls through in the direction of motion of the cart. 
From the speed and mass of the cart, the kinetic 
energy given to it by the spring can be determined. 
Two such points are shown in Fig. (a): They show 
losses of energy of the same order of magnitude as 
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between the two curves. This would indicate that 
most of the loss is in the friction. 

In this last experiment, the dowel has some kinetic 
energy as the cart leaves it. At the instant just before 
the cart leaves the dowel, the two have the same ve- 
locity. The kinetic energy of the dowel is about 2 
percent of the energy of the compressed spring. 


APPARATUS 


2 Dynamic carts 

1 Timer 
Tape 
Carbon-paper discs 

1 14-volt dry cell 

2 C clamps 

1 Board, 3” X 4” X 2” 
Centimeter tape 
Heavy paper strips 
Stapler 

1 Set of weights, 1 gm-1 kg 


